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RE AD E R. 


HA 7 Mr. Mac-Lavzin Jad, many 
Years ago, intended to publiſh a Trea- 
tiſe on this Subjeft, appears from a Letter, 
dated April 19, 1729, to his honoured Friend 
MaRrTin FoLKES, Eſq, now Prefident of the 
Royal Society ®. And we find, in one of his 
Manuſcripts, the Plan of ſuch a Work, agrees 
ing, almoſt in every Article, with the Contents 
of this Volume. = 

Had the celebrated Author lived to 3 1/8 
bis own Work, his Name would, alone, have 
been ſufficient to recommend it to the Notice of 
the Publick : But that Taſk having, by his 
lamented premature Death, devolved to the Gen- 
tlamen whom be left entruſted with bis Papers, 
the Reader may reafonably expert ſome Account 
F "the Materials of which it conſiſts, and of 
ne. Care that has been taken in Ras 2 
| * Phil, Tranf, 408. 


w T6 the: . 


diſpoſ ing them, ſo as beſt to anſwer the Author* s 
Intention, and fill up. the Plas be bad defgned. 


He 1 in 8 = T reatiſe, to bave | 
bad theſe three Objects in view. 


1. To give the general Principles and Rules 

of the Science, in the ſhorteſt, and, at the ſame 
time, the woft clear and © comprehenſive Man- 
ner that was poſſible. Agreeable to this, though 
every Rule is properly exemplified, yet. be does 
not launch out into what we may call, a Tauto- 
logy. of Examples. He rejetts ſome Applica- 


tions "of Algebra, hat are commonly to be met 


with in other Writers; berauſe the Number of 
ſuch Applications is endleſs : And, however uſe- 
ful they may be in Practice, they cannot, by 
| the Rules of good Method, have place in an 
Elemenitary Treatiſe. He bas likewiſe omit- 
ted the 'Algebraical Solution of particular Geo- 
metrical Problems, as requiring the Know- 
ledge of the Elements of Geometry; from 
_ which thoſe of Algebra ought to be kept, as 
they really are, entirely diftint ; reſerving to 
himſelf to treat of the mutual Relation of the 
tuo Sciences in his Third Part, and, more ge- 
nerally ſtill, in the Appendix. He might think 
too, that ſuch an Application was the leſs ne- 
ceſſary, that Sir Is aA Newron's excellent 
Collection of Examples is in every body's Hands, 
and that there are few Mathematical Wri- 
ters, 


to the 1 * 


ters, who do not furniſh. numbers of the ſame 
Kind. 


2. Fir Yauke Nzwron! s Rules, in bis 
Arithmetica Univerſalis, concerning the Reſo- 
Iution of the higher Equations, and the Aﬀec- 
tions of their Roots, being, for the moſt part, 
delivered without any Demonſtration, Mr. Ma c- 


| Lavzin bad deſigned, that bis Treatiſe ſhould 
ſerve as 4 Commentary on that Wark. For 
doe bere find all thoſe difficult Paſſages in Sir 


Isaac's Boot, which have ſo long perplexed 
the Students of Algebra, clearly explained and 
demonſtrated. How much ſuch a Commentary 
was wanted, we may learn from the Words of 
a late eminent Author *. The ableſt Mathe- 
« maticians of the laſt Age (ſays he). did 


. not diſdain to write Notes on the Geo- 


00 metry of DEs CarTEs; and ſurely Sir 
« Isaac NEwToON's Arithmetic no leſs de- 


«6 ſerves that Honour. To excite ſome one 


« of the many ſkilful Hands that our Times 
« afford to undertake this Work, and to 
„ ſhew the Neceſſity of it, I give this Spe- 
„ cimen, in an Explication of two Paſſages + 
dy of the Ariibmetica Univerſalis ; which, 

A 4 however, 


. e in Prefat. ad Specimen Comment. in 


Arithm. Univerſ. 
+ Vir. The finding of Divifors, and the ne of 


——_— Surds. See 5 59—72. Part II. \ 127. Part I. 


” . r 3 * - 
” 1 * PPP ˙ Ge rote 16s 
< a F 


x: viii 2 T0 the R E ADE x. 
bus owerers: W b hg * —_ in that 
* Book.“ 
bat this Lenin Profiſſr ſo aneh — 
al ber, do at laſt ſee executed ; not ſeparately, 
1 in ib looſe diſagretable Form which ſuch 
Commentaries generally tate, but in a Man- 
rer -equially natural and convenient; every De- 
monſtration being apily inſerted into tb hody 
f the; Mork, as a. neceſſary and inſeparable 
NMenber: an Advantage which, - with ſome 
gibers, obvious enough o an attentive Rea- 
Ar, will, lis haped, diſtinguiſh this Perfor- 
mance from: every other, f wy Hind, that bas 
bel ee 8 . 


95 Aft er ung fulh, DET the Nat ure 
7 Equations, and the Methods of finding. their 
Roots, either in finite Expreſſions, when it can 
be done, or in infinile converging Series; it 
remained only to conſider the Relation of Equa- 
tions involving tuo variable Quamities, and of 
_ Geometrical Lines to each otber; ; the Doctrine 
F ibe Loci; and the Conſtruction of Equa- 

77770 pb. make \ the, Gn of the Third 
„Fe 


85 ” Ui this Play Mr. Web ne compo- 
fd a Syltem of. Algebra, ſoon after his being 
choſen Prefe fer of Mathematics in the Univer- 
2 of Edinburgh; which be, henceforth, made 


lle 


PPP ˙1.9 K RI oi rms 27 ea 4g * 1 Yrs 4 


To the READER ix 
ue of in bis ordinary Courſe of Lemm, and 
was occgſſonally improving to the Pinfetion be 


Alntended it ſbould have, before be committed it 
0 the Preſs. \ And the beſt Copies of bis Ma- 
nuſcript having" been tranſmitted to 'the Pub- 
liſber, it was eaſy," by comparing ibem, to eſta- 
_ Gliſh a correttand genuine Text. There were, 
bender, ſveral "detached Papers, ſome of which 
were quite finiſbed, and wanted" only to be in- 
fFerted in their proper Places, © In à few others, 
be Demonſftratigns were” ſo ' conciſely "expreſſed, 
and coucbed in "Algebraical Characters, that it 
was neceſſary to write them out at more "—_ 


to make them of a piece with the veſt. | 
this is the only Liberty the Publiſher has —_ 


himſelf to late; "excepting a few inconſiderable 


Additions, that ſeemed neceſſary to render the 


| Book more compleat within itſelf, and to ſave 
the Trouble of conſulting” others wipe Have woril- 
- Jen on the ſame Subject. L 


The Rules toncerning the Impoſſible Roots 


* Ca Equations, our Author bad very fully confi- 
"gered, as appears from bis Manuſcript Papers: 


But as he had no where reduced any thing on 


that Subject tg a better Form, than what was long 
4g publiſhed in the Philoſophical Tranſactions, 
N. 294, and 408, we thought it beſt to take 


the Subſtance of Chap. 11. Part TI. from thence ; 


| eſpecially as the latter of theſe Papers furniſhes a 
.*De Ons tion of the original Rule, which pre- 


ſuppoſes 


* To the READER: 
ſuppoſes only wwhat the Reader bas been taught A 
, Chapter. 

The. Paper that is ſubjoined, on the Sums of 

the Powers of the Roots of an Equation, i- 
taten fram a Leiter of the Author. (8 Jul. 1743) 
to the Right Honourable the Earl Stanhope 5 
communicated to the Publiſher, with ſome Things 
added by his Lordſhip, which were wanting 1 
 Janiſh the. Demonſtration. 

Of theſe Materials, carefully collefied and pur 
in Order, the following Elementary Treatiſe is 
compaſed ;  wobich wwe have choſen rather to give 
im a Volume that is within the Reach of every 

Student, than in one more pompous, which might 
ve leſs generally uſeful. And we bope, from the 
Pains it has coſt us, its Blemiſhes are not many, 

or ſuch as @ candid ee Reader may et- 
forgive. $57 | 
Ve Latin Appendix is @ proper Sequel,. — | 
2 bigb Improvement, of what. had been demon- 
Arated in Part III. concerning the Relation of 
Curve Lines and Equations; a Subject which 
our Author had been early and intimately ac. 
A quainted with; witneſs his Geometria Orga- 
5 nica, printed in 1719, when be was not full 
| twenty-one Years of Age, and which, though ſo 
Juvenile a Work, gained bim, at once, that dif 
tinguiſhed Rank among Mathematicians, which 
be. thencefarth beld with great Luſtre. Yet, be 
| „ frankly 


- 3 fo = " = 
1 m P ⁵˙ A 1 95 ny n 
F ; 8 — 


To the RzeADER, 11 


frankly owns, be was led to many of the Pro. 


poſitions in this Appendix, from a Theorem"of 


Mr. Cotes, communicated to him, without any 
Demonſtration, by the Reverend and Learned 
Dr. Smith, Maſter of Trinity-College, Cam- 
bridge. e he has profited of that Hint, the 
Learned will judge: Thus much wwe can ven- 


ture to ſay, that be himſelf jet ſome Value upon 
this Performance; having, we are told, em- 


ployed ſome of the lateſt Hours be could give 


to ſuch Studies, in reviſing it for the Preſs 
t bequeath it as bis laft Erev. to ' the _—_— 
and to the Publick. 
De Gentlemen to whom My. Maclaurin 1 
the Care of bis Papers, are Martin Folkes, E. 
Pręſident of the Royal Society; Andrew Mit- 
chel, Eq; and the Reverend Mr. Hill, Chaplain 
to his Grace the Archbiſhop of Canterburyz'with 
whom he had lived in a moſt intimate Friendſhip. 
And by their Direction this Treatiſe is publiſhed. 
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VII. Of Evolution, | 442 
IN. Of Proportin, l 


X. Of Equations that involve as; one un- 
known Quantity, 6r 


. Of the Solution of Queſtions that 1 
85 68 


Simpie Equations, 


* II. Containing ſome general Theorems for 


the exterminating unknown Quantities 


in given Equations, 81 
XIII. Of Quadratic = e 85 
XIV. Of Surds, _ | 94. 
Supplement to Chap. XIV. | : 29 


CON TENTS. lll 


PART II. 


of the Genes and Reſolution of Equa- 
tions of all Degrees ; and of the different 
AﬀeRions of the Roots. 4. 


| Gp Li of the Genefis and Reſolution of Equa- 
tions in general; and the Number of 

| Roots an Equation of any Degree may 

have, © 131 


u. Of the Signs and Coefficients of Equa- 


| Ul. Of te T ransformation of Equations, 
2d exterminating their intermediate 
Terms, © 'S ne 148 

xv. Of finding the Roots of Equations when 


#200 or more of the Roots are equal to 


each tber 162 

v. Of the Limits of Equations, 170 
VI. Of the Reſolution of | Equations, all whoſe 
Roots are commenſurate, 186 


VII. Of the Reſolution of Equations by find- 
E ing the Equations of a lower Degree 


that are their Divifors,” 197 
| Supplement to Chap. VII. Of the Reduction of 
Equations by Surd Diviſors, 213 


VIII. Of the Reſolution of Equations by Car- 


5 dan 5 Rule, 55 foes of that Rind, 
FS, : "- TY 
Ix. of the Methods by which you may ap- 


Proximate to the Roots of Numeral | 


Equations by their Limits, 2231 
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ALGEBRA. | 
P AR Pb kn wy 5 . by | 
; 5 „ 1 | 
Definitions and Dluftrations. 1 | 


LGEBRA is a general Me- 11 — 
thod of Computation by certaii T 2 © 7 12 via 


Signs and Symbols which have — £, b 
been contrived for this Purpoſe, -; > 4 


x: 
* 
1 


— 


SAL ARITHMETICK, and proceeds by Opera- yy, as. 
44 tions and Rules ſimilar to thoſe in Common A-. 
rithmetick, founded upon the ſame Principles. .o-a 73 


DEAD oo 


7L | 


b This, however, is no Argument againſt its Uſe- 6- My , & 1 F 
\ fulneſs or Evidence; ſince Arithmetick is not to MG ,..o-00a, * 
\ x 8 1 


. „ N rs { 
A ? YL, . — 
L 1 


2 A TxtaTist of Part J. 
be the leſs valued that it is common, and is al- 
flowed to be one of the moſt clear and evident 
of the Sciences. But as a Number of Symbols 
are admitted into this Science, being neceſſary 
for giving it that Extent and Generality which 
is its greateſt Excellence; the Import of thoſe 
1 Symbols is to be clearly ſtated, that no Obſcu- 
rity or Error may ariſe from the frequent Uſe 

and Complication of them. 
$2. In Grouzrx , Lines are repreſented 
by a Line, Triangles by a Triangle, and other 
Figures by a Figure of the ſame kind; but, in 
Aena a, Quantities are repreſented by the 
fame Letters of the Alphabet; and various Signs 
have been imagined for repreſenting their Affec- 
tions, Relations, and Dependencies. In Geo- 
metry the Repreſentations are more Natural, in 
. „ Algebra more Arbitrary: The former are like 
. „ — L- the firſt Attempts towards the Expreſſion of Ob- 
DO x6 ec i e jects, which was by drawing their Reſemblances; 
LW, — / 5 the latter correſpond more to the preſent Uſe of 
„ - * & 1 7, * Languages and Writing. Thus the Evidence 
„ of Geometry is ſometimes more fimple and ob- 
- 1) vious; but the Uſe of Algebra more exten- 
„„ 7 ſive, and often more ready: eſpecially ſince the 
Eo -/ „A, mathematical Sciences have acquired fo vaſt an 
7 „ 2. Extent, and have been applied to lo many En- 


= quiries. 
A. 1 : / a $ 3. In thoſe Saanen it is not barely Magni- 
1 * tude that is the Object of Contemplation : but 
IL & / % a e there 


„ 5j ͤð ́ 
„ -— 0 


Chap. 1. ALGEBRA: 3 
* are many Affections and Properties of 
Quantities, and Operations to be performed upon 
them, that are neceſſarily to be conſidered. In 
_ eſtimating the Ratio or Proportion of Quanti- 
ties, Magnigude only is conſidered (Elem. g. 
Def. 3. 5 the Nature and Properties of Fi- 
gures depend on the Poſition of the Lines that 
bound them, as well as on their Magnitude. In 
treating of Motion, the Direction of Motion as 
well as its Velocity; and the Direction of Pow- 
ers that generate or deſtroy Motion, as well as 
their Forces, muſt be regarded. In Op ies; 
the Poſition, Brightneſs and Diſtinctneſs of 
Images are of no leſs Importance than their Big- 
neſs; and the like is to be ſaid of other Sci- 
ences. It is neceſſary therefore that other Sym- 
bols be admitted into Algebra beſide the Letters 
and Numbers which repreſent the Magnitude of 
Quantities. | 
§ 4. The Relation of Equality i is expreſſed 
by the Sign ; thus to expreſs that the Quan- 
tity repreſented by @ is equal to that which is 
tepreſented by , we write @ = 3. But if we 
would expreſs that à is greater than 5, we write 
- a>6; and if we would expreſs Alen ö 
that à is leſs than 5, we write a Sb. 
$ 5. QUANTITY is what is made up of Parts, 
or is capable of being greater or leſs. It is in- 
creaſed by Addition, and diminiſhed by Subtrac- 
lion; which are therefore the two primary Ope- 
B 2 rations 


4. 41 7 Part, J. 


rations that relate to Quantity. 8 it is, that 
any Quantity may be ſuppoſed to enter into Al- 
gebraic Computations two different ways which 
have contrary Effects; either as an Increment of as 
a Decrement; that is, as a Quantity to be added, 
al or as a Quantity to be ſubtracted. The Sign + 
I plus) is the Mark of Addition, and the Sign 38 
I. 45 „ (minus) of Subtraktion. Thus the Quantity be- 
4 ing repreſented by a, + 2 imports that à is to be 
added, or repreſents an Increment ; but — 4 
imports that 4 15 to be ſubtracted, and repreſents 
Ta Decrement. © When ſeveral ſuch Quantities 
"© + Oo joined, the Signs ferve to ſhew which are to 
ee, be added and which are to be ſubtracted. Thus 
e > 2, E. = ga + denotes. the Quantity that ariſes when a 
„ en H, 2 )/ and b are both conſidered as Increments, and 
A 2. * therefore expreſſes the Sum of 4 and . But 
3 13 Hu 4h denotes the Quantity that ariſes when 
g 5 " EY I" from the Quantity @ the Quantity & is ſub- 
tracted ; and expreſſes the Exceſs of a above 
. Whena is greater than 3, then 4 — 5 is 
itſelf an Increment; when @=6, then a — 5 =0z 
and when à is leſs than b, then 1 is itſelf a 
Decrement. 5 
506. As Addition and Subtraction are oppo- 
ſite, or an Increment is oppoſite to a Decre- 
ment, there is an analogous Oppoſition between 
the Affections of Quantities that are conſidered 
in the mathematical Sciences. As between Ex- 
ceſs and Defect ; between the Value of Effects 
: 92 Or 


„ 
„I, 


3 8 


| 
| 
N 


1 . 
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or Money due To a Man and Maney due By 

him; a Line drawn towards the Right and a 
Line drawn to the Left; Gravity and Levity; 
Elevation above the Horizon and Depreſſion 
below it. When two.Quantities equal in re- 
ſpect of Magnitude, but of thoſe oppoſite Kinds, 
are joined together, and conceived to take place 
in the ſame Subject, they deſtroy each others 
Effect, and their Amount 1s -Nothing. Thus 
100 J. due to a Man and 100 J. due hy him ba- 
lance each other, and in eſtimating his Stock 
may be both neglected. Power is ſuſtained by 
an equal Power acting on the ſame Body with a 
contrary Direction, and neither have Effect. 
When two unequal Quantities of thoſe oppoſite 
Qualities are joined in the ſame Subject, the 
Greater prevails by their Difference. And 
when a greater Quantity is taken from a leſſer 
of the ſame kind, the Remainder becomes of the 
oppolite kind. Thus if we add the Lines AB 
and B D to- | FEE LE 


gether, their 1 6 * A EL] 
Sum is AD; 5 8 | 1 „ 4 
but if we are C | A 5 „ 
A B Þ 
to ſubtract. 


B D from AB, then B 82 B Dis to be taken 
the contrary Way towards A, and the Remain» 
der is AC; which, when BD, or BC exceeds 
A B, becomes a Line on the other ſide of A. 
Men two Powers or Forces are to be added 
B 3 | together, 
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together, their Sum acts upon the Body: But 
when we are to ſubtract one of them from the 
other, we conceive that which 1s to be ſub- 
tracted to be a Power with an oppoſite Di- 
rection, and if it be greater than the other, it 
will prevail by the Difference. This Change of 
Quality however only takes place where the 
Quantity is of ſuch a Nature as to admit of ſuch 
a Contrariety or Oppolition. We know no- 
thing analogous to it in Quantity abſtractly con- 
fidered ; 3 and cannot ſubtract a greater Quantity 
of Matter from a leſſer, or a greater Quantity 
of Light from a leſſer. And the Application 
of this Doctrine to any Art or Science is to be 
derived from the known Principles of the 
Science. 


§ 7. A Quantity that is to be added is like- 
wiſe called a Poſitive e, Quantity; and a Quan- 
tity to be ſubtracted is ſaid to be Negative: 
They are equally real, but oppoſite to each o- 
ther, ſo as to take away each other's Effect, in 
any Operation, when they are equal as to Quan- 
tity. Thus 3 — 3 o, and a—a=o, But 
tho' + 4 and — à are equal as to Quantity, we 
do not ſuppoſe in Algebra that +a = — 4; 
becauſe to infer Equality in this Science, they 
muſt not only be equal as to Quantity, but of 
the iame Quality, that in every Operation the 


one may have the ſame Effect as the other. 
A Decrement may be equal to an Increment, 


but 
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but it has in all Operations a contrary Effect; . 
a Motion downwards may be equal to a Mo-- 
tion upwards, and the Depreſſion of a Star below 
the Horizon may be equal to the Elevation of a 
Star above it: But thoſe Poſitions are oppoſite, 
and the Diſtance of the Stars is greater than 
if one of them was at the Horizon ſo as to have 
no Elevation above it, or Depreſſion below it. 
It is on account of this Contrariety that a Ne- 
gative Quantity is ſaid to be leſs than Nothing, 
becauſe it is oppoſite to the Poſitive, and di- 
miniſhes it when joined to it, whereas the 
Addition of o has no Effect. But a Negative 
is to be conſidered no leſs as a Real Quantity 
than the Poſitive. Quantities that have no Sign 
prefixed to them are underſtood to be Poſitive. | 

$ 8. The Number prefixed to a Letter is = CNN 
called the Numeral Coefficient, and ſhews how «+ s yg.” 
often the Quantity repreſented by the Letter isc,, N 2, / 
to be taken. Thus 2 @ imports that the Quan- ,, ,_ , . 
tity repreſented by @ is to be taken twice; 3 a e A 6 
that it is to be taken thrice; and ſo on. When, 2 - 0,,.4 
no Number is prefixed, Unit is underſtood to «= A C. c 2) 
be the Coefficient, Thus 1 is the Coefficient of . +, os, 
à or of 3. | | . * 4 

Quantities are ſaid to be like or fimilar, that” :Z 
are repreſented by the ſame Letter or Letters 
_ equally repeated. Thus + 3 4 and — 5 @ are 
like; but a and &, or à and ag are unlike. 

B 4 A 


8 A TREATISE of Part I. 
A Quantity is faid to conſiſt of as many 
Terms as there are Parts joined by the Signs + 
or —; thus a + 3 conſiſts of two Terms, and 
is called a Binomial; a + b + c conſiſts of three 
Terms, and is called a T7inomial. Theſe are 
called compound Quantities : A fmple Quantity 
conſiſts of one Term day, as +a, or + ab, or 
| + abc. 
The other Symbols and Definitions neceſſary 
in Algebra ſhall be —_— in their proper 
Places. 


be 
© 

———— 
. „ . * py 


HA P. II 


Of Appirion. 


Es £4 3 . 17 59 ASE I. To add Quantities that are 
7 , 5 | 0 like and have like Signs. 


—̃ . 4 Rule. Add rogether the Coefficients, to their Sum 
4 T0 L prefix the common Sign, and ſubjoin the common 
bo. ſow th Letter or Letters. | 


] 
| 


EXAMPLES. 


f : To +54 to —66b to rs 
= Add +44 add — 25 add 34 ＋ 55 


—— 


Sum * Sum 8 Sum 444 6 * 
To 
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1 
add 5 Sx: 


— 


Sum 84 — at > 


n add Quantities that are like but 
- baue unlike Signs. 


S 


Rule. Subtra# the leſſer Coefficient from the 
greater, Prefix the Sign of the greater to the 
— and jbjoin the common Letter or 
Leiters. 


EXAMPLES. 


To — 43 Es: 
Add ＋74 2 
Sum 3 i 


To a + bx—5y+8 24 — 25 
n — 


Sum 4a + 5 0 4:05 "© 


This. Rule i is eaſily deduced from the Nature 


"RR | 


of Poſitive and Negative Quantities, = 7 - 5 6. 


If there are more than two. Quantities to be 
added together, firſt add the Poſitive together 
into one Sum, and then the Negative (by 
Caſe I.) Then add theſe two Sums together. (by 


C0) 


EX- 


A TREATISE of 


E. 
j + 88a 
— 74 
+108 
— 12 4 


* 


— 


Sum of the Poſitive .. 4184 
Sum of the Negative . — 19 4 


hd = — 


Sum of all.. — 4 


2 cage in. To add Quantities chat are unlike. 


2 


Rule: 8 2 them all down vne after nah, with 
their Signs and Coefficients prefixed. _ 


"EXAMPLES. 


To þ+2a +38 
Add + 3 # —4x 


— —_— 


Sum 29+ 35 34 — 44 


To 44443. 
Add — 42 — 43432 i 


1 — 


”—_ 


e LHR, 


= 32 7140. ＋ C V 2a 5 5 
N 1 27 „ + 1 cnar 


RE & aa ty 2 4+& +26 OP 


FVI 
i | mm 0 . 
2. b Cote, £140 Af 6, Sn, 
| 3 
8 
JJ Vcc +5 16 120 © 


44 13 * X &ﬆ@ o * + . 4 


=. JJ ne 2 Og > 
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7 5 H AP. N III. 
Of SUBTRACTION. 


$ 10. Eneral Rule. Change the Signs of 

the Quantity to be ſubtracted into 
thew contrary Signf, and then add it ſo changed 
to the Quantity from which it was to be ſub- 
trated (by the Rules of the laſt Chapter :) the 
Sum ariſing by this Addition is the Remainder. 


For, to ſubtract any Quantity, either Poſitive (“ tas, — 
or Negative, is the ſame as to add the e . = 2 | 


5 ſite Kind. 


ney Hops 17 559 
EXAMPLES. | 
From +5 4 84 —73 
Subtract + 3 4 : 2 4+. 4h | 
8 5034, or 22 3 ; 
From a 2 hp grpns / Legs 
Subtract 0.6: +4 5&8 es * 7 8 3 


Remaind. 1 0 —10 #5 1+ 7.4 + +244 


It is evident that to ſubtract or take away a = tA — 
Decrement is the ſame as adding an equal In- —— +1 4 54 
crement. If we take away — from a — 3, <- / YA © £24 1 
there remains a; and if we add ＋ 2 to 2 IE = 
the Sum is likewiſe 2. In general, the Sub- - E 
traction of a Negative Quantity is N to 1 — — 
adding its Gates Value. | -U £7 nM 

| <Q H A P. 1 ‚⏑ Ox / 
= 3 9 

{ 4 pt! &- 7 CH | 

oh 9 1 


2 2 . 


15 
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0 H re. 
of VMI TIL Ic ar Hox. 


$11, TN Multiplication the General Rule 
ET, for. the Signs is, That when he 
Signs of the Factors are like (i.e. both +, 
or both —,) be Sign of the Pradutt is + ; 
but when. the: Signs, of the Fators are unlide, 
be Sign of 1 0 Proautt bs —. 


Caſe I. ben any poſitive nity + a, is 

f multiplied by any poſitive Number, 
+ 7, the Meaning. is, That + a is to 
be taken as many, times as there are 
Units in ; and the Product is evi- 
dentiy na. [wipe 


Caſe II. When — a'is multiplied by 2 . 


2a is to be taken as often as there are 


Units in u, and the Product muſt be 


r ; 


* 


cent. Multiplication _ a W Nomber 
implies a repeated Addition: But Mul. 
tiplication by a Negatiye implies a re- 


is to be multiplied by u, the Mean- 
ing is that + @ is to be ſubtracted as 
often as there are Units 1 in n: There- 

tore 


. 


eated ee den And when a 


1 n 
2 
n 4 5 
8 DB” OE ir Hr, 77 
1 4 ne I hy 
= I LOS; 
50 4 8 > Ys 


” 
2 
9 
"2 
= 
* 
* 
2 
1 
bs: 
1 
£ 
8 
+ 
2 
: 1 
1 A . 
Br 
15 
FF, 
F 
#3 
= 94 
3d 
. 
KS A 
2 
* : $2 
1 
2 8 
1 
* £3 
1 
3 
& 
— 
1 
1 
5 + 
Y 
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fore the ' Freche 1 ee being 
— M4. 5 


Caſe IV. When — 4 is to be multiplied by get 2 


then — à is to be ſubtracted as often 
vx there are Units in x; but (by § 10.) 
to ſubtract — a is equivalent to adding 
+ a, conv. the Product is 

* ud. 


The 114 and IVth Caſes may U in 


the following Manner, - = +7: ov — .. 
By the D-finitions; Þ þ — a = 0; therefore, 


if we multiply ＋ a — = by u, the Product muſt 
vaniſh or be o, becauſe the Factor 2 — 4 is O. 


The firſt Term of the Product is + 4 (by 


Caſe I.) Therefore the ſecond eam the Pre- 
duct muſt be — x a which deſtroys n 4; ſo. 


that the whole Product muſt be ＋ 4 —n 8 
= O. Therefore — 3 ane by ＋ z gives 
— ff 7, (ao tr . pies 47 

In like manner, if we ” mukinly + a—a by 
n, the firſt Term of the Product being a, 
the latter Term of the Product muſt be I a, 


becauſe the two together maſt deſtroy each o- 


ther, or their Amount be o, ſince one of the Fac- 
tors (viz. a — a) is o. Therefore — a ON | 


by — 1 muſt give +1 4. | Iv 
In this general Doctrine the Maltphieaor 13 


always conſidered. as a Number, A Quantity 
of 


| 
| 
f 
| 
| 


%% Feel. 
of any kind may be multiplied by a Number: 
but a Pound is not to be multiplied by a Pound, 
or a Debt by a Debt, or a Line by a Line. We b 
ſhall afterwards conſider the Analogy there is 
betwixt Rectangles in Geometry and a Product ; 
of two Factors. | | 
§ 12. If the Quantities to he multiplied are 
ſimple Quantities, find the Sign of the Product by 
be laſt Rule; after it place the Product of the 
Coefficients, and then ſet down all the Letters af- 
ter one another as in one Word. 


EXAMPLES. 
| Mult. 42 — 2 4 6 * 
By ＋ 5 [| +4# —_— 6 


rar 


4 Prod. +ab — 8b — 30a 


Multi. — 8x 4-4 43 
1 „ ; 
Prod. + 320x —1;aabc : 


f 13. To multiply&pmpound Quantities, — | 
mamuſt multiply every Part of the Multiplicand by 
| all the Parts of the Multiplier taken one after an- 

other, and then collect all the Produfts into one 
Sum: That Sum ſhall be the Product required. 


E X. 
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| EXAMPLES. 
Mult. „„ 20 —3 5 
By a ＋ U 44+ 56 
aabab 944 — 12 45 
Prod. ＋ 4225433 a + 10ab—158 . 


Sum 4 bbbd 8 7 21650 


Mult. 24 — 45 4 - 4K 
By 23 43 |  *#+6 
4 ** - A4αα 
ng Fran 604 155 * arma 


Sum 423. 0 — ** * . O. 00x 


Mule. 5 +4 ity 2 
5 a—b _ gun . Pray” 


— 4998. 


E A 1% 


—245—2352—3323 


Sum 2. . 0c. 0. = 


8 14. Products that ariſe from the Multipli- 


cation of two, three, or more Quantities, as 
4, b, c, are ſaid to be of two, three, or more Di- 


menſo ons; and thoſe Quantities are called Fattors 
or Roots. 


If all the Factors are equal, chop theſe Pro- 
ducts are called Powers; as aa or aaa are 
Powers 


* 
* his ** * 
, : - ts ot ak * 


5-, vw + A 


1 
.. .. 


74 


ATREATISE of Part J. 
Powers of a. Powers are expreſſed ſometimes 
by placing above the Root to the Right-hand 


a Figure expreſſing the Number of F actors that 
. them. Thus, 5 


„ | 2 c 1ſt Power of the a 

2% 2d Root 2, and} a? 
aaa 223d is ſhortly 9 43 
aaa a [S IaAth ] exprefled | a4 
4 4 44 4.2 Sth thus, „ 


8 I5. Theſe Figures which expreſs the Nom 
aber of Factors that produce Powers are called 
their Indices or Exponents; thus 2 is the Index 


e a= 7a hof a. And Powers of the ſame Roct are multi- 


plied by adding their n. Thus a 
—!: Z SS XES487.- 

§ 16. Sometimes it is uſeful not actually 
to multiply compound Quantities, but to ſet 
them down with the Sign of Multiplication (x) 


4 between them, drawing a Line over each of the 


compound Factors. Thus 4 + a +bxa—b ex. 


preſſes the FIRE of a + 3 "multiplied by 
g — 6. 
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HAF * Tt 
Ay oy „ 


8 17. H E ſame Rule for the Signs i is to 
be obſerved in Diviſion as in Multi- 
ben 3 that is, F the Signs of the Dividend 
and Divi ſor are like, the Sign of the Quotient muſt 
be + ; if they are unlike, the Sign of the Quo- b (To A 2. 1 
tient muſt be — This will be calily deduced gfe ve 
from the Rule in Multiplication, if you conſider Y 
that the Quotient muſt be ſuch a Quantity as 
multiplied by the Diviſor ſhall Sire the Divi- 
dend. $I | 
$18. The General Rule in Diviſion is, 70 Ber too ja 
place the Dividend above a ſmall Line, and the 2 "Ip 2 e 4 
Di viſor under it, expunging any Letters that may _ my we 4 0 
be found in all the Quantities of the Dividend and e, „ - I {= Cu 
Diviſor, and dividing the Coefficients of all ther « 0 + . 2 42 
Terms by any common Meaſure. Thus when you? E ge . 
divide 10 45 + 15 ac by 20 à d, expunging a . 


out of all the Terms, and dividing all the Coef- 355 2 he 


| ficients by 5, the Quotient is , n 2. 


29 8＋Ab̃( Re 

„ N52, — 

12 69) 30 2 — 54 n (2 . HEL Via tf 4 

1444) 84546 242 „ 
4 * 69 + ac ( 2a * d Ul 

1 And. -, 3 1 2 


= : | WM : ve --1 = 
eiu. rj Non = My, = Ap / Pe, co 2 / f 
3 55 F 7 is: 4.2 SS BO * 2 36at- 24 1 
1 „ +1 Coffey = wie „„ 
Note tA 17177 8 e oY 
e cent fon y es bs = EO ES 2 2 _ 


18 A TREATISE of Part I. 


And 2bc) 5avc (F. 


5819. Powers of the 3 Root are divided by 
 ſubtrating their Exponents as they are oe 
by adding them. Thus if you divide a*® by a 
the Quotient is 4 or 4. And Sided 
by * gives 56 4 or b* ; and a”, "4s divided by 
4 gives a5 6 for the Quotient. 


$ 20. If the Quantity to be divided is com- 
„ D. pound: then you muſt range its Paris according lo 
. the Dimenſions of ſome one of its Letters, as in 
the following Example. In the Dividend a* + 
2 4 b＋ 3, they are ranged according to the 
Dimenſions of a, the Quantity a* where à is of 
two Dimenſions being placed firſt, 2 4 þ where 
it is of one Dimenſion next, and 4*, where à is 
not at all, being placed laſt. The Diviſor muſt 
be ranged according to the Dimenſions of the ſame 
Letters; then you are to divide the firſt Term of 
the Dividend by the firſt Term of the Diviſor and 
to ſet down the Quotient, which, in this Example 
_ isa; then multiply this Quotient by the whole Di- 
HY vir, and ſubiract the Produtt from the Dividend, 
$ and the Remainder Hall give à new Dividend, 
which in this Es Fabr. 


8 * 9 1 = = | = = = = = - . = = — 
- = a —_ - - - oY = _— o 
606% we WA rr ̃ ͤ¼ͤů— ere re —  — — — —— Ss. 
' . We 1 
* * 23 4 7 f ** 8 e 
FY 3% ? 
4 - : 0 


4 ＋· 


W r A * 
rr — 
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a ＋ g) a* ＋ 242-35 (a ＋ 5 
8 r . 


ab + b* 
a b + b*. 


„ 8. 


Divide the firſt Term of this new Dividend by 
the firſt Term of the Diviſor and ſet down the 
Quotient; (zobich in this Example is b) with its 
proper Sign. Then multiply the whole Diviſor by a /4 2 
this Part of the Quotient, and ſubtrałt the Pro- } 
duct from the new Dividend; and if there is no 
Remainder, the Diviſion is finiſhed : If there is a- = Y - 
Remainder, you are to proceed after the: ſame 
Manner till no Remainder is left; or till it ap- 
pear that there will be always ſome Remain- 
der. , . / 

Some Examples will illuſtrate this Operation. 


E X A M P L E 1 
a ＋ 5) * —b* (a—b 
2 
— a þ — þ* 


O 0. 


E E 


— — — 
— — 8 a> ——— — — 
o 


— 
—— —d H ——ꝶꝶ—26 —— —— — —ää 4 —P—— 
— . . — p — - | — — 
PT IE WY i — ——_— a a 
> — = - * 8 — * 4 
* 


2 ͤ mo 2 4 9 
— —— Yo Dues ̃ — — ——ͤbW — — — 
TIE” wet] 1 8 * 
$6 2 —— 1 ma 
= of * 
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EXAMPLE II. 
-) aaa—3aab4-3abb—bbb (aa—2ab-4bb 
—2aab4-3abb—bbb 
 —2aab42abb 
"IN 
abb 


OE 


EXAMPLE III. 
3) aaa—b bb (aa4ab+bb 


8aa——aab 


i. "WES $4 


„ 
| 


abb—bbb. 


1 2 > > — = * 
1 p 228 
. ⅛ bl! K—ꝓßyé— 
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EXAMPLE IV. 
34—6) 6aaaa—96 (2004-44480-+16 


Gaaaa— I 2 aaa 


0 


124244—96 


1244a—24aa 
a 


24496 
| ARE 


4896 
48296 


* 


9 


$. 21. It often happens that the Operation 
may be continued without end, and then you 
have an infinite Series for the Quotient ; and by 
comparing the firſt three or four Terms you may 
find what Law the Terms obſerve : By which 
means, without any more Diviſion, you may con- 
 tinue the Quotient gs far as you pleaſe. Thus, 
in dividing 1 by 1 — &, you find the Quotient 
to be 1 +a +aa-aaa+aana+t(& | 
| which Series can be continued as far as you | 
pleaſe by adding the Powers of a. 


— 


© 3 The 


47 
: 
4 
| 
: 
1 
| 
| 


„ . 


—— — — 


3 — - 


„ Ge — 


Ex +> =2,c C7 


ATRTATIST of Part], 
The Operation is thus : . 


„ 1 1 — a) 1 Hamam. Se. 


1— 2 


„ —2(1) [+2+4+8+16 e La 
t e., . 


133 = w/v. 


EO + — 41 


_ 7 


, u 


+ aa 
A 24 —440 4 


5 


＋ 24a 4 
＋ 2424 —2 442 


= 


＋a aaa, Ec. 


Another Example. 


3 
aÞ+#) . (a—x . Zen Oe. 


a a ＋A2XR | 
—ax+xx e 
— a — X K 3 9 4 

4142 IM 7 $6: 
3 = 
T . 
2 x3 
7 
2 23 
7 2 
| 2 * 
, 4 


9 


. e, 5 


. Ec be 
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In this laſt Example the Signs are alternately 
+ and —, the Coefficient is conſtantly 2, after 


the firſt two Terms, agd the Letters are the 
Powers of x and 4 ” bs that the Quotient may 


be continued as far as you pleaſe without any 
more Diviſion. | | 
But in Diviſion, after you come to a Re- 


mainder of one Term, as 2 x x in the laſt * 
ample, it is commonly ſet down with the” Di- 
. viſor under it, after the other Terms, and theſe 


together give the Quotient, Thus, the Quo- 


tient in 0 laſt, Example is found to be 


frm 3 en 22 Ho — r/o b b +a b divided by „ — @ 


2 


gives . the Quotient b * 


Note, The Sign ED placed been any two 
Quantities, expreſſes the Quotient of the former 


divided by the latter. Thus a + þ — a — x 


is the Quotient of @ + divided by @ — x. 


\ 


1 b 24 A TREATISE of © Pact. 


CHAP vw 


1 at Of FxacrTiONs 


„ § 22. N the laſt Chapter it was ſaid that the 


| Quotient of any Quantity à divided by 
: I 6D: of 0 b is expreſſed by Pong 2 above a ſmall Line 


. 4 and 5 under it, thus, — T. Theſe Quotients are 


„= =" aſſo called Frattions; and che Dividend or Quan- 
4 Sg 1 tity placed above the Line is called the Numera- 
* eee of the Fraction, and the Diviſor or Quan- 
; . WTF. tity placed under the Line is called the Denomi- 


i! 22 „„ EIEIF L 

„ nator. Thus = 3 expreſſes the Quotient of 2 
= - Ke 3 divided by 3 3 and 2 is the Numerator and 3 
il 2 = £ 7 /* the Denominator of the Fraction. 
* „ = F. 23. If the Numerator of a Fraftion is equal 


| ITO 
1 88 „ to the ments _ the Fraction is equal to 
* 


5 „ AanUnity. Thus — — and - are equal to Unit, If 
„ the Numerator is greater than the Denominator, 
= then the Fraftion is greater than Unit. In both 


theſe Caſes, the Fraction is called Improper. 
But if be Numerator is leſs than the Denominator, 


then the Frafion is leſs than Unit, and is called 
at Thus = is an improper Fraction z : 


but = - and J are proper Fractions. A Mixt 
| 5 "MF 
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Quantity is that whereof one Part is an In- 
teger and the other a Fradtion. As 3 25 and 


5 3? and @ + - 


PROBLEM I. 


§. 24. To reduce a M1xT Qlantity fo an I- * 1 4s I 


2 * , e- 4 vp 
> 3 ax Wot x 
Rule, Multiply the Part that is an Integer byy YA. + 


the Denominator of the Fraftional Part; and. , 4-. 
to the Product add the Numerator; under their / S, . 
Thus 2 + reduced to an improper Fraction I — ai 
, wa, /A 


PROPER Fracrion. 


Sum "_ the former Denominator. 


2 3 
gives 5 1 24772 == 7 z and a4 
af ax _ af —x Sa 
Xx 55 


PROBLEM I. 


MixT QUANTITY. 


Rule. Divide the Heats of the Frattion by 


the Denominater, and the Quotient ſhall give 


the Integral Part; the Remainder ſet over the 


Denominat or er be the Frattional eee 
+ Ip 234% 


1 


FFC 
* 55 | ax : 
& | 5 - ha x 3 2. * 
„ a — & AK 4A © — & — ea * R 


7 


- 


7 
1 
o 


+ M Ru 77. 0 
e 4 
te y af 
F. 25. To reduce an Iur kor ER Brau 0 8/ a- N al 
tl ,. axd. 1 

7 


00 A TREATISE Part J. 
F . 


. a TX 4 — * 
XxX. | | 


a - K* — 
PROBLEM Ill. 
$26. To reduce Fractions of different Deno- 


minations to Frattions of equal Value that ſhall 
have the ſame Denominator. | 


Rule. Multiply each Numerator, ſeparately 
taken, into all the Denominators but its own, 
and the Produtts ſhall give the new Numera- 

tors. Then multiply all the Denominators into 
one another, and the Product ſhell gi Ve the 
common Denominator. Thus, 


The Fraftions 5 52 7. are reſpectively equal 


to theſe Fractions _ = 2 LEE : which have the 


| ſame Denominator 6c d. And the Fractions 
To 25 ky are reſpectively equal to theſe 


EN „ d d . 


1 PROBLEM iv. 
r as 9 
u br* 2 d 46 7 AbD and Nee Frattions 


= * C, — . ule. Reduce tbem 14 a common . 
Mean ch A 2 = he ns add or ſubtraf# the Numerators, the Sum 
or Difference ſet over the common Denomina- 
m, is the Sum or Remainder required. Thus 
8 of + « + * A "+ „ 2 = WO « Oo, 24, , WW 
| | w__ . 


5 NA = 100 . e 


1 b 1 "© 3 
„ 4. 2 E. * > 7 OR 70 Te 
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3 1 4 de TIC T4 ＋ Os Ly v E 


. 7M _ 3 | 50 1 „ 5 * , 
a e / 5 Hons | : 
nes, 2s 2 
as GIG 4 23 > 12 * . 

Bl — —— 16—45 — Bu - ö 1 — — „5 

5 4 20 . 0 
* «%s 3 . 3 +4; 
. „ - 2 
2 3 | | | TT * 1 5 

PROBLEM ... oͤß 
8 28. To multiply Fraftions „ 7 ol 
Rule. Multiply their Numerators one into 1 9 * 2 „ 
other to obtain the Numerator of the Product; Fes 
E 


and their Denominators multiplied into one an 


7 7172 

other ſhall give 1 Denominator of the Produt? EH — 172 1 
— * aA 

Thus, ; | * SJ X } 


*, DS, 5 ＋ h 
. c ac 2 4 4 ; 
— X — — — — — — —. 2 = 2 3 I; 
a—b a* m—_ 4 | 1 8 D #4. 2273 — 
ON 4 oy £4 -? . . - * E. 2 x: 


— > 


WEN SN 


If a mixt Quantity is to be multiplied, firſt 3 
reduce it to the Form of a Fraction (by Prob. 1.) CER * 
And if an Integer is to be multiplied by a Frac- . N OTE 
tion, you may reduce it to the Form of a Frac. . 
tion b Placing Unit under it. 


EXAMPLES. 


= I x 2 22 | 2 

4 * 2. — ps 
x - , 
„„ of in woe ea te e + - + 
J wer „ nr Wd. 0 = h,, . & »:— 4 « 4- 


„2 * Pp, v 7 A LUA 20 = 6, e 


5 K PEE I ᷑ſ 6 {xs =o += 6 "530 


Ap = 7. 6* 


= 
* 4 * : = b. 
me . . — — Gene 7n<0 
— — „%5„%Fͥͥͥõ!o²»:ßdł etal Shes 
n : | 
N _— — — . — e 


= 2 


* 
. 
. W- 
* . . a 
0 
Ag : 
2 


23 OATzxzaTisrof Part]. 
OE. . bx 
F 1 
EE: a* T2 5x 42642 

* ax x 0 


, + + PROBLEM VI. 


| 2. 6. "7 ies © = i 
j * 2,4 her / $ 29. To divide Fraftions. 
?- - A lf 1 e., Rule. Multiply the Numerater of the Dividend 

i by the Denominator of the Diviſor, their Pro- 
= 42, Aud ſhall give the Numerator of the Quotient. 
1 150 K e/ Then multiply the Denominator of the Dividend 
WS... - 2:..-- / :,- ibe Numerator of the Diviſor, and their 


| RE CO gt e e/ * 


| 0 e 4 4) 
a | E 
1 : iS 2 = + 7 4 + FEY2) 22 — 
is | E e e 4 — 7 a* ＋4 5 5 
"nn . a. 30. Theſe laſt four Rules are el 
F key ee the Definition of a Fraction. | 


i 

1 ll | | 

S| * . fs „ 1. It is obvious that the Fraftions , — 7. +, | 
4 
I 
[ 
j1 
| 


arc reſpedtively equal 0 57% 7 Tp Ein finceif 
you divide ad f by 4 d 4 th Quotient will be 
the ſame as of a divided by ; and c b divided 
by dh f gives the ſame Quotient as c divided by 
4; and eh d divided by 74 the fake ao: | 
; tient as e divided by. rn | 
| SF, , 2. Fractions reduced to the fond nina - 
9 * 7. * tor are added by adding their Numerators and 
ſub- 


» * 
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3 the common Denominator. Iſay 


> + —- =. For call n, and 
c 


7 = and it wil be s wh, 25, and 


mbnb=a+c, and m + x = 2-5 


is 7 += = . After the ſame Man- 


; that 


42e 


b * 


7 e ly . . 


dn=c; andbdmn=ac, and 1 = Th 


ner, 5 4 = 


3. I fay T* m X n) = 


4 "7 


= | 
4. 1 f divide by +, or ©, Way” PZ ye ” 
. „ „ and 
nbd=ch; therefore ond dl WY is, 
1 735 


that is, + T 


as — 
„ agtY 
PROBLEM VII. | 
$ 31. To find the greateſt common Meaſure of 


two Numbers ; that is, the greateſt Number that 
can divide them both without A a Remainder. 


Rule. Firft divide the greater Number by the i / 41 > 4 
teſſer, and if there is no Remainder the leſſers — 99, d / 44 
Number is the greateſt common Diviſor required.” © © 7 © * *Y 
0 there is a Ren, ander, divide your laſt Divi- 5 * Roo . 

r OO-41:908 

$7 = 428, = i 

72 e O < /{ 

ms OP | 

it 


* 
22 5 
a. 


8 


= 3 
? 


| „ c ＋ 4 


14 
14 


= r D, — | ee. 


yy 
ils 


- 
. x 3 
1 ; 3 2 _ : b * GUNS = - 
r eee od RN wh bers ed OBEY 1 Pn OI f — 0 
* * — 
* 4 a * . 
- — + _ —— ä — wt Ln WY 


A TREATISE of Part J. 
, NE, I + for it; and thus proceed continually dividing 
A. the la Diviſer by its Remainder, till there is 
ES," Remainder left, and then the laſt Diviſor is 
=_ i. 10. greateſt common Meaſure required. Thus, 

* the greateſt common Meaſure of 45 and 63 


„ 


5 1 
3 256 and 48 is 16. 


LEO 0 3 

1 * tf 45) 63 (1 4358) 256 (5 
1 CH | _ 
rar. u. 18) 45 (2 + A034 {9 
„ 5 

| „ 9) 10 (2 5 0 


„ — e r 0 
1 1 1 
8 32. Much after the ſame Manner'the great 


eſt common Meaſure of Algebraic Quantities is 


diſcovered ; only the Remainders that ariſe in 


: ihe Operation are to be divided by, their ſimple Di- 
FM N Fr x V viſors, and the Quantities are always to be ranged 
$2 = v e according to the Dimenſions of the ſame Letter.” . 


en Thus to find the greateſt common Meaſure ; 


{a EF ty E 
$a & 7-4 LI 128 # 


= LO of a* — band a —2 U Þ*;" 5 
. / 2 4 2 nb?) a* — 2 4b +67 Wh Sto 


WWW 
4 . 4 FA . #0) = 


A : - 1 ** 


„„ . 
| — 2 25· Reniainder, 


ö ; 


. - 


is 9; and the greateſt common * of 


= 


. 


. & 
+ 


BY 


which divided 3 2 5 is reduced to „ 


Ses) 
> TG) = &+ = . 1 . br on / & 


& 5 , 
E 2, G . . M v6, 
Fa Ep 


NOT 7 4 Ng, © A. i wp. lon we a; 26, = = 5 ERS os. 
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MSIE — b* (a+b6 
23 — 5 | 
0: 0 


Therefore a — & is the greateſt common 
Mealure required. 


The Ground of this Operation is, That any | | 
Quantity that meaſures the Diviſor and the Re- 
mainder (if there is any) muſt alſo meaſure the 
Dividend ; becauſe the Dividend is equal to the | 
Sum of the Diviſor multiplied into the Quotient, 
and of the Remainder added together“. Thus 5 | 
in the laſt Example, @ — 5 meaſures the Divi- Ro I 
ſor a — 335 and the Remainder 2 ab 4245 4 a —C / 71, 
it muſt therefore likewiſe meaſure their Sum - - — 2 
a* —2 ab + *. You muſt obſerve in this* *—= » & © 
Operation to make that the Dividend which has 26 2 
the higheſt Powers of the Letter, according to 
which the IG are ranged. | As. 0 1 1 Tee 


. PROBLEM: M 


7 1 3 I V6 | 
$ 23. To re uce any Fraction to its s loweſt _ „ 
Terms. ; | 
= gene, ll 
Rule. Find the greateſt common Meaſure of the f . M 
Numerator and Denominator ; Divide them By, / . \.. 1 Af 
that common Meaſure and place the Quotients r D 94d. 2.14 
in their room, and Jon hall have 4 Frattion. . News 41 I | 
equi=v 4 = —, / Mi 

+ Cee Chap XIV. 5 VVV 


„ „ 9 4 
M 5 55088 


FW 


G VV e. D 


eee fo — A X-2 


/ 


IT 


Ihe 


32 A TaxzarTicz of - Pan L. 
„„ 16 i equivalent to the given Fraction expreſſed i in the 
1 1} e e leaſt Terms. | the 
4. 1 * ＋ | 1 35 4 

5 Thus, D 155424 ＋ 15625 


| 25 6c Lago cx. 3 x? $72 4 5724; _ 25 
i oh it Lag e 
5 2 112 — 1155 4 — 2 ab+ * 9 


3 | a3 — b* a a* —ba 7} 2 — 42  _ 
Et te xy 3 (p14, < a Faab re a+6 . af — a3 b* 
79 SY "FE 1 a= 2 23 9 ; %. 


5 N. cm Nv Ee 


Lo rn Y / When Unic is the greateſt common Meaſure 
if PETS of the Numbers and Quantities, then the Frac- 
: .. -4z = £*,,tion is already in its loweſt Terms. Thus 
Wl. - <= -D, « . cannot be reduced lower. 


a 


{i Th 3 A, eee eee | 
= == 5 ſure is Unit, are ſaid to be Prime to one an- 
= i A 


A YO Jo 
7 , 7 FR 7 other 5 * 8 
= wm 1 Vo, 2 * S ; * : 
= Jt. . $ 34. If it is requiged to reduce a given Frac- 


1 4 * 5 2 > gon to Fraction equal to it that ſhall have a 
given Denominator, you muſt multiply the Nu- 
„ > - / merator by the given Denominator, and divide 
de Produli by the former Denominator, the Quo- 
1 n 5 [ef over en Denominator is the Framin 
1 34 + required. Thus + 2 being given, and it being +? 


\ i * 4 5 


3 a and it ſhall be the Numerator 


2 * of * F raction required. + 
08 2 * 260 2 5 a : It 
by. 4 / 3 0 ͤ X . 
8 "4 3 | . 
* „ PE a 60/5448 bd AI 


= ECT „- + + 39 / 
—_—— V 


/ 


„4 25 © amid os. eee ee. Fraction whoſe "30 
EX = - /:4,-x yDenominator ſhall be c; find the Quotient ” 58 


.- . 2 * * 3 2 e a 9 x Vee 2 2 
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If a Vulgar Fraction is to be reduced to a 


Decimal (that is, a Fraction whoſe Denomina- 


tor is 10, or any of its Powers) annex as many. 


Cyphers as you pleaſe to the Numerator, and 
then divide it by the Denominator, the Quotient 


Hall give a Decimal equal to the Vulgar Frattion 


eg IG . 3 


; 35. Theſe F eu are added and fubs 
trated like whole Numbers; only Care muſt. 
be taken to ſet Similar Places above one another, 
as Units above Units, and Tenths above Tenths, 
Sc. They are multiplied and divided as Inte- 
ger Numbers; only there muſt be as many decimal 
Places in the Product as in both the Maltiplicand 


and Multiplier; and in the Quotient as many 


as there are in the. Dividend more than in the 
Diviſor. And in Diviſion the Quotient may 


be continued to any Degree of Exactneſs you 
pleaſe, by adding Cyphers 'to the Dividend. 


The Ground of theſe Operations is eaſily under 


ftood from the general Rules for adding, multi- 
plying, and dividing Fractions. 


D CHAP. 


„r.. „ „„ „ ß 
V & &, „ x6 7 40 1 


4 
. 
1 * 


1 
* *%, $9 
* 1 


a. —— I PE EITON «= r . 


. 8 * ps 
+> — MDT A RAR „ „„ „% ee 
2 - n 


> ns 
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HAK un. 
Of the IN vol ur ION of Quantities. 


536. N E Products ariſing from the con- 
tinual Multiplication of the ſame 
Quantity were called (in Chap. 4: Ye Powers 
of that Quantity. Thus a, a*,'a*, a*, &c. 
are the Powers of @; and ab, a* b*, 4 b*, 
a*b*, _ e the Powers of a5. In the ſame 
Chapter, Ie Rule for the Multiplication of 
Powers of the ſame Quantity is to Add the 
Exponents and make their Sum the Exponent of 
the Product.” Thus a“ x a* = a? 3 and 
858x405" = 83,355. ln Chap. 5 you have 
the Rule for dividing Powers of the ſame Quan- 
tity, which is, To ſubtract the Exponents and 
make the Difference the Exponent gl _— ON” 


: a5—+h3=" = ab*, 


$ 27. If you divide a leſſer Power by a W 


2 3 the Exponent of the Quotient muſt, by __ 


—_—  - // 
=_— 1 „ * 


ze Meraner. TW ga ol gn 
4 by | . „ e 5 
2 = 7 and hence = — is expreſſed * 


a Gon a e erat — 


M 


* 
» 
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It is alſo obvious that = = = 8*=" = 6% 
but = = "79 and ans a = 1. Aſter 


| ; bo 
the ſame Manner > = = = @4%=* = @=* 5 


6 . 1 
a a 1 tags aaa 


= 4=? ſo that the Quantities a, 1 — 2 


> &e. may be expreſſed thus, 4, a*; 


s . a9 
425 @ 


a=", a—4, a=3, 4—4, &c. Thoſe are called 


the Negative Powers of a which have Negative 
Exponents; but * are at the An time Pa. 


five Powers of = — or 4=*, 5 


$38. Negative Powers (as wells Poſitive) are. 


multiplied by adding, and divided by ſubtratting 
their Exponents. Thus the Product of 2 (or 


T- 1 , be 8 55 . 
=) multiplied by a—7 (or 205 —3 e 
(or =) alſo. 2 x2* = a (or 
a | > 8 | 


| * > * 12 . 5 ; 2 {| 
1 ;) and a- xa* = a* = 1, And, in gene 


ral, any poſitive Power of a multiplied by a nega- 


tive Power of à of an equal Exponent gives Ux ir 


for the Product; for the Poſitive and Negative 


Fo VvS — ts 


deſtroy. each other, and the Product > goes a9. 


which Wannen, 0 IF 
4 0 2- | Likewiſe 


36% ATAZAT IS of Part, 


ä 4 — ETD 
— 5 — / Likewiſe 22 3 3 and 27 


a 5 : l 
„„ ee ae," = IT 


1 — ; therefore — a: And, in general, 


<« any Quantity placed in the Denominator of. a 
Fraction may be tranſpoſed to the Numerator, - 
9 ace if the Sign of its Exponent be changed.” Thus 


I 
— = &-3, and — = #* 
a 


$ 39- The Quantiry ar expreſſes any Power 
of 2 in general; the Exponent (m) being unde- 


termined; and a» expreſſes , or a negative 


Power of a of an equal Exponent: and a" Xx 4 
S =1 is their Product. anexpreſſes 
any other Power of 43 4 & = an is the 
Product of the Powers a® and 4", and an 1g 
their Quotient. 
§ 40. To raiſe any dangle Quantity to its ſe- 
cond, third, or fourth Power, is to add its Ex- 
ponent ice, Hhelees or four times to itſelf; 
therefore the ſecond Power of any Quantity. is 
had by doubling its Exponent, and the third by 
trebling its Exponent; and, in general, he 
 Pawer expreſſed by m of any Ruantity is had by 
multiplying tbe Exponent by m, as is obvious from 
the Multiplication of Powers. Thus the ſecond 
Power or Square of a is a = its third 
e . 


Chap. y. ALGEBRA. '' 3» 
Power or Cube is 43 2 4; and the mh . / L . 


Power of à is aN — an. Alſo, the Square 395 | OY at 


of ais a: A=; the Cube of a* is EY Ht . IDs 7 
and the mth Power of 4“ is 4c. The Square M= 1 2. % 

of abcis a* b* c*, the Cube is 4 b* cf, thek 9 2 / Per 
1 Power a* b =, = e K TOM 


$41. The raiſing of Quantities to any Power £596 7 2 
is called Involution ; and any ſimple Quantity is 2 „ 
involved by multiplying te Exponent by that of the | 4 „ „K, 

Power required, as in the preceding Examples. Lf . 


The Coefficient muſt alſo be raiſed to the fame — . < 


Power by a continual Multiplication of itſelf by 3 HM 
itſelf, as „ is contained in the Expo- 5 1 5 FUSS 
nent of the Power required. Thus the Cube of | 2, oc #1 
3 4 bh is 3 x 3 * X 4 b 274 35. DOM l 


As to the Signs, Vben the Quantity to be in- 5 $4 2 5 
volved is Paſitive, it is obvious that all its Powers __ a of 1 
muſt be Paſitive. And when the Quantity to be 5 18 > 
involved is Negative, yet all its Powers whoſe 
Exponents are even Numbers muſt be Poſitive, 
for any Number of Multiplications of a Nega- 
tive, if the Number is even, gives a Pofitive z. 
fince —x — = +, therefore —x— x — x 
—=-+x-+=-; and * 
PPP N 3 
The Power then only can be Negative when <a —— M 
its Exponent is an odd Number, tho? the Quan- — 2 
rity to be involved be — The ar — 


us Of 


9 3 * x 


ga B83 . 
4 32 32 XR E 
= a* a b | = 
| *s — O | | | 5 5 
TTTEVVC ET oe bo 2 
; a 2 „ | a 
Ie S 2 ts x « +6. Fr. te Square or adPowe, „ 
. 2a FFap 3 
lg © ya ane i LE i, 5 
2 88 8 ua 252 Ti TN 1 | 
Hh = Ts „ Xa+6 Cube or 3 Power. 
4 . — 9.8 EOS Ta TE e Pas | eos 
"oF pe 5 2. = O — TT 3 85 
E 33138 18 * a +56 4 PF 4a PF = Biquadrate or 4th Power. 
— © 
N. 2 „ 60 {+ ET 2 2 35. ; Py 5 
| S > og = 8 1 > —- a* 44a 32 ＋ 6 g* bt cho bi „ £ . 
3 8 8 8 ee e e ts : 5th 5 
1 &+ £ . = 1 —F 80 Power: 
. TY * — a* 6 3333 2 
24418 1 
A 48 * ; Toa 2237 ＋ 8% 
5 | : | 64 ? MEDE FED PAIRED, 3 8 . 5 


> 
\ 
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§ 43. If the Powers of a — b are required, 


144 LEES 


they will be found the ſame as the preceding, af 2 2 1 — 


only the Terms in which the Exponent of b is 
an odd Number will be found Negative; be- 


cauſe an odd Number of Multiplications of a 


Negative produces a Negative. Thus, the 
Cube of a — & will be found to be a* — 3 a* b 
+ 344* “: Where the 2d and 4th Terms 
are negative, the Exponent of þ being an odd 
| Number in theſe Terms. In general, The 


Terms of any Power of a—b are 5 Py and 


negative by turns.” 


$44. It is to be obſerved, Thar e in the | 


firſt Term of any Power of a b, the Quan- 
tity a has the Exponent of the Power required, 

that in the following Terms, the Exponents of 
a decreaſe gradually | by the ſame Difference (viz. 
Unit) and that in the Jaſt Terms it 1s never 
found. The Powers of þ are in the contrary 
Order; it is not found in the firſt Term, but its 
Exponent in the ſecond Term is Unit, in the gd 


Term its Exponent is 2; and thus its Expo- 


nent increaſes, till in the laſt Term it becomes 
equal to the Exponent of the Power required.“ 


As the Exponents of 4 thus decreaſe, and at 
the ſame time thoſe of þ increaſe, ** the Sum 


of their Exponents/ is always the ſame, and 


is equal to the Exponent of the Power required.” 


| Thus in the 6th Power of 4 +8, viz. 4. +6 


bak b + 16 5% + 20 45 — 15 4 b* + 


DD 4 6 2 


40 ATREAT ISF Part. I. 
6a +85, the Exponents of à decreaſe in 
this Order, 6, 5, 4, 3, 2, 1, 03 and thoſe of & 
| Increaſe in the contrary Order, o, 1, 2, 3, 4, 

5, 6, And the Sum of their ExPonens | in any 
Term is always 6. 

Lc $45. To find the Coefficient of any Term, 

ee ,. the Coefficient of the preceding Term being 
Ea] 3 known; you are ta © Divide the Coefficient of 

>” © the preceding Term by the Exponent of h in the 

„ % given Term, and to multiply the Quotient by 

„ „ the Exponent of à in the ſame Term, increaſed 

„ <C- by Unit.“ Thus to find the Coefficients of the 


7 y- K. + 2e Terms of the 6th Power of a + 3, you find the 
1x6 = Terms are 


. e, 75 2, 4, 4. ve, 47 b*, a* he, ab*, b*s 
A you know the Coefficient of the firſt Term is 
| unit, therefore, according to the Rule, the Cocf- 


ficient of the 2d Term vill be 1 * 5 5+1 2 6 ; 


: "tha 4 the 3d Term will be + Tenne ; 


3 chit of the 4thTerm will be * 3-+1= 5X4=20 z 


and thoſe of the Glowing will be 15, 6, 1, 
agreeable to the preceding Table. 
$46. In general, ifa ＋ b is to be raiſed to 
any Power m, the Terms, without their Co- 
efficients, will be, a®, ab, aa, 363, 
ab, an—5b*, &c. continued till the Erro 
nent of 4 becomes equal to 1. 
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The Coefficients of the reſpective Terms, ac 


„ 

cording to the laſt Rule, will be 1 „ Greece © 

m—l fm] „—2 w— CA, A 
wx or OE 
 M— M mM—1 m—2 M— mf, / "Jonas Nero ON 
, * n I", 1 don 1 WAY 
&c. continued until you have one Coefficientꝰ "Maw ee 7 
more than there are Units in m. ber 


A. b ec add 
It follows therefore by theſe laſt Rules, that . T7 


N 
=; a +5 = an +m a" n e. er "CO. 1 
b, — © F< 88 
+ 1m x 3 EY þ3 * m * 2 ** L N. 
3 2 e A © - — 
* 3 —_ x . þ+ +, &c. which is the off c cats « —A 
3 X / XL, AV | 
general Theorem for raiſing a Quantity conſiſt- Cx 
ing of two Terms to any Power m. a G 9; 5-1 8h 
* $47. If a Quantity conſiſting of three, ore / 6 y 1 </ 
more Terms is to be involved, you may di- A A 12 
ſtinguiſh it into two Parts, conſidering it as a Bi- 2 * * / ce 
F . — 
nomial, and raiſe it to any Power by the pre 1 
ceding Rules; and then by the ſame Rules you „ 7 
may ſubſtitute inſtead of the Powers of theſe - 


Ef 1 5 


compound Parts their Values.” Thus, „ 


a+b+c =2 +b +c = @ +3 + 2cx- CER | 
a +6 ＋ ct =" +246+3 +2 0c, e 


2 b . >= And | | 5 
e e 22 + d „„ ＋3 x = (of = 


„ 8,6.0; — 74 


+ e 4345 b+3ab*+b6*+,5, s 
ig 6 nm ** A „ 7 —-Y| 
/ E. y IE, ä 3 
£4 aAw1Y a bt. In 


% N . MZVÜW D 


/ 


8 — af 
1 4 „ 6 3. oo OG 


n 
as 


„ 11 PE Pa „ 5 Wy, , a 


e OE Ed e — 2 , — 0 — 22 


42 ATRTATIS 2 of Part]. 


In theſe Examples, a +6 +c, is conſidered 
as Compoſed of the compound Part @ + & and 
the ſimple Part c; and then the Powers of 
a + b are formed by the preceding Rules, and 
ſubſtituted for a T and a + 2 


1 — — 
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| © 48. HE Reverſe of . or the 
reſolving of Powers into their Roots, 
is called Evolution. The Roots of ſingle Quan- 
tities are eaſily extracted by dividing their Expo- 
nents by the Number that denominates the Root re- 
guired. Thus, the ſquare Root of a is a4 = 
and the ſquare Root of 40 * c* is a b* c, The 
Cube Root of 4 5 ba ai i = 4a b; and the 
Cube Root of «* y 2:* is x 9* 21. The 
Ground of this Rule. is obvious from the Rule 
for Involution.; He Powers of any Root are 
found by multiplyih g its Exponent by the Index 
that denominates the Power ;. and therefore, 
when any Power is given, the Root muſt be 
found by dividing the Exponent of the given 
Power by the Number that denominates The 
kind of Root that is required, 


44> | 
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$ 49. It appears from what was ſaid of Invo- © + F © 
lution, that ** any Power that has a Pofitive 
Sign may have either a poſitive or negative Root, © 0 +1 mw 
if the Root is denominated by any even Number.” © . 2 1 
Thus the ſquare Root of +a* may be +@ or 7 DR 
Va, . becauſe +ax+8 or —ax—a gives +a* for 7 v2 
the Product. * 1, 5 1 
But if a Power have a negative „ * 
Root of it denominated by an even Number can be ©, © 
aſſigned,” ſince there is no Quantity that multi- 
plied into itſelf. an even Number of Times can 
give a negative Product. Thus the ſquare Root 
of —2* cannot be aſſigned, and is what we call 
an © impoſſible or imaginary Quantity.“ 
But if the Root to be extracted is denomi- 
nated by an odd Number, then ſball ibe Sign of 
the Root be the ſame as the Sign of the given 
Number whoſe Root is required. Thus the Cube 
Root of —a* is —a, and the Cube Root af 4 7 28 


— 
— 


-a4˙3˙ is 4. . 
§ 50. If the ee that denominates the * . A | 
Root required js Diyzior © of the Exponent of. , 4 / 7 6} 


the given Powe chen ſhall the Root be only a+ - ore 2 1 
* lower Power of the ſame Quantity.” As the” © *2 _ 4 
| Cube Root of a. is 44, the Number 3 that de- = —-Þ 
nominates the Cube Root being a Diviſor. 77 ＋ % ra 
of 12. 5 yY A 2- /A- vl 
But if the Number hit denominates what f, = Þ 
fort of Root is required is not a Diviſor of the—- ©' © "© " Þ 
. 5 

Exponent of the given Power, ben 'the Ross © 4 | 


required „ = 


| 
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required ſhall have a Frafion for its Exponent.” 
Thus the ſquare Root of 4 is a4; the Cube 


Root of @* is 43, and the ſquare Root of a itſelf 
1s 6 . 


| 9 
1 

. . = Theſe Powers that have Fractional Exponents 
i gh * . Aare called imperfect Powers or Surds; and 
i e vac otherwiſe expreſſed by placing the given 
[- gie hover within the radical Sign /, and placing 
1 1 © Above the radical Sign the Number that deno- 
_ : | cminates what kind of Root is required. Thus 


. 8 a ng 
3p ai RY Vn, = and ar Vas. In 
E 2 Numbers the ſquare Root of 2 is — by 
* V 

„ a; < - 2, and the Cube Root of 4 by . 


5 * a_— 


WP = $ 51. Theſe imperfect Powers or Surds are 


EO ez M445 agb and, divided, as other Powers, by 


93 
| 2 . 1 : Tubirattihg their ee > 3 hus . i IO 


3 — AR „ a ; 5 arxat aaa if * 1 


l _ 

3 | and = 2 =4==ai= a* L TE. 

22 — 4 WW 232, / Mr OK EE 
"> 


„ „ 41 — 4 They are involved likewiſe and evolyeg | after. 
. | the ſame Manner as perfect Powers. , Thus 0 
1 fr, 8 -o / Square of az is ag; the Cube of a5 
„ar 2 

Eb 0 = ot:  @IXF a+. The ſquare Root of a3 is 55 Saz, 


ꝗ——U—ß y — 


„ y > 4ithe Cube Root of at is al. But we ſhall have 
a + x 3 = «Occaſion to treat more fully of Surds hereafter, *. 


- a =, „ AE 


2. 


e $2: The ſquare Root of any compound 

EG 4 4 Quantity, as 4 + 246 +8* is diſcovered af- 

BB 7 A by VV 4,i— Ci. 7 N., +.9, 7 vo, to a 81/7 m 7 ee 
019 et 7 ww FR a gs > ; 
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ter this Manner. Firſt, take care to 4070 
the Terms s according to the e. Dimenſions 2 be 
Alpbabet, di in Drvifi Fon 1 2 find the” ſquare 
Root of the firſt Term a a, which gives a for the 
firſt Member of the Root. Then ſubtract its 
Square from the propoſed Quantity, and divide the 
firſt Term of the Remainder (2ab+b*) by the* 4 WA 
Double of that Member, viz. 2a, and the Quo- Ca | 
tient b is the ſecond Member of the Root. Add | | 
this ſecond Member to the Double of the firſt, and | 
multiply their Sum (2a+b) by the ſecond Mem- | 
ber b, and ſubiraft the Produft (2ab+bi) from 7 'v 7 So 2 
the foreſaid Remainder (2ab+b*) and if no- I — 
thing remains then the Muare Root is obtained ; 1 
and in this Example it is found to be a + 7 
The Manner of the Operation is thus, 


a*+2ab+b* (a 


| a 
” - 
2646 l: | 
xb/ 2ab4d* 
9 . 
Ty . 
9 0 


But if there had been a Remainder, you muſt | 
have divided it by the Double of the Sum of the 
tuo Parts already found, and the Quotient would 
have given the third Member of the Root, 
Thus if the Quantity propoſed had been 


a*+2abþ2ac+b*+2be+c*, after ding as e, 
above you would have found Nee 1 


2 ac 


* 


| 
| 
| 
| 
| 
[ 
1 
| 
| 


* 
Fr 
| 4 
$3 


bY 
© 
I, 
4 
1 
4 
ff 
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2ac+2bc+c*, which divided by 24423 "hives + 8 
. to be annexed to a+6 as the 3d Member of the 
Root. Then adding c to 22725 and multiply- 
ing their Sum 222 by c, ſubtract the Pro- 
duct 24ac+24c+c* from the forefaid Remainder ; 
and ſince nothing now remains, you conclude. 
that a+5+c is the ſquare Root required. 


N Operation is thus; 
. (a EA c 


a 


e 
xa ab 


3 
2a+2b+c en 
| Matei 
: 0 : I O 
| Another Bap 
ar—ax-＋xaa (x— 24 
* - 
e 
8 — 
__ S:0. 


The ſquare Root * any Number is Mt. out 
after the ſame Manner. If it is a Number un- 
der 100, its neareſt ſquare Root is found by the 
following Table; by which alſo its Cube Roor 


8 is 
6 
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is found if it be under 1000, and 1 its s Biquaiirats 


if it be under 10000. 


TT 
1 


5 25 7 $| 
25 49]__04 
249 
2401 


| The Koot 


* 


3 


2 


Cube 14827 54125 55 
Biquad. || 1 160812861629 1296 


4096 


But if it is a Number above 100, then its 


ſquare Root will conſiſt of two or more Figures, 


which muſt be found by different en by | 


the OY 


R U LE. 
$ p 2. Place a Point above the Number that is 


in the Place of Units, paſs the Place of Tens, and 


on towards the left Hand placing a Point over every 


2d Figure; and by theſe Points 1he Number will be 


diſtinguiſhed into as manyParts as thereare Figures 


place again a Point over that of Hundreds, and go 


in the Root. Then find the ſquare Root of the firſt: 
Part, and it will give the firſt: Figure of the Root; 


ſubtract its Square from that Part, and annex the 


der. Then divide this new Number (neglecting 
its laſt Figure) by the Dauble of the firſt Figure of 
the Root, annex the Quotient to that Double, and 


ſecond Part of the given Number to the Remain>- 


multiply the Number thence ariſing by the ſaid 


vidend, or equal to it, that Quotient ſhall be the 


Quotient, and if the Product is leſs than your Di- 


ſecond Figure of the Root... But if the Product 


15 griaver than the Di 2 you muſt take a leſs 
| Number 


L yp WOO 
ä 


„ —- + / £4 On 
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Number for the ſecond Figure of the Root than that 
Quotient. Much after the ſame Manner may the 
other Figures of the Quotient be found, if there 


are more Points than two placed over the given | 
Number. - 
To find the ſquare Root of 998506, I firſt 
point 1t thus, 99856, then I find the ſquare 
Root of 9 to be 3, which therefore is the firſt 
Figure of the Root; I ſubtract 9, the Square 
of 3, from , and to the Remainder I annex 
the ſecond Part 98, and I divide (neglecting 
the laſt Figure 8) by the Double of 3, or 6, and 
I place the Quotient after 6, and then multiply 
61 by 1, and ſubtract the Product 61 from 98. 
Then to the Remainder (37) I annex the laſt 
Part of the propoſed Number (56) and dividing 
3756 (neglecting the Jaſt Figure 6) by the 
Double of 31, that is by 62, I place the Quo- 
tient after, and multiplying 626 by the Quo- 


tient 6, I find the Product to be 3756, which 


ſubtracted from the Dividend and leaving no 
Remainder, the exact Root muſt be 316. 
EXAMPLES, 
998 56 (316 


. 

9 
x1/601 
62613750 EY 
6,325 

- 


27 
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27394756 (5234 | 529 (23 
25 2-2 | 
102 )239 | 43)129 
1043\3547 0 
—— n 4 
bog) 155 
41856 


3 


4 In RAY to extract any Root out of any 
| given Quantity, 1 Firſf range / bat Quantity ac- 
0 cording to the Dimen/io ons of its ts Letters, and ex- 
trat the ſaid Root out of the e firft Term, and that 
foall be the firſs Member of the Root required. 
Then raiſe this Root to a Dimenſion lower by Unit 
than the Number that denominates the Root re- 
quired, and multiply the Power that ariſes by that 
Number itſelf ; divide the ſecond Term of the 
given Quantity by the Pradult, and the Quotient 
ſhall give the ſecond Member of the Root re- 
quired. + 

Thus to extract the Root of the th Power out 

of. a*+58*b+108%b*+104*Þ*-þ5ab*-+d*, 
J find that the Root of the gth Power out of a 
gives a, which I raiſe to the 4th Power, and 
3 * 55 the Product is 364“; then di- 
+ E | "—_ | 
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viding the ſecond Term of the given Quantity 
5a*b by 5a*, I find bto be the ſecond Member; 
and raiſing a+ to the 5th Power and fubtract- 
ing it, there being no Remainder, I conclude 
that a+ is the Root required. If the Root has 
three Members, the third is found after the ſame 
Manner from the firſt two conſidered as one 
Member, as the ſecond Member was found from 
the firſt ; which may be eaſily underſtood from 
what was ſaid of extracting the ſquare Root. 5 
$ 55. In extrafting Roots it will often happen 
that the exact Root cannot be found in finite 
Terms; thus the ſquare Root of a*+x* is 
found to be 7 2 A=. 


12 ot Wc 
e * der 1 r raga7 to dg 
The Operation is thus ; | 
2 + xs 
a* x * 2 0 — HY x * | 
—— 6 855 1525 — — Ke 
42 g . HY | 
n 
24+ —) +x 
= » a0 
83 ＋ 
x* x+ x 
N 
_ NE 4s x 
* =_ OPT: T 8+ + £449 
— F | 5 45 26 AE : 
—— 3a. 64a 


1 T 4 ” * 
TTT „ 
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After the ſame Manner, the Cube Root of 
: 4K. will be found to be | 


a+ 2 — 608 — 7; oy ec of r SS $4 


gas 81a 55550 
200 8 56. « Lhe general Theorem which we gave 
for che Involution of Binomials will ſerve alſo 
for their Evolution 3** becauſe to extract any 
Root of a given Quantity is the ſame thing as 
to raiſe that Quantity to a Power whoſe Expo- 
nent is a Fraction that has its Denominator equal 
to the Number that expreſſes what Kind of 
Root is to be extracted. Thus, to extract the 
ſquare Root of a-+b is to raiſe a to a Power 


whoſe Exponent is +: Now ſince ab" =anþ 

| pe Sat 1 
. 

9 mf, you will find 
2 SAH A . r Z- ͤ&x 
- 35, &c. Sal — Es &c, 


. Be 
And after this 1 you wil find that 


a +x* =a+D— —— +7 , &c. as before. —_ 


§ 57. The Roots of Numbers are to be ex- 
tracted as thoſe of Algebraic Quantities, 
« Place a Point over the Units, and then place 
Points over every third, fourth or fifth Figure to- 5 
wards the left Hand, according as it is the Root : 
of the vn. of the CE or 5th Power that is re- 
„ 5 e ; 


OO 0 OO PUT RI ey ane ET LE OLE OB PAT CATS HPC ES Werner GAg2 cov PC 
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quired ; and if there be any Decimals annexed to 
the Number, point them after the ſame Manner 
proceeding from the Place of Units towards the 
right Hand. By this means the Number will be 
divided into ſo many Periods as there are Figures 
in the Root required, Then enquire which is the 
greateſt Cube, Biquadrate, or gib Power in the 

Frſt Period, and the Root of that Power will give 
the firſt Figure of the Root required. Subtrat? 

be greateſt Cube, Biquadrate, or 5th Power from 
the firſt Period, and to the Remainder annex the 

firft Figure of your ſecond Period, which foul! give 

Four Dividend. 

Raiſe the firſt Figure already found to a Power 
leſs by Unit than the Power whoſe Root is ſought, 
that is, to the 2d, zd, or 4th Power, according 
as it is the Cube Root, the Root of the 4th, or the 
Root of the 5th Power that is required, and mul- 
tiplythat Power by the Index of the Cube, 4th or 
5th Power, and divide the Dividend by this Pro- 
dult, ſo ſhall the Quotient be the ſecond Figure of 
the Root required. | 

Raiſe the Part already found of the Root, to 
the Power whoſe Root is required, and if that 
Power be ſound leſs than the two firſt Periods of | 
the given Number, the ſecond Figure of the Root 
is right. But if it be found greater, you muſt di- 
miniſh the ſecond Figure of the Root till that 
Power be found equal to or leſs than thoſe Periods 
of the given Number. Sub ral it, and to the Re- 

Es mainder 


_ 
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mainder annex the next Period; and proceed till 
you have gone through the whole given Number, 
finding the 3d Figure by means of ibe two firſt, 
as you found the ſecond by the firſt ; and after- 
wards finding the 4ih Figure (if there be a 4th 
Period) * the 2 Manner from the three 
"ns 
Thus to find the Cube Root of 1 3824 3 point 
it 13824 ; find the greateſt Cube in 13, viz. 8, 
whoſe Cube Root 2 is the firſt Figure of the 
Root required. Subtract 8 from 13, and to the 
Remainder 5 annex 8 the firſt Figure of the ſe- 
cond Period; divide 58 by triple the Square of 
2, viz, 12, and the Quotient is 4, which is the 
ſecond Figure of the Root required, fince the 
Cube of 24. gives 14824, the Number propoſed. 
After the ſame Manner the Cube Root of 
13312053 is found to be 237. | 


OPERATION. 


13824 (24 

Subtr. 8=2X2X2 
i 65 (4. 25 6 + 
Subtract 24x24x24=13824 


Rem 5 


* * P 
" . = * b 
ov 
1 5 * : — 1 Y 
FR ba g a * * 
* » $' = 2. 
1 Dy bs. . * 
4 4 8 # * LS 
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13312053 (237 
8 = 2X2X2 


— —_—— 


12) 53 (4.01) 3 
Subtract 12167=23x23x23 


32312321587) 11450 (7 
Subtract 13312053=237X237X237 


1 _ 


In extracting of Roots, after you have gone 
through the Number propoſed, if there is a 
\- Remainder, you may continue the Operation by 
adding Periods of Cyphers to that Remainder, 
and find the true Root in Decimals to any De- 
gree of Exactneſß. 5 


8 At... te ot. M.A TIS * 8 CO. 2 a * FR * — — 
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Of Po . 


838. HEN Quantities of the ume Kind 
are compared, it may be conſi- 
dered either how much the one is greater than 
the other, and what is their Difference; or, it 
may be conſidered how many times the one is 
contained in the other, or, more generally, 
"= your - 
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what 1s their Quotient. The firſt Relation of 
Quantities is exprefied by their Arithmetical Ra- 
tio; the ſecond by their Geometrical Ratio. 
That Term whoſe Katio is enquired into is 
called che Antecedent, and that with which it is 
compared is called the Con ſequent. | 

$ 59. When ot four Quantities the Difference 
| berwaxc the firſt and ſecond is equal to the Dif- 
ference betwixt the third and fourth, thoſe 
Quantities are catl-d Ariihmelical Proportionals ; 
as the Numbers 3, 7, 12, 16. And the Quan- 
tities a, -. 2, eb. But Quantities form a 
Series in Arithmetical Proportion, when they 
* iucregſe 07 decreaſe by the ſame conſtant Diffe- 
rence.” As theie, a, agb, a2, a -g, a+46, 
Gee. x, x—b, x—26, &c. or the Numbers 1, 
25 37 43 5» & c. and 10, 7, * 12, 3 
—8, &c. 

$ 60. In four Quantities Arithanetically pro- 
portional; the Sum of the Extremes is equal to the 
Sum of the mean Terms.” Thus, a, a+56, e, ebb, 
are Arithmetical Proportionals, and the Sum of 
the Extremes (a-þe-+6) is equal to the Sum of 
the mean Terms (a+5+e). Hence, to find the 
fourth Quantity Arithmetically proportional to 
any three given Quantities z Add the ſecond 
and third, and from their Sum ſubtract the firſt 
Term, the Remainder ſhall give the fourth 
| Aird gcetien Proportional required,” 


E 4 961. 


36 Air , Pe l. 
861. In a Series of Arithmetical Proportio- 
nals „ tbe Sum of the firſt and laſt Terms is equal 
to the Sum of any two Terms equally diſtant from 
the Extremes.” If the firſt Terms are a, a+6, 
2. 26, &c. and the laſt Term x, the laſt Term 
but one will be x, the laſt but two x—26b, 
the laſt but three x—36, &c. So that the firſt 


half of the Terms, having fl thoſe that are equally 
t-/ = diſtant from the laſt Term fer under them, will 


ſtand thus; 
a, a+, a ＋L 25, 4735, 2 * 


xk, —5, — —36. *—4b, 


| ax, ax, a+, 4 -x, a+x, &c. 


And it is plain that if each Term be added to 
the Term above it, the Sum will be a+x, e- 
qual to the Sum of the firſt Term à and the laſt 
Term x. From which it is plain, that * tbe 
EE: Sum of all the Terms of an Arithmetical Progreſ- 
: fon is equal to the Sum of the firſt and laſt taken 
balf as often as there are Terms,” that is, the 
Sum of an Arithmetical Progreſſion is equal to 
the Sum of the firſt and laſt Terms multiplied | 
by half the Number of Terms. Thus in the 
preceding Series, if n be the Number of 3 


the Sum of all the Terms will be a EN ＋. 


862. The common Difference of the Temes 

being b, and, þ not being found in the firſt 
Term, it is plain that © its Coefficient in any 
Term 


| all the Terms being aN — . #t will alſo be 
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Term will be equal to the Number of Terms 
that precede that Term.“ Therefore in the 
laſt Term x you muſt have 2—1x5, ſo that x 
muſt be equal to ai. And the Sum of 


equal to 2 3 or to 004 = xn. Thus 
for Example, "the Series e 3 
continued to a Hundred, muſt be _ wn 
210 10000100 1 
S ==5050. 
4 63. If a Series have (0) nothing for its firft 
Term, then its Sum ſpall be equal to half the 
Produft of the laſt Term multiplied by the Num- 
ber of Terms.” For then, @ being =o, 85 


Sum of the Terms, which is in general N 


* 


will i in this Caſe be = Ft rom which it is evi- 


dent, that the "Ms of any Number of Arith- 
metical Proportionals beginning from Nothi Inge... 
is equal to half the Sum of as many Terms &? 
qual to the greateſt Term. Thus, | 
 0-þ1þ2+344o+54-6+7o+8-h9= 


D_Morototofotototots 10 220945. 


$64. If of four Quantities the Quotient of | 
the firſt and ſecond be equal to the Quotient g 
the third and fourth, then thoſe Quantities are 
faid to be in Geometrical Propeftion. Such are 
the Numbers 2, 6, 4, 12 3 and the Quantities | 


* e 
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4, ar, 5, br 3 which are 9 s this 
Manner; ; 

($2065 5:4 re, 

@ tar 22238 


And you read them by ſaying, 7 s 2 is to 6, ſo 
is 4 to 123 or as a is to ar, ſo is 6 to br. 
In four Quantities Geometrically proportional, 
& the Product of the Extremes is equal to the Pro- 
duct of the middte Terms.” Thus, axbr=arxb. 
And, if it is required to find a fourth proportio- 
nal to any three given Quantities, ©* multiply the 
fecond by the third, and divide their Product by 
the firſt, the Quotient ſhall give the fourth Pro- 
portional required.” Thus, to find a fourth 
Proportional to a, ar, and 5, I multiply ar by 


5, and divide the Product arb by the firſt 


Term a, the Quotient br 1 is the fourth Propor- 
tional required. 
$ 65. In Calculations it ſometimes requires a 


little Care to place the Terms in due Order; 


for which you may obſerve the following Rule. 
« Firſt ſet down the Quantity that is ef the 


ſame Kind with the Quantity ſought, then con. 


fer, from the Nature of the Queſtion, whether 
that which is given is greater or leſs than that 
which is ſought ; if it is greater, then place the 
greateſt of the other two Quantities on the left 
Hand; but if it is leſs, place the leaſt of the other 
#900 ie on the left Hand, and the other on 
be 
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the Right.” Then ſhall the Terms be in due 


Order; and you are to proceed according to 


the Rule, multiplying the ſecond by the third, 
and dividing their Product by the firſt. 


EXAMPLE. 


4 30 Men do any Piece of. Wark in 12 Days, 
how many Men ſhall do it in 18 Days? 


| Becauſe it is a Number of Men that is ſought, 
J firſt ſet down 30, the Number of Men that is 


given: I eaſily ſee that the Number that is given 


is greater than the Number that is ſought, 


therefore I place 18 on the left Hand, and 12 
on the Right; and find a 4th Proportional to 


18, 30, 12, viz. . = 20. 
$ 66. When a Series of Quantities increaſe 


by one common Multiplicator, or decreaſe by 


one common Diviſor, they are ſaid to be in 


<& Geometrical Proportion continued.” 
As, 2, ar, ar*, ar*, ar, ar*, &c. 5 Or, 


a 2 2 5 a &c. ; 
995 73 2 +33 775 75 wy 


The commmon Multiplier or Diviſor is called 


their „ common Ratio.” 

In ſuch a Series, ©* the Produtt of the firſt and 
laſt is always equal to the Product of the ſecond 
and laſt but one, or to the Produ# of any two 


Term equally remote from the Extremes. In the 


Series a, ar, ar*, art, &e. if 9 be the laſt 
Term, 


1 
1 
e 

| 
| 
l 
7 
1 
7 
ö 
| 
18 7 
1 
7% : 
. { % 
N 
ö 
[ 
+ 
;F 
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Term, then ſhall the four laſt Terms of the Se- 
ries bey, 2 2, +. now dis plain chat _ 


x » 77 7 723 5 
arx Z r * ar *, Kc. 

$ 67. © The Sum of a Series of Geometrical 
Proportionals wanting the firſt Term, is equal 1 
the Sum of all but the laſt T, erm 7 ca by tbe 
common Ratio. 


For ar--ar*-ar*, &c. +5 + 2 9 


ee Yuen; "0 + Tz +2 . 
Therefore if 5 be the Sum of = Series, S—8 


will be equal to 5—9x7 3 that is, err, 


or Sr—S=yr—a, and a2 —,+ 


$ 68. Since the Exponent of r is always i in- 
| creaſing from the ſecond Term, if the Number 
of Terms be 2, in the laſt Term its Exponent 
will be #—1. Therefore y = ; and 
W and s=(= ON 
So that having the firſt Term of the Series, the 
Number of the Terms, and the common Ratio, 
you may eaſily find the Sum of allthe Terms. 
If it is a decreaſing Series whoſe Sum is to be 


found, as of y+ 2 —_— — » bc. +ar®ar* 


ara, Ss Number of the Te rmsbe ſup- 
poſed infinite, m ſhall a, the Term be 
| , [equal 


. Ser the R 1 the 2 0 8 
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equal to Nothing. For, becauſe u, and conſe- 
quently is infinite, a= e The Sum 
of ſuch a Series == which is a finite Sum, 
_ tho” the Number of 1 Tien be infinite. Thus, 
IEA e, &c. = — 
deat. &c. — 


8 


"CHA 
Of Equations that involve only 
one unknown | Quantity: 


$ +2 N Equation | is © a Propoſition aſſerting. 
the Equality of two Quantities.” It 

is expreſſed moſt commonly by ſetting down the 
_. Quantities, and placing the Sign (=) between 

them. /a =© A N 

An Equation gives the Value of a Quantity, e v 
when that Quantity is alone on one Side of the 
Equation? and that Value is known, if all thoſe 
that are on the other Side are known.” Thus if 7 Ae , 4 


I find that x = — _ =8, I have a known 1 — * 3 24 | 
lue of x. Theſe are the laſt Concluſions we are © my | 


Z oe z, — / — 
to ſeek in Queſtions to be reſolved; and if mug 7 ; Ta af 

be only one nn e in a a given Equa- . „ /A 

: tion, „„ 7 10 

5 —ä = TL: | | 


4 
| 
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tion, and only one Dimenſion of it, woch a Va- 
lue may always be found by the following Rules. 


. „ I. Gang t 
I A a § 70. © Any Quantity may be tranſpoſed from 
| y 122-7 one Side of the Equation | to the other, if you 
change its Sign.” 


For to take away a Quantity from one Side, 
| and to place it with a contrary Sign on the o- 

| ther Side, is to ſubtract it from both Sides; and 
| it is certain, that · when from equal Quantities 


vou ſubtract the ſame Quantity, the Remain 
ders muſt be equal.” 

By this Rule, when the known and —_ | 
Quantities are mixed in an Equation, you may 
ſeparate them by bringing all the unknown to 
one Side, and the known to the other Side of 
the Equation 3 as in the following PIs 


' Suppoſe 5x450=4x4-56 
byTranſpoſit. 5X—4X=56—50, or, x=6 
And if 2x-þa =x-+b 
| 2x——=x -, or, x=b—a. 


WA 2 . 
2. 871. Any Duantily by which the unknown 
| ee Quantity is multiplied may be taten away, if 


| you divide all the other eg on both Sides 
N the Equation by 11.— 


| 
. 


For 


| 
| 
| 
8 
4 
12 
| | 


= Fr - 
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For that is to divide both Sides of the Equa- 


tion by the ſame Quantity, and when you divide 
equal Quantities by the ſame Quantity, the 
. Tn muſt be equal. Thus, 


If ax=b 


4 1% 
then £ 3 3 
A 


and if 3õũ＋E12 227 
by Rule 1. e ee 
. und yy Rule 2d. &= _ 
alſo if ax-$-2ba= 3ce 
by R. 1. ax= os: 


R U L E III. | | 
$ 72. If the unknown Quantity is divided by any , „ F 


Quantity, that Quantity may be taken away if . C. C. i 


you multiply all the other Members 0 the Equa- 


Hon by it. Thus, | SF IPA ney 
| . tote 74. +: oþ 
11 2 7 =b+5 | _ Er. i 

then Sul e IM 11 va 


1 7 = „ 


r eee 
and by R. 1. * eee, 


38 * 


ö 
[ 
| q 
s- 7 
1 


* * EEE ̃ ͤu(D!...... NC TC om 
. 
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1 
If = +24=2x4+6 4/7 
ax zer iS | 
by R. 1. 72—18=6x—4x, or, 54=2x 
and by R. 2. gr =27, 


By this Rule an Equation acer any Part i is 
2 Fraction, may be reduced to an Equation that * 
ſhall be expreſſed by Integers. If there are 
more Fractions than one in the given Equa- 
tion, you may, by reducing them to a common 
. 26. Denominator, and then multiplying all the o- 
ther Terms by that Denominator, abridge the 


pms aan 
Me 
Ms Co: 2 - 
= --- and.by this Rule ZS i106 8 
1 and hy R. and 2. * = 7 ig. bs: 1 \ 
= ' RULE NW. 


F773. © If that Member of the Equation that ir- 
—_— 7... 4" the untnaum Quantity be a Surd Root, OH; 
4 WT 1-2 then the Equation is 10 be reduced to another 
that ſhall be free from any Surd, by bringing 
that Member firſt to ſtand alone upon one Side 
of the Equation, and mw taking away the 
Radical Sign from it, and raifng the other 
' Side of ile Equation to the Pater denominated 
| by the Surd.”* 
[ Thus 
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Thus if VAT 12 * 
＋ 162 144 

and Ml 144—16=128 
andæ v "2 292 


=. It ALARM . | 
then Var =d+c | 7 . Hy, = 
5 a =d*+2dc4-c* _ 1 | 


: 2. —5 =F > 
and  x= LS 


If 7 — Dy BR: ; 8 
2 2 SE . K % : 
then a*x—b N * 


| E 22 
: nw nm” 2 


„ 


R U L. A | „ 

$ 74. © If that Side of the Equation that con- C # 44. 

tains the unknown Quantity be a compleat , Bn : W 

Square, Cube, or other Power; then extraf © / 1, © 7 © «| 

the ſquare Root, Cube Root, or the Root of 5 © | 
that Power, from both Sides of the Equation, 


and thus the Equation * be reduced to one of 


a lower Degree. 
Te Al- A 
ten Vi | | ele / A l 
and - O49 
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If ** — — Db c 
ZUM. 


then, x 2 — . 


E L, 1- 


and, a2 —. 


7 


If x*þ+ 1454-49 121 
then * 72 +11 
and "= ee 4 or —18. 


: R U LE VI, 
7. . oy 75 A Proportion may be converted into an 
Equation aſſerting the Product of the extreme 
Terms equal to the Produti of the mean Terms; 
or any one of the Extremes equal to the Pro- 


dutt of the Means divided by the other Ex- 


treme. So 4 


| 
5 
| 
i 
| 


If 12— r: — ::4 1 
S 1 N 222 / = *X-. a 4:4 AE STI 
. then a1 2——X=2X 2 © +#3ZX=1IZ. . +. and #=4- 


„ 


f Or if 20—x: 375.844 | 13,4, 
then 3 21 10 60 _ and 456. 
„ 1 
SPE RU LE VII 
. x. hy fete. $ 76. If any Quantity be found on n both Sides of 


- the Equation with the. ſame Sign prefixt, it may 
be taken away from both :** © Alſo, if all the 
| Quantities in the Equatiou are multiplied or 


PE divided 
_— 
mk > 8-H . 0 bored oe 5 ww 3 / 4 7 2 | # 91 


* — — . 55 1 „ X 2 
— I 4 <7 &4 & 9326 gp: 44 „ PE v7 2:9 A- 6. Fe 
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divided by the ſame Quantity, it may be firuck 
out of them all = Thus = 


4% * 


If e. 7 3 and x Ds 


If a es and a 3 <1 *% - DR” 


2x 5 2 | 
i 7 * N a Eb $=16 and 34 Go Fo 


RULE ik a 


= os Inftead of any Quantity in an Equation 8 1 7 
you may ſubſtitute another equal to it.“ 


Thus if 34H) 2 
and oY 


Ll, 4 YL 


If 29-5x=120 
and 2 5 
then 1 e (=20x) 20 


24 120 


42. 


The further Improvements of this Rule ſhall 
be taught in the AY Chapter. | 


A CHAP. 
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CHA P. Xx. 


Of the Solution of Queſtions that 
produce Simple Equations. 


Imple Equations are thoſe wherein the un- 
known Quantity is only of one Dimenſion :** 
In the Solution of which we are to obſerve the 

following Directions. 


DIRECTIORNCTK. . 

$ 78. © After forming a diftinf? Idea of the Que- 
ſtion propoſed, the unknown Quantities are 10 
be expreſſed by Letters, and the Particulars 10 
Be tranſlated from the common Language into 
the Algebraic Manner of expreſſing them, that 
is, into ſuch Equations as fhallvexpreſs the Re- 
lations or dei that are a 4 fuch 
Quantities.” 


Thus, if the Sow of two Quantities — be 60, 
that Condition is expreſſed thus, . . x+y=60. 
If their Difference muſt be 24, that Condition 

| gives . 2224. 
If their Product malt be 1646. then... 3 
It their, Quotient | muſt be 6, then 82 == 6. 


If their Proportion i is as 3 to 2, then x: :: 3: 2 
r 2 * z becauſe the Product of the Ex. 
| tremes 
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tremes is equal to the Product of the mean 
Terms. 3 | 


DIRECTION II. 
$ 79. © After an Equation is formed, if you 
have one unknown Quantity only, then, by the 
Rules of the preceding Chapter, bring it to ſtand 
alone on one Side, ſo as to have only known 
Quantities on the other Side: off thus you fra 
diſcover its V alue. | 


EXAWPLEE: 
A Perſon being aſked what was his Age, an- 


ſcwered that & of bis Age multiplied by r of hi: 


Age gives a Prodult equal to bis Age. Qu. What 
vas bis Age ? 


It appears from the Quin Une f you call | 


tis Age x, then mall . * 2 —=X 


2 


that 1 18 E uu — 


and by Rule 3. . 2x*=48* 
and by R. 7 » 2x48 
whence ” R.2... x=16; 


E 
2x 


DIRECTION III. 

880. I there are 1s unknown Quant ilies, i ben 
there muſt be two Equations ariſing from the 
Conditions of the Queſtion : Suppoſe the Quan- . 
tities x and y; find a Value of x or y, from 

F 2 each 
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each of the Equations, and then by putting 
theſe Iwo Values equal to each other, there will 


ariſe a new Equation involving” cue unknown 
Quantity ; which muſt be reduced by the Rules 


o the former IN. 


. E X AMP L I. | 
Let. the Sum of two Quantities be s, and their 
Difference d. Let s and d be given, and let it be 
required to find the Quantities themſehves. Sup. 
poſe them to be x and y, then, by the FO” 1 
ſition, 


| whence x d L 33 


0d. F. LJ 
6 — 2y=5—d 2 


7 J=— 2 


EXAMPLE is 


4 8 be required, to find two Numbers os 
Sum is s, and their Proportion as a to b. Lot 
the M umbers be x and Ys then 2 


Suppoſ. 
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! = 
| Oe 11755 po 


lag Wt 2 * 
7 x=2 2 7 N. a 
gi e 
; ee 


. T= 1 
| 5 2 bl 154 


FT 7 


„ = "bo abb® 8 ofo 


_ EXAMPLE HE BOD 7 oe ol 
Privateer running at the Rate of 10 Miles 7 
an Hour, diſcovers a Ship 18 Miles off making = 
way at the Rate of 8 Miles an Hour: It is de- 
manded how many Miles the Ship can run before 
ſhe be overtaken ? 
| . * Let the Number of Miles the Ship can run 
Before ſhe be overtaken be called x; and the 
Number of Miles the Privateer muſt run before 
| ſhe come up with the Ship, be JA en ſhall 
(by Supp \. . y=#+18.... and; * 10 8: 10, 


LT, 2X. . 2 
whence: Y * * 8 alfa X=y—18, 
[ JereHS 535 Ay. +; 900 


Whence 182 5 "and O. . X=y—18 


f. , 1 
4 10 
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To find the Time, lay, if 8 Miles give 1 
Hour; 72 Miles will give 9 Hours .. thus, 
i , d % 4 
6’'vb Sore „I... 4 0 
+, 8 EXAMPLE IV. 

0 8 5 ee the Diſtance between London and Edin- 

) 4 — © / burgh 1% be 360 Miles, and that à Courier ſets 
_out from Edinburgh running at the Rate of 10 
lf Miles an Hour; another ſets out at the ſame 
Wl > - / < » 4: Time from London, and runs 8 Miles an Hour. 


Y 


Wl >< - - 7.Jt is required to know where they will meet? 


25 op the Courier that ſets out from Edin- 
- - ge / .4...hurgh runs x Miles, and the other 3 Miles before 
l =. 7 3, * meet; then ſhall 


= 72 | / Shes 7 a +49=360 
e 175 28 55 4 Gs * 4 2. 4 
. 
3 8 . 2 7, 
X= A* up: 2, £ - 
4 : 
511 3; 
Fee fe ai 2 
4} 4+3=360. < 44543 "97 
$9=1440 + 
4 3==2*=160 
ee 
1 | | EXAMPLE v. 


ON wo Perſons diſcourſing of their Revenues,' fays 
pt ba would Nel him a Y be has of 251. 4 


Tear, 


4A 


P- 
a# 


'F 4 7 


6 p: . Ag OT RI RE ans 
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Year, their Revenues would be equal: Says B, if 


A -would give him a Place he bolds of 221. per 


Ann. the Revenue of B would be double that of 
A Qu. their Revenues ? | 

Leet the Revenue of A be called x, ha of B, 
„ then 


425 —25 5 
by Supp, E 


4 * ee tee. 2 . 


2 R- 44— 222. . . AA * 


3 2x —6 NO wa, 


£Ta#% 4 x=C6-+50=116 C 1.745 
1 pt 5 ergebe. Never * 


EXAMPLE VI. | 
A Gentleman diſtributing Money among ſome 
Poor People, found be wanted 108. 10 be able to 
give 58. to each; therefore he gives each 4.5. only, 
and finds that he has g s. left. Qu. 7 be 2 | 
of Shillings and poor People? — © : 
Call the Number of the Poor x, and a 
| Number of Shillings y; then, | 
SX Y Io 
by Suppe 42h 
11 1:6 fn hi SOR ADR 
2 1A pt c 3.45 e 
5 — O SAA e 


4 £:Kd 3 5*— 4,155 
pp -y 


E X- 
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EXAMPLE VII. Fo 
Two Merchants were Copartners; the Sum of 
their Stock was 300 J. One of their Stocks con- 
tinued in Company 11 Months, but the - other 
drew out his Stock in ꝙ Months; when they made 
up their Accounts they divided the Gain equally. 
Qu. What was each Man's Stock? Suppoſe 
the Stock of the firſt to be x, and tlie Stock of 
the other to be 73 z: then. 


bs ins Pref 45 3990 ex 


I1*=9gy 
— e, 17 1 


1157 A 
yr 3300 
n 6s. goa. 


EXAMPLE VIII. 7 
There are two Numbers whoſe Sum is the 61h 
Part of their Produtt, and the greater is te the 
leſſer as 3 to 2. Qu. What are theſe Nembers : ? 
Call them x andy; then, 


: 7 | 1 7 C Ns [CON of pep — 2 1 


Supp. . „ < 
L:: : 3:2 De 169 rv & 
3 177õöXJI[ùB on ORG N 
4 e e 
3. — — XX 6. SXTO 
J. 3 — 2 L14 «9p, 1 
75 . 1 whence ». 5 2h 
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DIRECTION IV. : 

3 | $ 81. * When in one of the given Equations, thy 
| . untnoꝛon Quantity is of one Dimenſi fon, and in 
Ide other of a higher Dimenſion ; you muſt find 

Value of the unknown Quantity from that E- 

' guation where it is of one Dimenſion, and then 

raiſe that Value to the Power of the unknown 

Quantity in the other Equation ; and by com- 
paring it, ſo involved, with the Value you de- 

duce from that ather Equation, you Pall ob- 

tain an Equation that will have only- one un. 

| known Quantity, and its Powers. 


That is, when you have two Equations of 
different Dimenſions, if you cannot reduce the 
higher to the ſame Dimenſion with the lower, 
you muſt raiſe the lower to the . Dimen- 
ſion with the higher. + 


EXAMPLE IX. „ 

The Sum of two Quantities, and the Difference 

of their Squares, being given, to find the Quan- 

37 ͤ-C tities. Suppoſe them to be x and y, their Sum 


- us and Difference of their Squares d. Then, 

721 AZ A, 4 Diedg ud{y* =s5 2 

MA 65 zi, des- = f 
: oy — , 25Y=5 . i 
4123 * 211. 4 OW ö 


e = * FE 5 „ 


png & MH; > ** — s& — 250 
01 - 2 1 J ..X Sa '» Whence # and * — SE 


A 2s 
55 


414 „ „ 


N 0 
— N — . —iÜ . . — .  ————— — —— — — — —  — ——— — — 
. * * 8 5 £ 


„ 


e 
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EXAMPLE X. 


Let the Proportion of two Numbers and the 
Sum of their Squares be given, and let it be re. 
quired to find the Numbers themſelves. Su ppoſe 
their Proportion to be the ſame as that of à to 5, 
and 1 the Sum of their Squares be c; that is, 
let 


a: 3 
A 2725 


5 


— 


ol „ | 
nl 4 then x= 5 „ 3s ng 


ol | e " 
Tt a 
e. and ** = 70 


obo: 


- „ 
whence EE ES 7 75 3 
y*+a*y* =<b*« 
== . 
S * | 
1 . 4 


r A de . 


„ eee ber, pe © 
EXAMPLE XI. 5. 


Tet the Proportion of two 8 be that * 
a to b, and the Difference of their Res be d. 
- . What are the Numbers ? Then, 


. 
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71752 3 1 . 3 : | 
EI ew PL. 


„ r 
3 
o 


5 =" e EN 
and 2 but * =d+y7 3 8 
4 whence43-3d4y% = *Z „ ee. * 
Cn and N TY Fer ET ns pee x 3 
A 
$2399 = ” G8 
2 ms , a0 10. Agro . 


A n V. 2 4 85 — . = ol. 9 


a dat 2g 3 3 Cc 
| 3 da. 3 . 4 
| 1 and x= V_47 


DIRECTION: * | 

| $82. © If there are three unknown. Quantities, 
| there maſt. be three Equations in order to deter- 
mine them, by comparing which you may, in all 

. Caſes, find two Equations involving only two 
anknown Puantities ; and then, by Direct. 3d, 
from theſe two you may deduce an Equation in- 
volving only one unknown Quantity; which 


may ve "IO by the Rules of _ tf Chap- 
boar,” 


| 
| 
| 
| 
1 
| 
1 
| 


known Quantities, x, y, and z, to deduce two 
Equations involving only two unknown Quan- - 
tities, the following Rule will always ſerve. 


5 RULE. 


| 
| 
| 
From 3 Laos ewig any three un- 25 
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v. 


. 
« Find three Values of x from the three given E- 
qual ions then, by comparing the firſt and ſe- 
cond Value, you will find an Equation involv- 
ing only y and 2; again, by comparing the firſt 
and third, you will find another Equation in- 
volving only y and z ;”* and laſtly, thoſe Equa. 
tions are to be a wm Dir. 3. 


EXAMPLE XII. 


8 i $4 
* ＋ 5+ z 12 — iſt 


#+23+3z=20\ then, (coſy eee 2d £ 


5 ＋ s 1 18——32 3d 


1 ok 0A 


Theſe two laſt Equations involve only y and 
2, and are to be ond. by Direct. 3d, as 


| follows, v- . „„ „ 2 1 . A. FT V 


+ * 


w, 


2 Jena 
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| 6 1 
522 =8 5 * l 


ECM iis Mpc” ads 
Coy IF 8—22, , 1ſt Value 
whence = 14. 2d Value 


wh 


8—22 2 1—42 E J V 


75 22=12—8=4 
and 2⁊ 22 


90 — 
* 212—)— 2) . 


$ 83. This Method is general, and will ex- 
tend to all Equations that involve 3 unknown 


Quantities : but there ate" Often eaſier and 
ſhorter Methods to deduce an Equation involv- 


ing one unknown Quantity only ; 3 _ will be 
beſt nen by * 


E r XIII. 


* 226 
Supp. ke „ 


by Addition” we 4" | 


. 


 y=x—4==8 
Z=x—b6=6 


E X- 


J . „ 


j 


2 x „ 


& 3 uy 4 7 <1 3 6—Jj—6Z=24—29—22 , £ 36'—24 =" 


4 


. 4 
” 3 CS 
LO © 3 er: #1 22 


ts 2 = + ne . Ak 


en a wo WY rnany vs « 
2 ny /2 neces RE Jae A 
| | . | 


* 
I * — o At, 4 * x - 
— <> „ 2 


Gi It's 0 from de zd and 5th Di: | 
ans; in. what. Manner you are to work if 
there are four, or more, unknown Quantities, 
and four, or more, Equations given. By com- 4 
paring the given Equations; you may always at 1 
length diſcover an Equation involving only one 
unknown Quantity.;. Which, i it is a ſimple 
Equation, may always be reſolved by the Rules 
of the laſt Chapter. We may ca clude chen, in 
that © When there are as \ many, ple Exqua- 
tions given ag Quangities requirec the Quin." 0 
tities may be diſcovered: by the A pphcatiom of 
the precediog-Rules,?, & * on 9 GOAEZ C8 164 | | t 


* i 885. 


F Y FEY a TY nts oe 5 
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$85. If indeed there are more Quantities BT 
required than Equations given, then the Que- 
ſtion is nor limited to determinate Quantities; 
but is capable of an infinite Number of Solu- 
tions. And, If there are more Equations 
given than there are Quantities required, it may 
be impoſſible to find the Quantities that will 
anſwer the Conditions of the Queſtion;“ be- 
| cauſe ſome of theſe Conditions "Ro be incon- 
ſiſtent with others. 


3% > . 2 & 42 


— 


CHAP XII. 


Containing ſome General Theorems | 
N in given Equations 3 


N the following Tbeoremt, we call thoſe Co- 
efficients of the ſame Order that are pre- 
fixt to the fate unknown Quantities in the dif- 
ferent Equations. Thus ih Theor. ad, a, d, g, 
are of the ſame Order, being the Coefficients of 
*: alſo h, e, B, are of the fame Order, being 
the Coefficients of y ; and thoſe are of the mow: 
Order that affect no unknown 5 
But thoſe are called. Oppoſite” Coefficients | 
that are taken each from a different Equation, 


\ 


82 A4 Gier of Part 1, 
and from a different Order of Coefficients: As, 
a, e, and d, 3, in the firſt Theorem; 8 
a, e, k, in the ſecond 3 ; alſo, 4, 2 1 : and 
d, b, t, &c. 5 5 


8 THEOREM I. 


5 86. Suppoſe that two Equations are given, 
involving two o unknown Quantities, as, 


„ 


Where the Numerator is the Difference of 
the Products of the oppoſite Coefficients in the 
Orders in which y is not found, and the De- 
nominator is the Difference of the Products of 
the oppoſite Coefficients taken from the Orders . 
that involve the two unknown Quantities. | 

For, from the firſt Equation, it is plain that 


ar . . © and * — 


from the 2d, de=f—y. Ie and. a= =y 


therefore = , and r 
> hence PI | 


| and =p 
aſe the far Manner EY SER. 


. E 8 
4. 4 EX 
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EXAMPLE 1 


5 TY 100 
Sup P | e 80 


= {803x100 , 100 
then 0 _$x8—3x7 19 219 ; 


2 
and Cd 12 . 
EX A M P L E u. 
een 90 5 
3x—239=160 | 
| 4X160—3Y90 5640— 270 1 70 
= 3 r 2 irt. 


THEOREM II. 


$87, Suppoſe now that there are three un- 
known Quantities and three Equations, then 
call the unknown Quantities x, 3, and Fe „ 
Thus, 


Where che N umerator Re of all che dif- 
rent Products that can be made of three oppoſite 
Coefficients taken from the Orflers in which 2 is 
not found; and the Denominator conſiſts of all 
the Product that can be made of the three op- 


G 2 un 


_ Th 4 Tag area of Part I. 


poſite Coefficients taken from the Orders that 
involve the three unknown Quantities. For, 
from the laſt, it appears, that 


y= Mmm - | and that = ; 


ac—db 


oe. . | 
jm win — ; therefore 
ab—gv 


an—eft—dmdedex -K e | | 
1 — „and 
ac - 4b N ah—gb © 


ana De Leg ht 


—gbdc2=ap—gm—akz Z+gcnxac—dbxap——akz 
+gbdm—gbdez, = 
Take gbdn—gbdcz from both Sides, and di- 
vide by @, ſo ſhall 
| . gfe 


=ap—gm—akz4+gczxe—dbp4+dbkz. Tran . 
poſe and divide ſo ſhall you find, 


—_— 


. The Values of 


aek—abf4+-dbe — dbk Hg ee 


x and y are found after the fame Manner, and 


have the ſame Denominator. Ex. 87: Fs 
a CN — 
J= EEE 1 
If any Term is wanting in any of the three 
given Equations, the Values of z and y will be 
found more fimple. Suppoſe, for Example, 
that fand k are equal to nothing, then the Term 
fe. will vaniſh in the ſecond Equation, - and &z in 
the e third, and eee 


n 98 8 3 
N 
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If four Equations are given, involving four . 
unknown Quantities, their Values may be found 
much after the ſame Mariner, by-taking all the 
Products that can be made of four oppoſite Co- 
efficients, and always prefixing contrary Signs to 

thoſe that involve the Products of two oppoſite . 
Coefficients, | 


— — * > . 


Of Quadratic EqQu ATIONS. 


N the Solution of any Queſtion where 
you have got an Equation that involves 
one unknown Quantity, but involves at the ſame 
time the Square of that Quantity, and the Pro- 
duct of it multiplied by ſome known Quantity, 
then you have what is called a Quadratic Equa. IL. 
tion; which — be reſolved by the following TEE D 


$88. 


1 $4 JJ 4 4- of 


7 e 
RULE. E” Had. f] 
A from I4 * 


15 6 Tranſpol all the Terms that involve the un- 35 „ 
known Quantity to one Side, and the known 
Terms 10 the other Side of the Equation. 


L © / .n— TH 


a i 


2. the Square of the unknown Quantity is mul: © 
tiplied by any Coefficient, you are to divide all 


| the Terms by that Coefficient, that the Coeffi 
IT Wh - cient 
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T7 may be Unit. 
3. Aad to both Sides the Square of half the Coef- 
Acient prefixed to the unknown Quantity itſelf, 


and the Side of the Equation that involves the 


unknown Quantity will then be a compleat 
RE i i + WB abice 


& . 
44 / 


Equation 5 which you will find, on one Side al- 
it — * ways to be the unknown Quantity with half the 
— HW (=: foreſaid Coefficient ſubjoined to it; ſo that by 

| tranſpoſing this half you may obtain the Value of 


Terms.” Thus, 
3 os Ga FY Suppoſe 1 +9=b 
Add the Square of — 12 tot 7 — a? 
both Sides 4 TY BP 


Extract the 9 4+ £ == Ver = 
Tranſpoſe - "5 AVN 7 — 2. 


| 
| 
* 


f 


* 


% 


$ 89. The ſquare Root of any i 


. 5 - v. + « a Quadratic Equations admit of two Solutions.” 


"i * 
=”... 65 4. Eurrali the ſquare Root from both Sides of the © 


> e Y Hy »+aa, may be +8, or —33 and hence, All 


Cent of the Square of the unknown Nuantity | 


2 x 


the unknown Quantity expreſſed in known 


. . As In the laſt Example, after finding that * 
1 e =>+ — it may be inferred W . 


1 5 S N — =— to e 8 * ; fince 6 


Chap-13. ALGE B'R A. 87 | 
5 „ 83 2 8 5 
* ExVatt gives 5 oY: as well 


re: = V. | There are there- 
fore two e of 7 3 the one gives y= 
IA? — | the other, J= FI 7 | 


a 
young — : 


1 


8 90. Sinee the Squares of all Quantities are 
poſitive, i it is plain that . The ſquare Root of a 


negative Quantity is imaginary, and cannot be . 


2 . 49- 
aſſigned.” Therefore there are ſome Quadratic 


Equations that cannot have any P 2 5 For 
Example, ſuppoſe ; 


„3 % 
then y W | 


aug bn. Y—o+ 7 N ee. 


Js 
— — 
gp 5 


WS the Root, E — VIE 
e 112 
and * * — — 2 
whence the two Values of y mult be j imaginary or 
impoſſible, becauſe the Root of —_ cannor 


poſſibly de afſighed. 5 
But of this we ſhall treat more fully i in the 
na Fart. "uo 


oy - Ses 


— 


. — ni > ek» en es ev cs cs — - - — 3 
* dy of 
* 
— . => — — 


4 
oy 
4 
n 
U 


0 be rejolved 1 is * 


F&3:+$+1 0 « Part 


© Suppoſe that the — propoſed 


— 


cure Root of K © canno nnot be extracted ex- 


actly, you n miſt, in order to determine the Value 
57 57. e to the Value of 


32 ie 4 


IL by the Rules in Chop. B., 


— Equatchs: * 
EXAM PL E 1. 


e 1 


35 2 
lowing Examples will Woftrace the /Ruls for 


To find that Number which Af you-multiply by . 
8; the Produtt ſhall be equal to the-Square of the © 
ame Number, haying 12 added to it. 8 
Call the 1 then | 
t & 1 
nlp. 3% 87 l F * 1 4 


extract the R 


Add the 80 of 4, 7 — 


(man e 1 


EXAMPLE H. 


by | * 


. Number ſuch - that if yon Abe it 
from 10, and nultjpiy the Remaiuden _— 


Ber ih. the . give 21. 


Tr 
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Call it.y. erz | 


- f OO» 


chat, 1 W : 4 e af 


| tranſp. y Fr LOY==—=2T . 2 
Lad the Sq. of 5, y*—rojH-25=—21- 25mg, 
extract, y—g==vj=3 = 
wo and sag or 3. 


— 
De Sum of two Quantities i is a, their Feu 
b. Qu. What are the Nie? Fa: 


- H} of | 
tpg . and x=a—y 
Sopp. e = 
: (af 7 ec/5 ; * 
therefore, PL ks oe £43 


, C S 
* * * 


* 


4 


. The Sum of two Quantities is a, ond the Si 4. 
of their Sure b Qu. The Quantities ? * 


N >, a $ 
EX AMP IL E w. . „ 


1 
. r 


FIDE. 
i= , £4 


Pl i 
75 
nf 4 
\ 4 
= 
4 
_ 
ti 4 
4 : 
j 
p 5 
U . 
Ll 1 
} 2 
1 
1 
1 : 
x 
on 
! 
1 
10 
4 
2 
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ar hah ral 


2=4Invol. .. x* = 209% 
whence 5 0 —2d4y+y 2 
tranſp, ( 2) may l- 


2 


ad divi J. - 2 12 * — — 0 
— x v F No 


2 'S* 2 X 


= 5 of 


* - * 3 7 1 


A Company dindis SORES: in an 2 fond their 
Bill amounts to 175 Shillings ; Roo of them were 


not allowed to pay, and the reſt found that their 


Shares amounted to 10 8. 4 Man more than if all 

bad paid. Qu, How many were in Compamy ? 
Suppoſe their Number x; ; then if all had paid, 

each Man's Share would have been wy but 


2 


now the Share of each Perſon is > ſeeing 


* 2 is the N umber of thoſe chat TE 1 is 
e by the ROD 5 7 


22 4293 


hs | — "7s 


Part I. 
2 | 1333 =E. . and Ea 52 e 


(ch, 
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{Clef . 112. 4:10... 381, oat 


2 
. Li) 


| 175 1 | 
Cop = = El 2s, 


— — 


and e n 
that is, 10x o 3 r 


and '% xx=35 FF + , 
I eee 
extr. ,x=—1== 6 w 


N= 1b Ts or, —5. 


It is obvious that thi poſitive Value 7 ofves 
the Solution of the Queſtion ;, the negative Va- 
lue 28 n in the preſent Caſe, uſeleſs. 


— > r 
„ wt © 


EXAMPLE VI. 
There are three Numbers in continual Geomes 
Irical Proportion; ; the Sum of the firſt and ſecond 


is Ten, and the TOON 1 * a and n is 10 
Qu. The Numbers? Ki 


Let the firſt be x; and l wit be 


— a 


CY 
10—*, and the 34, 34— . 22 a oe „42 
| B 
e and 34%—x i 225 5 


tranſp. | e t00-þ2x* © . 25 - = HF - Te 2 
4 e ee 
4 1 6 WI. 279 5 


and divide i x —7= —50 a>. 
a6d Txt? .- x —2 7x- apnea * : 

extract . A K 
. and 2 6 — TY 3 =2 


=25074, 


80 


92 A Tax AT! * DA Get Fart I. 
So the three continged Frops | 
7 — 2 1 74 

8: S546 { 
„ 28515 + | 1 5 
$91. Any Equation of this Form- LN. 
5 where the greateſt Index of the unknown Quan- 
tity 5 nö double to the Index of y in the other 
Term, may he reduced to a Quadratic z*-+az 
, by puttingy , and conſequently y**=z*. 
And this 2 relaived as above gives 


- 


EXAMPLE © 


The Produ8t of two Quantities is a, and the 
Sum ef their Squares b. . Qu. The Quantities ? 


r e ee . 25 
Lees nmbey 
whence Ee „ 
Liar = by 5. N 5 12 3 teh 5 
— — *=ng 
rt ov. . and * 5 „ and 
it is EE 


_ 
s -- 
a * 


- nge 2 
+. „ 
add 7 —— 4 8 5 "= 
| &# > * a3: 08 | 
auf T. Y 7 A 1 
7 | at ys ee e b Ly v4 . _— 
1 FR Cave: — 7*- 
and z i and, e 
„ 


EXAMP I E li. 


To find a Number from the Cube of FEY if 
you ſubtraft 19, and multiply tbe Remainder ' by 
that Cube, the Produt? ſhall be 216. 1 


Call the Number required *, and then, ly 


Tm, : 8 
iges * n 
2 x%—19%*=216 | 2 . . a 


Fut = . „ ind it yill be 19 2 = 216, 
9 ES be... 2 —19 -C T1682 IS” 2/4 247 


and « KN Yo Sue ; 1 25 5 
whence = =27. or 3B...» — 
e 


but br, py benden —＋ or —2 


A 


= ax q 0 


o - of : N 
| ES E X 
2 ; 
- 
„ 


DEED ms = 
— wart SS... — 


ere. rel. 


"EXAMPLE m. 


"0+ nd the e eee 
eg 810 mae. a 
then * ee 


rr = 


«| i : = wm 2 
3 But & e 254 IP 


Ly 


EET, 2 n& v5 — „%% ⁰»wmwm n, 28 


the * i OY OE EP" * WR" — Att. An. 


dares. dra. 50. — tran un „„ —_— PIE * 


= i . Fg . ro 1 
| EW av. 18 
ö | of C * V, / a5 © Ex 0 , a 


WW «19 95 7: of s 


A 92. ( 
Les „ J. 2 J fo as to leave no- Remainder, as 24 
Wa ls; 5 A meaſures zc0a, being found in it five Times, it 
bx + is ſaid) to. be an aliquot Part of it, andthe greater 
. £..6 +, 01s ſaid to be a Multiple of the leſſer. The leſſer 
bi nts, Quantity in this Caſe is thegreateft common Mea- 
F EZ. 2 « ſare of the two Quantities ; for as it meaſures 
1 che greater, ſo it alſo meaſures itſelf, and nod 
F eee i ta rat thn 
EE itſe | 
When a third Quantity meaſures any two pro- 
Pole Quantities, as 24 meaſures 62 and 100, it 
is ſaid to be a common Meaſure of theſe Quanti- 
ties; 


0 
| 
| 
| 


—ſ＋2ẽ~ͥ ́F T̃aW! - 
\ 


OE Ee ae — —— —— p —ͤ——ͤPi — — — 


al- Pn ur Nm; ſo that x ſhall be fouad 
in aps, as often as Unit is found in En: 
now ſince m and are integer Numbers, mas 
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ties; and if no greater Quantity meaſure them 
both, it is ealled their greateſt common Meaſure, | 

T hoſe Quantities are faid to be commenſurable 


which have any common Meaſure ; but if there 
can be no Quantity found that meaſures them 


both, Gram ſaid to be incommenſurable ; and 
and if any one Quantity be called Rational, all 
others that have any common Meaſure with it» 
are alſo called Rational: But thoſe that have no 
common Meaſure: with i it, are called Trrationas 
Quantities. 


$99. E c 


common Meaſure x, this Quantity x ſhall alſo 


meaſure. their Sym or Difference ag. Let æ 
be found in à as many Times as Unit is found in 
n, ſo that a mx, and in &, as many Times ag. 
Unit is found in n 1, ſo that MY then ſhall. 


muſt be an integer nee 8 — 
fore x muſt meaſure azeb.-'- 11 22 

894. It is alſo evident, that if x — any 
Number as 4, it muſt meaſure any Multiple of 


5 Achat Number. I it be found in a 2 many 


Times as Unit is. found in , ſo- that / azme, 


then it will be found in any Multiple of a, as 
nua, as many. Times as Unit is found in an for 


e — 8 bn ee „ Kar te Oe 
& 0776 244 2 OLI A ASTON Thar N I " bio. 


. 
1 
| 
= 
= 
| 
| 
1 
14 
ö 
i | 
1 
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96 
$95. If two Quantities a and þ are 1 5 
E e eee 
(that is, be found in à as many Times as Unit 
is found in m) and there be a Remainder c, and 
if x be ſuppoſed to be a common Meaſure of 4 
and 5, it ſhall be alſo a Meaſure of cx. For by 
the Suppoſition amc, ſince it contains &, as 
many Times as there are Units in , and there 
is e beſides of Remainder. Therefore a—mb=c. 


| Now x is ſuppoſed: to meaſure @ and 5, and 


therefore it meaſures mb, (Art. 94.) and conſe- 


_ quently a—mb (Art. 93.) which is equal to c. 


Ife meaſure & by the Units in a, and there be 
a Remainder d, ſo that b=xc+d, and b—ne=d, — 
then ſhall x alſo meaſure d; becauſe it is ſup- 


| poſed to meaſure , and it has been proved that 
it meaſures c, and conſequently nc, and uc 
(by Art. 94.) which is equal to d. Whence, as 


after ſubtracting ö, as often as poſlible from a, 
the Remainder c is meaſured by x; and after 


ſubrraftinge as often as poſſible from 5, the Re- 


mainder d, is alſo meaſured by x z fo for the 


fame Reaſon, if you ſubtract d, as often as pol. 
ſible from c, the Remainder (if there be any) 
muſt ſtill be meaſured by x: and if you proceed, 
ſtill ſubtracting every Remainder from the pre- 
ceding Remainder, till you find ſome Remain- 


der which ſubtracted from the preceding leaves 


no further Remainder, but exactly meaſures it 
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this laſt Remainder will ſtill de meaſured by % | 
auy common Meaſure of'a and 5. 

8 96. The liſt of theſe Remainders, vis; that 

whieh exactly tmeaſures the preceding Remain- 
der; muſt be a common Meaſure of 4 and : 
s ſuppoſe that d was this laſt Remainder, and chat . | 
it meafared'c by tlie Units in 7, then ſhall * 25 
and we ſhall Have 3 N -4 


1 2 bo 7 9 * 2 * 4 a4 - 
1 e * 8 * ; 3 N N wo Be 
& 
ng bbc Jour: \ 2 
* * * 4 . SB ! =, * 2 4 * * 
2 Suc- . 4 4 * 142 
CY an. - ; * . 7 2 i . 1 : 
of 
0 » - 7 * . = - 2 i hy 254 * © 4 L * 
7 3 2 * % > * — * „ 8 - - "I — * 


Now it is plain that ſinee d meaſures" c; it | 
muſt alſo meaſure ne, and therefore muſt mea- 
ſure vr d, or 6. - And fince it meaſures þ and 2 
it muſt: meaſure mb c, or a; ſo that it muſt be 

a common Meaſur of & and 3. But further, iT - 
muſt be their greate common Meaſure; for 
every common Meaſure of a ahd# muſt meaſure 
d, by che laſt Artzele: and the greateſt Number 
that meaſures d, is itſelf, which therefore is the _ 
greateſt common Meaſure of a and !!-n. 

997. But if, by Acne fab gere 
Remainder from the precedig Remainder,” vu 
can never find one that meaſures that which pre- 
cedes it, exactly, no Quantity can be Pad. 
thas will meaſure both a and 35; and therefore 
they: will be incommenfarable to ach other. 50 298 
For if there was any common Meaſure of theſe © * 
Quantities, as x, it would neceſſarily meaſure 
„ 1 all 
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all the Remainders c, d, &c. For it would 
meaſure a—mb, or e, and conſequently uc, 
ord; and ſo on; now theſe Remainders de- 
creaſe in ſuch a Manner, that they will neceſſa- 
rily become at length ks than x, or any aſſign- 
able Quantity. For c muſt be leſs than za; be- 
cauſe c is leſs than 5, and therefore leſs than mb, 
and conſequently leſs than rc mb, or za. In 
like Manner d muſt be leſs than 26, for d is leſs 
than c, and conſequently leſs than du, or 26. 


The third Remainder, in the ſame Manner muſt 


be leſs than 4c, which is itſelf leſs than 2. 
Thus theſe Remainders decreaſe ſo that every 
one is leſs than the half of that which preceded 


it next but one. Now if from any Quantity you 
take away more than its half, and. from the Re- 


mainder, more than its half, and proceed in 


this Manner, you will come at a Remainder leſs 


than any aſſignable Quantity. It appears there- 
fore that if the Remainders c, d, &c. never end, 


they will become leſs than any aſſignable Quan- 
tity, as x, which therefore cannot poſſibly mea- 
ſure them, and therefore cannot be a common 


Meaſure of à and 6. 


$ 98. In the ſame way, the greateſt => 
Meaſure of two Numbers is diſcovered. Unit 


is a common Meaſure of all Integer Num- 


bers, and-two Numbers are faid to be prime to 
each other, when they have no greater common 


Mueaſure than Unit. Such as 9 and 25, Such 
np always 
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always are the leaſt Numbers that can be aſſumed 
in any given Proportion; for if theſe had any 
common Meaſure, then the Quotients that 
would ariſe by dividing them by that common 
Meaſure would be in the ſame Proportion, and 
being leſs than the Numbers themſelves, theſe 
Numbers would not be the leaſt in the ſame 

Proportion; againſt the Suppoſition. 
| $ 99. The leaſt Numbers in any Proportion 
always meaſure any other Numbers that are 1n 
the ſame Proportion. Suppoſe @ and & to be 
the leaſt of all integer Numbers in the ſame 
Proportion, and that c and d are other Numbers 
in that Proportion, then will a meaſure c, and 
4 meaſure d. 

For if 4 and þ are not aliquot Parts of c and 
d, then they muſt contain the ſame Number of 
the ſame kind of Parts of c and d, and therefore 
dividing à into Parts of c, and & into an equal 

Number of like Parts of d, and calling one of 
the firſt m, and one of the latter 2; then as m 
is to , ſo will the Sum of all the n's, be to the 
Sum of all the 27s; that is, : :: 4: b, there- 
fore @ and 6 will not be the leaſt in the ſame 
Proportion; againſt the Suppoſition. There- 
fore a and + muſt be aliquot Parts of c and 4. 
Hence we ſee that: Numbers which are prime to 
each other are the leaſt in the ſame Proportion; 
for if there were others in the ſame Proportion 
leſs than them, theſe would meaſure them by 

te | 1 . 


3 
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the ſame Number, which therefore would be 


their common Meaſure againſt the Suppoſition, 


for we ſuppoſed them to be prime to each other. 

| F 100. If two Numbers @ and 5 are prime to 
one another, and a third Number c meaſures one 
of them a, it will be prime to the other 3. For 


tf c and were not prime to each other, they 


would have a common Meaſure, which becaufe 


it would meaſure c, would alſo meafure a, which 


is meaſured by c, therefore @ and & would have 
a common Meaſure, againſt the Suppoſition. 

$ 101. If two Numbers @ and J are prime to 
e, then ſhall their Product ab be alſo prime to 6: 
For if you ſuppoſe them to have any common 
Meaſure as d, and ſuppoſe that 4 meaſures ad 


by the Units in e, ſo that de ab, then ſhall 


4: 4 :: U: e. But fince d meaſures, and c is 
ſuppoſed to be prime to a, it follows (by At. 100.) 


that d and à are prime to each other; and there- 
tore (by Art. 99.) 4 muſt meaſure ; all ver fines 
d is ſuppoſed to meaſure c which is prime to b, 
ie follows that 4 is alſo prime to . that is, dis 


prime to a N a which i it N which i is 
abſurd. . 

2183, 1 ae from the laſt Article, that 

if a and c are prime to each other, then a* will 


be prime to c: For by ſuppoſing that a is equal 


to b, then ab will be equal to a* and conſc- 
quently 4 will be prime tec, In the fame 
| 3 b N 


§ 103. 


2 


8 ESR 
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9 103. If two Numbers 4 and b, are both 
prime to other two c, d, then ſhall the Product 
ab be prime to the Product cd; for (by Art.101.) 
ab will be prime to c and alſo to d, and there- 


fote, by the ſame Article, cd will be prime 


to ab. 

8 wa: From this it follows, that if a and c 
are prime to each other, then ſhall a“ be prime 
to c*, by ſuppoſing, in the laſt, that a, and 
cad. It is alſo evident that a. will be prime 


toc?, and in general any Power of @ to any 


Power of c whatſoever. 

| F105. Any two Numbers, a and 5, being 
given, to find the leaſt Numbers that are in the 
fame Proportion with them, divide them by their 
greateſt common Meaſure x, and the Quotients e 


and d ſhall be the leaſt Numbers in the Joh ame 
Proportion with a and b. | 


For if there could be any other Numbers in 
that Proportion leſs than c and d, ſuppoſe them 
to be e and /, and theſe being in the ſame Pro- 


portion as @ and þ would meaſure them: And 


the Number by which they would meaſure them, 


would be greater than x, becauſe e and F ate 
ſuppoſed leſs than c and a, ſo that x would not 
be the greateſt common Meaſure of 4 and 55 

| ne the Suppoſition. 


8 106. Let it be required to find the leaſt 


' Number that an two given Numbers as à and 


can mealute. Firſt, F they are prime to each 
: H 23 other, 
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other, then their Produft ab is the leaf Number 
which they can both meaſure. 
For if they could meaſure a leſs 888 how 
ab as c, ſuppoſe that c is equal to wa, and to #b 3 
and ſince c is leſs than ab, therefore ma will be 
lels than ab, and m leſs than b; and nb being 
leſs than 25, it follows that » muſt be leſs than 4 
but ſince ma=nb, and conſequently 4: B ,n, 
and a and & are prime to each other, it would 
follow that a would meaſure u, and h meaſure n, 
that is, a greater Number would meaſure a leſs, | 
which 1s abſurd. fa wot 
But if the Numbers à and b are not prime to 
each other, and their greateſt common Meaſure 
is x, which meaſures a by the Units in m, and 
meaſures & by the Units in u, ſo that a=my, and 
ux, then ſhall an (which is equal to im, be- 
cauſea:b:: mx: nx: iu, and therefore an hm) 
be the leaſt Number that @ and 5, can both 
meaſure. For if they could meaſure any Num- 
ber £- leſs than na, ſo that c=fta==kb, then 
@:b::m:n::;k:1; and becauſe x is ſuppoſed to 
be the greateſt common Meaſure of à and B, it 
follows that n and # are the leaſt of all Numbers 
in the ſame Proportion, and therefore m mea- 
ſures &, and # meaſures J. But as c is ſuppoſed 
to be leſs than na, that is, la leſs than na, 
therefore / is leſs than u, ſo that a greater would 
meaſure a leſſer, which is abſurd. Therefore 
a and 5. cannot meaſure any Number leſs 
than 


T 
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than an; which they boch meaſure, becauſe 
na mb. 


It follows from this Reaſoning, that 1 a and 


3 meaſure any Quantity c, the leaſt Quantity na 
5 018 is meaſured by a and 6, will alſo meaſure 


For if you ſuppoſe as before that ca, you 


will find that 1 muſt ö J. and na muſt 
| e la or c. 


85 59 Let 4 ſeed any integer Number, 
and = — any Fraction reduced to its loweſt Terms, 


ſo that m and ꝝ may be prime to each other, 
and conſequently: an m alſo prime to u, it will 


follow that nfm 2 will be Priane to iy and 


n 


: conſequently © —_— will be a Fraction i in its leaſt 


5 Terms, and can never be equal to an integer 
Number. Therefore the Square of the mixt 


Number a+— is ſtill a mixt Number and never 


an Integer. In the ſame Manner the Cube, Bi- 


quadrate, or any Power of a mixt Number, is 
ſtill a mixt Number and never an · Integer. It 


5 i follows from this, that the ſquare Root of an In- 


teger muſt be an Integer or an Incommenſurable. 


Suppoſe that the Integer propoſed is B, and that 


the ſquare Root of it is leſs than at, but 


greater than a, then it muſt be an Incommen- 
| ſurable; for if! it is a Commenſurable, let it be 


+=, where 2 * repreſents any Fraction reduced 
; ; „ to 


1 
1 
* b 
ol 

J 

q 
Fit 
TH 
3, 
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to its leaſt Terms it would follow | that 4. T. — — 


ſquared would give an integer Number B, the 
wy of which we have demonſtrated- - - 
$108. It follows from the laſt Article, that 
tbe ſquare Roots of all Numbers but of 1, 4, 9, 
16, 25, 36, 49) 64, $1, 100, 1 21, 144, &c. 
(which are the Squares of the integer Numbers 
1, 2, 3, 4, 5, 6, 75 8, 9, 10, 11, 12, &c.) are 
Incommenſurables; after the fame Manner, the 
Cube Roots of all Numbers but of the Cubes of 
t, 2, 3, 4, 5, 6, 7, 8, 9, &c. are Incommenſu- 
rables: and Quantities that are to one another 
in the Proportion of ſuch Numbers mult alſo 
have their ſquare Roots or Cube Roots incom- 
menſurable. 
$ 109. The Roots of ſuch Numbers "WING in- 
eommenſurable are expreſſed therefore by pla- 
cing the proper Radical Sign over them; n, 


Ve Va J, V6, 5, V8, io, &c. ex- 
preſs Numbers 66 with Unit. 
Theſe Numbers, tho? they are incommenſurable 
themſelves with Unit, are commenſurable in Power 
with it, becauſe their Powers are Integers, that 
is, Multiples of Unit. They may alſo be com- 
menſurable ſometimes with one another, as the 
* 8, and the * 2, becauſe they are to one an- 
other as 2 to 1: And when they have a com- 
man Meaſure, as / 2 is the common Meaſure 
| TT 
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of both, then their Ratio is reduced to an Ex- 
preſſion in the leaſt Terms, as that of commen- 
ſurable Quantities, by dividing them by their 
greateſt common . Meaſure. This- common 
Meaſure is found as 'in commenſurable Quanti- 
ties, only the Root of the common Meaſure is 
to be made their common Diviſor. Thus, 


A 2 2, and ”_= 


$ 110. A rational Quantity may be reduced 


%. 


to the Form of any given Surd, by raiſing the 


Quantity to the Power that is denominated by 
the Name of the Surd, and then letting the Ra- 


dical Sign over it thus, Va- = 
2 W and 4 =V16 = V Sb 7 
V 1024 


5111. As Surds may be conſidered as Powers 

with fractional Exponents, they are reduced to 
others of the ſame Value that ſhall have the ſame 
Radical Sign by reducing theſe Fractional Expo- 
nents to Fractious having the fame Value and 


a common Denominator. FI Va =. _ 
Va Sa, and L=2 — and there- 
| * 8 De 

fore J and 7a, reduced to the ſame Radical 


106 4 Tax EATISE of PartT, 


Son, become 2 and Vo] 5 1 you are i 
5 duce 7 3 and 9 to the . Denominator, 


conſider V3 as equal to 35, the 72 as equal 
to 235, whoſe Indices reduced to: a common De- 
nominator, you have: 3i=33 and 27=25, and 


conſequently 73 1 =Vappmdd 2=V2 
_ 43 fo that the propoſed Surds Fa 3 andv 2 


a are reduced to other equal Surds.v- 27and V4, 
having a common radical Sigg. | 
I 112, Surds of the ſame Nee Quantity 

are mull iplied by adding their 3 and di- 


vided by ſubtrafing them ; thus / * / "ol 


- 3+. -* = OM "5 
4 * =2 a —— 4 ; and 
U — i ; 1 5 
* * 22 3 
=. 2a S =Va* 5: 
of 5; as Þ 1 
. = - * 5 . : _ 5 | : * 0 
Va a a; ax + 5 3 
ene, 
2 
7 2 =: e 
25 = 2; T”= 2, | 
Con 2 * 


3113. Ws: Surds are of different Wasen 


Quantities, as VF 27 and , and have- the 
ſuame Sign, multiply theſe rational Quantities 
I, in 0 
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into one another, or divide them. by one another, 
and Jet the common radical Sign over w__ Pro- 


ane, Quotient. Thus, VF * 1 =v TH | 


82 oy rr = m - 

Vaxs: 8 2 A. V 
e oh OY. 

= 

— = * 2 * VA 


2 
If the Suck Tag not the ga radical fy 

reduce them by the 111th Art. to ſuch as ſhall have 

the ſame radical _ fans proceed as Before, 


; m " | 0 . % = a * 5 $3. "JS 
VaxVb V 5 os 2 4 = 


& 


Surds have any rational Coetfiticnts their Pro- 
duct or 2 muſt be Py thus, 


2; x56 3 
$ 114. The Powers of Surds a are found as the 


Powers of other Quantities, by multiplying their 
Exponents by the Index of the Power . required; 


thus the Square of ve 2. is PO ==; the 


Cute. of Vs. =57 s 135, Or you 
| need 


x08 A TxraATioat if Piel. 
need only, in involving Surds, raiſe the Quan- 
tity ander the radical Sign to the Power required, 
| continuing the ſame radical Sign; unleſs the Index 
of that Power is equal to the Name of the Surd, 
or a Multiple of it, and in that Caſe the Power 
of the Surd becomes rational. Evolution is per- 
formed by dividing the Fraktion which is the Ex- 
ponent of the Surd by the Name 772 the Root re- 


quired. Thus the ſquare Root of 7. is Va 
or a. 


4 115. The Surd Va=y = a vx; and in like 


Manner, if a Power of any Quantity of the ſame 


Name with the Surd divides the Quantity un- 
der the radical Sign without a Remainder, as 


here &*® divides a", and 25 the Square of 5 di- 


© vides 75 the Quantity under the Sign in 275 


without a Remainder, then place the Root of 
that Power rationally before the Sign, and the 
Quotient under the Sign, and thus the Surd 

will be reduced to a more ſimple Expreſſion. 


- Thus, V15=5v 33 Ja VN ; 781 i 
= 3 
5 116. When Surds by the laſt "ol re- 


a to their leaſt Expreſſions, if they have 
the ſame irrational Part, t they are added or ſub- 


trated, by adding or ſubtracting their rational 


 Eorfficients,' and prefixing the Sum or Difference 
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1 the common irrational: Fart. Thus, , n * 


T. a= 9 v2: Va- L= 


＋29 3=54/% 2 7 -e % -% 
2% 3 e eee 


Em -- | | 1% We: an HAIRY f * 0 
8117. e Surds are ſuch e jp 
two or more joined together. The ſimple Surds 
are commenſurable | in Power, and by being mul- 
tiplied into themfelves give at length rational 


Quantities; yet compound Surds multiplied into 


themſelves commonly give ſtill irrational Pro- 
ducts. But when an compound Surd is pro- 
poſed, there is another compound Surd which 
multiplied into it gives a rational Produ#s. Thus, 


9 multiplied by - gives 4 —5, 


and rhe Tnoeftigation of that Surd which mal. 
tiplied into the propoſed Sum will Te 4 ratio- 
nal Produ??, is made ho. ie She: following 
Theorems. 1 rv 


1 
. . 


THEOREMI | 
3118. Generally, if you multiply Py” by 
F ²˙ͤV &c. 


eontinued till the Terms be in Number equal to 


2. the Produt ſhall be o*—J*: for | 


_— 


4 


— — — 


— 


— 


—— ——ꝓC —Uñ—Eᷣ— . 
— ba « 
—_— —— 2 — 


” 
q * 
* r E ———— 
* 


- ———— — — 5h oor — — 
—— = — — 
— ra na er — 
— .  — K 
* — 


— 


1 
1 
1 
1 
1 
C | 
| 
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„ ame, &C. . * 


3 


6 


ng. * 
2 nb, &c.—6 


— — 


_— 


EEE”. — 


THEOREM II 


— 11 * 
multiplied by 4 gives a=", 
which is demonſtrated as the other, Here the 
Sign of 5* i is poſitive, when © — is an odd Num- 


8 119. When any Binomial Surd is kk 
ſuppoſe the Index of each Number equal to m, and 
let n be the leaſt integer Number that is meaſured 


| by m, then ſhall an—=-an—zmbn4q—zmbam, Gc. 


give a compound Surd, which multiplied into the 
propoſed Surd am bn will give a rational Pro- 
duc. Thus to find the Surd which multiplied 


by Ve , will give a rational Quantity. 


Here m and the leaſt Number which is mea- 
ſured by 2 is Unit; let a=1, then ſhall a 
gpmanjmþgr—jn_en, Kc. Sal- -a 151 ＋˙ 


Ba e 457 = aral. e, which 


multiplied by Va—/b gives g—b, | | 
wk Bb | ! 
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3 find the Surd which multiplied by - ; 
33 =ai+Þ, gives a rational Product. Here 


m=2 and ng, and g*—*—a*—n}n4.q——mjzm, 
&, = a" tony) Tag) He = of 
ure er. 


THEOREM III. 


5 120. Let an be multiplied by — 
A a 3 and the Product 


ſhall give 4 5 ner n muſt be a 
the leaſt Integer that Hall give 2 * an 
Integer. | 


Dem. D 
ET. | . &c. 4% Ei 
. z * . 1 

5 e & * 


_— — 


wy 
a" * 8 1 


* | =. 

The Sign of 575 is poſitive only when 7 is 
an odd Number, and the Binomial propofed 1 is 
4 0 


5121. 


| 7 
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- $121., If any. Binomial Surd is propoſed 


© whoſe two Numbers have different Indices, let 
theſe be # and /, and take # equal to the leaſt 
1 er Number that is meaſured by m and by 


and * Lale , &c. 
ſhall give a pad Surd which multiplied by 


the propoſed au. 1255 give a rational Pro- 


duct. Thus SET being given, ſuppoſe | 


mr, bs, and = T =D therefore you have 
n;, and ap grim lar gminy! . 


c. --- -N 


eee dez br 


bi =viF ＋ Vn er 5 
VF i=0*/a+6*x/b4+0/0x a Van 


an, which muliplied by the Va— vb 


gives * ” 4 — *. | ang 
$ 122. By theſe Theorems any Binomial Surd 


whatſoever being given, you may find a Surd 


which heh it "ſhall give a — Pro- 
_ : 


| Suppoſed that: a Einomia Surd was to be di- 


the Quoti ient may be l by * — 


View © 
But i it may be expreſed in a more ſimple Form 
9 | 8 by 
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by multiplying both Numerator and Denominator 
by that Surd which multipli ed into the Denomina- 


tor gives a rational Product: Thus LSE 


1 85 Vi v3 s — 
NN „ VII v3 VV bo. 
vs 3 "254 + v3: LR as, 7 


— 2/16. 


5 12 3. In general, when any Quantity i 18 Wes 
vided by a Binomial Surd, as a", where 1 
and J repreſent any Fractions whatſoever, take 
n the leaſt integer Number that is meaſured by m 


and I, multiply both Numerator and Denomi- | 
natlor by an—mar—2mblþan—3mbal, &c. and the 
Denominator of the Product will become rational, 
and equal to ba, then divide all the Mem- 


bers of the Numerator by this rational Quantity, 
and the Quote arifing will be that of the propoſed 


Quantity divided by the Binomial Surd, expreſſed 
in its leaſt Terms. Thus, 


1 as 


N 
8 — 720 1 2 Dh 
v7 7 51 v2 V4 __y 


5 „Let FRE 3 K = 8 
ere + ally © „ 


1 = 


at neee Pan l. 


40 5 1 Asti. 
2 to Sto e 2VBW | 
Pas Ta. = (becauſe m= is E. Hz and 
Vz . 157 > 
— 2 = n. 55 


4 L NN Abele eke 25 + 5% 


= — u roxw/ 3— By 5x/g—6vr0—6x 


2 
* 


a- Viog- 


8124. When the ſquare Root of a Surd] is requi- | 
red, it may be found nearly þy extraing the Root 
of a rational Quantity that approximates to. its 
Value. Thus to find the ſquare Root of 3+2V2, 


we firft calculate 2 2, 4142 1 and therefore 


342/25, 82842, whoſe Root is found to be 


nearly 2, 41421. ſo that v 374292 s nearly 


2, 41421. But ſometimes we may be able to. 


_ expreſs the Roots of Surds exactly by other 
Surds; as in this this Example the ſquare Root of 


23+202 18 1+vV2, for EPs =1+ 


2/242=3+2v/2, | 
In order to know when and how this may be 


found, let us ſuppoſe that x+5 is a Binomial 


Surd, whoſe Square will be x * +9 . If x 


and y are Quadratick Surds, then x*+y* will 


be Rational, and MP: Irratiqnal ; ſo that 2x). 
The ſhall 
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ſhall always be less than x * > becauſe the 


Difference is 44% 2x 2 which is al- 
ways poſitive, Suppoſe that a propoſed Surd- 
conſiſting of a rational Part A, and an irrational 
Part B, coincides with this, then x*+y* =A 
and xy=ZB: Therefore by what was Jad of. 
ns Chap, 12755 


* * 
* 


E ad thereon; ——— 


| r. 
from whence we have * 711 
—— ViAZ—B* 


Y= 1 Arafat vs a Quantity 2 


| 2 | 
partly rational partly. irrational is propoſed ta 
have its Root extracted, call the rational Part A 4 


the irrational, B, and the Square of the greateſt 
Member of the Root ſpall be ind the 


Square of the leſer Part ſoall be : A —— OE 


And as often as the ſquare Root of A*—B* can 


be extracted, the ſquare Root of the propoſed N. 


nomial Surd may be expreſſed itſelf as a Bino- 
mial Surd. For Example, if 34272 is pro- 
poſed, then A=3,.B=24/2 and A -B 


: . L 
| n. Therefore x* = — 2, d 


12 — x. Tbentiors = 14 2. 
12 e 


———— A Eee > 
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To find the ſquare Root of 4/5; ſup- 
pole A=—1, BV, ſo that A*—B*=g 
and a — el, 3 — rn 


= = Gs therefore the Root ee is 


14.1. 


$ 125. But tho'. x and y are not Quadratic 


Surds or Roots of Integers, if they are the Roots 


of like Surds, as if they are equal to /yaw/z 


and V, where m and u are Integers, then 


> ny ar and 5B Gans mz; A*—B*= 
A+vVA*—B* _ 


mail xz and x*= - = | 
mx m—n*Xz . 2 9 
: FCC 


SVE, and * Ty VMWN + VI. The 


Part A here eaſily — itſelf from B by 


its being greater. 
8126. If x and y are ei to V and 


Va/t then * T2 =m/2+1Vt +2 
* muy/zt. So that if z or ; be not Multiples 


'one of the ober or of ſome Number that mea- 


ſures them both by a 2 2 then will 


A itſelf be a Binomial. 
$127. Let x-+y+2 3 any trinomial 


Jurqd, its Square x*+y T T -＋E 


may be ſuppoſed _ to A+B as before. But 
rather 


= As vp ode 


/ 
\ 
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rather multiply any two Radicals as 2xy by 2xz, 
and divide by the third 2yz which gives the 
Quotient 2x* rational, and double the Square of 
the Surd x required. The ſame Rule ſerves 
when there are 4 Quantities x*+y* E 
2xy+2x5 + 2x2z+2y2+2395+225, multiply 2xy 
by 2xs, and the Product 4x*5y divided by 25y 
gives 2x* a rational Quotient, half the Square 
of 2x. In like Mannner 2 = x, which 
divided by 2xz another Member gives 2y*, a 
rational Quote, the half of the Square of 2. 
In the ſame Manner z and s may be found; 

and their Sum x+-y+2+5, the ſquare Root of + 
the Septinomial x*—+y* +z*þ5* +2xy+2x5+ 
2x2232-+2ys, diſcovered. | 

For Example, to find the ſquare Root of 

10+V24-+v 40+v60 3 I ory LEE which I 
find to be /16=4, the Half of the ſquare Root 
of the Double of which, viz. 2 = is one 
Member of the ſquare Root required ; next 


— S, the Half of the ſquare Roat of 


the Double of which is v/3 another Member of 


+ 40xv/ 60 
— =10 which 


the Root required; laſtly, 


gives Y for the third Member of the Root re- 
quired : From which we conclude that the 
ſquare Root of 10+/24+/40-+60 is VN 
: and trying you find it ſucceeds, ſince 
| „ multiplied 
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multiplied by itſelf it gives the e dur 
— 8 8 58 


8.127. For extrafting the higher Roo 
Binomial, whoſe two Members being ſquared 


are commenſurable Numbers, there is the fol- 
lowing 


RULE. 20 


, Tes ihe Quantity be AB, nba A # 
the greater Part, and c the Exponent of the 
Root required. Seek the leaſt Number n whoſe 
Power ne is 5 divif ble by AA—BB, the Nuo 


1 tient bring ( Compute N NBG, in the 
neareſt ze Number, which ſuppoſe to be r. 
Divide AVTH 105 greateſ rational Diviſor» 


wm 0 let the Quotient be s, and lor , in 


be neare integer Number, be t, fo foal the 


- Root required be DN | i the c Root of 


2 AB can be extracted. 


Thus to find the Cube Root of V 368+2 35 
we have A-! 343, whoſe Diviſors are 
2 11 7. * whence z=7, and Q=1. Further, 


Wc. Hun a. rast is a little more 
5 en 


5 =O 55 
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than 56, whoſe neareſt Cube Root is 4. Where 
fore r=4. Again, dividing vg68 by its great- 
eft rational Diviſor, we have A Wen 


an} the ant Shanks: ; and. on Or 


27 
"= 


. in the neareſt Inregers, is 2=7. And 


laſtly, 55S=2vV/2, . and Y N 
21. Whence 2/2＋1 is 5 Root; whoſe 
Lune, 2 Trials 1 find to be nnn, 


EX A MPL E II. 


| To find the Cube Root of — we 
have A -F =250, whoſe Diviſors are g, g, 5, 2. 
| Fhener Ke 10, and = „ and 


VEG or N Fd en is nearly 
7 = 4 again der 68xV4= 136x121, that 


Bar r He or E. is nearly -=. 


2 l = and = 
| WA 2075 „ whence the Root to be tried is 


T herefore 15, 


3 


gend ak Root 1 ITT 
_ demanded, A* -B =3, and 3 3 2 81, 
14 e 


OE et 
Root — 
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rb, S=v/6, tl, t5=v/6, V fs — FZ, 


and VS 9. And therefore Trial . 


v6 4vV3 


do be 5 with . bg 


vg 
In theſe Operations, if the 8 is 


F raction, or if its Parts have a common Divifor, 
vou are to extract the Root of the Numerator 


and Denominator, or of the Factors, ſeparately. 


Thus to extract the Cube Root of /24z—124, 


this reduced to a common Denominator 18 
\go8—25 —. And the Roots of the Numerator 


92—1 


V2: 


3 6 + . 5 5 | ; 
 v/3993+v 17578125 , divide its Parts by the com- 


mon Diviſor 4/ 3, and the Quotient being 
11-+v/7:5, the Root of the Quantity propoſed 


will be found by taking the Roots of V 3 and 


of ELIE. and e tf men into each 


§ 128. The Ground of this Rule may be ex- 


Planned from the following 


THEO R * 
Let the gur or Difference of two Quantities x 


: and Xt be 0 to a Power me Exponent is c, 


and 


and Sal, ſeparately found, give the 


3 And if you ſeek any Root of 
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aud let the 1ſt, 3d, 5th, 7th, &c. Terms of that 
Power, collected into one Sum, be called A, and 
the reſt of the Terms, in the even Places, call B; 


the Difference of the Squares of A and B ſhall 4 


equal to the Difference of the # Squares of x and y 
raiſed to the ſame Power c. | | 
For the Terms in the c Power of x+y (writ- 
ing for their Coefficients, EY 1565 bt 
&c.) are 

x- -c dN = C= bs See; * Al 
and the ſame Power of a (changing the Signs 
in the even Places) is 
xox Nd apts ＋, &c. = IYER 
and therefore x+Nxx—p = AFBxA—B=A* 
. Tee. & E. b. 

Let one, or both, of the Quantities æ, y, be 

a Quadratic Surd, that is, let x+y the c Root of 
the propoſed Binomial A+B belong to one of 
theſe Forms pi, p, or pA 2 
And it follows, 

1. If xp, that, c being any whole 
Number, A, the Sum of the odd Terms, will 
be a rational Number; and B, the Sum of the 
Terms in the even Places, each of which in- 
volves an odd Power of y will be a rational 
Number mulupliced into the 3 Surd 
14 Let c the Exponent of the Root Gann, 
| 1 an odd * as we may always ſuppoſe 


it, 
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it, becauſe if it is even, it may be halved by the 
Extraction of the ſquare Root, till it becomes 
odd; and let x+y=kvp+q Then A will 
involve the Surd /p, and B will be rational. 
3. But if both Members of the Root are irra- 
tional (x+y=ivV/p+Vgq,) A and B are both 
irrational, the one involving vp, and the other | 
the Surd . 

And in all theſe Caſes, it it eafily aun chat 
when x is greater than y, A will be greater 
than B. | 

$ 129. From this Compoſition of the Bino- 
mial AB, we are led to its Reſolution, as in 
the a Rule, by thele . 


1 . 
When A is rational, and A*—B* is a yk 
fect c Power. 

1. By the Theorem, A og) 4 Auen 
rately; and therefore extrafting the c Root of 
A*—B? it will be x*—y*. Call this Root u. 
2. Extract in the neareſt Integer, the c Root 
of AAB, it _ be (wry) x+y. Which put 
r. 

3. Divide x*—y* (i) by x-+y (r) the | 
Quotient is ae Keen and the Sum of the 
Diviſor and Quotient is (more'nearh) 253 that 
is, if an 1 integer Value of x is to eee it wk 
be the neareſt to Re e Dan 5-4 


* | & 


CO a EE Ee P Ae EEE 7˙3PꝛI. f Ee . — 


FIT 1 


whims | on 


4880 . > theRoot e ar PF —; 


2 
the ſame ape as in the Rule, when Q=r, 
' $=1, that is, when A*—B? is a bee ge ern 
| and the greater Member A is rational. f 


1 1 5 el 
When Ais laue. and =. 


Ae 801 481 


8 "ir 


4 
By the hs Proceſs, 1 | (=) and 


2 
ST. But ſeeingA is ſuppoſed irrational, 
and c an add Number, x will be irrational like- 
wiſe; and they will both involve the ſame irre- 
ducible Surd p, or 5, which is found by di- 
viding A by its greateſt rational Diviſor. Write 
therefore for x. or T, its Vida _—_ and x+-y=15 


f "WR 9 1 4% 
n 1355. — .. 5 | 


If the c Root of A*—-B* cannot be taken, 
multiply AB!“ by a Number Q, ſuch as 
that the Product may be the (leaſt) perfect 
Power #(=A*Q—B*Q.) And now (inſtead 
of AB) extract the c Root of AFB B/ C. which, 
* 0 found! 


* 
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found as above, will be r- -V -; and 
conſequently the c Root of A+B will be 15+ 
V:*s t*5s*—n, divided by the c Root of EY) that is, 
2 — — 1 


VQ 

It isrequired in the Rule that a perfect c Power 
(50 be found which ſhall be a Multiple of A 
B. by the whole Number Q. To find this 
Power, let the given Number A —B* be re- 
preſented by the Product aπ⏑ f; whoſe ſingle 
%% th: 24... Gf. 
and the Product of theſe Diviſors raiſed to the 
Power c, which is ade, divided by a®Zdf will 
give the Quotient a de- fe- = a whole 
Number, provided ſome Index, as m, or p, be 
not greater than c. If it is, take, inſtead of 
the ſingle Diviſor 2 or 5, 4 or &, a* or 52, 
&c. till there be no negative Index in the Quo- 
tient, that is, till Q be a whole Number. 

$ 130.. We may add the following Remarks. 

1. If the Reſidual A—B js given, it is evi- 
dent from its Geneſis by Involutian, that the 
ſame Rule gives its Root x—y. 

2: The extracting the c Root of A+B, or of 
AB, in the neareſt Integer, neglecting 
the Fractional Part, will always give »+y ſuch 
that the Value of x which reſults in the Opera- 

tion ſhall not differ from its true Vue by 
3-2 fe | Unity FF 


DT — (x 32 C ²˙'3̃ä.⏑¹—ũ .. . ˙ . r˙—w' kl ooo — > oe * 
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Unity; that is, it ſhall be the true integer Va- 

lue ſought. | 
For, f being ſome proper Fraftion, let 


— be the accurate Value of Wares: IB 
and let the Quotient of * divided by it be 


x—y=2, then, the Sum of the Diviſor and | 
Quotient being 2ů f , if our reckoning the 


fractional Part could make a Difference of Unity 
in the Value of x, it would follow that g or 


g—f=2. Which is abſurd, g, as wenne V 
* a proper Fraction. 


If both A and B are irrational; or, if che 


leſſee of the two Members is rational, no Root 


| denominated by an even Number can be found. 


4. When the greater Member is rational, 


and the Exponent c is an even Number, it is 
ambiguous whether the greater Member of the 
Root is rational or Surd. And tho' a Root in 
the Form of p+1,/q is not found, yet a Root 
in the Form of &,/p+9, or, that ns: in the 
Form ky/p+lVq may be obtained. 

If we look for a Root pg, we are now 
to ſubtract x—y from x+y and half the Remain- 
der will give y (or q) the rational Part. And to 

Eo n adding 955 the Sum will 4 


ny V 
80 that y= 1 . 


» and x +7 the 


Expreſſions being the ſame as when c is odd, 


with the Sign of # changed. If this does not 
| ſucceed, 


126. ³ Pr OE ne art I. 
ſucceed, and a prime Number ſtands Hog the 
radical Sign, no farther Trial need be made. 
But if a compoſite Number ſtands under the 
radical Sign, the Root may poſlibly belong to 
the Form k&v/p+lV/q ; and that compoſite Num- 
ber being prxg, ſince hu, and bx, 
- whe Numbers E, I, may be ſought for in the 
neareſt Integers, and Trial made with * . ; 
as in this 


N * * * 4 q 
j 3 7 3 * 7 P + 4 1 4 Ig Fo g . 7 F af 
. 4+ £ N K 3 . P 


EXAMPLE. 8 
Tod th th Rn of meet. 


The ath Root of A. —Þ is 1 16 = — . 
and the Ach Root of A—B, that! is r 9 


nearly : and == nearly... | Whence | 
A S Wh" 3. But now the leaſt radical Face. 


$4 > aw 


tor in B being e 1 put xo bh 
&/7, and & in the neareſt Integer g. Again, 
* -A 17 - 57 3 that is, Þ'x2 
2218, ans Iz 3: which 0G") mana: ST 
2. of 
: In this Manner een eum may be fought 
immediately. But to avoid Ambiguity and 
needleſs Trouble, it is better firſt to depreſs | 


. e the {quare Root, as in $ 124. 


” 
- 
AY es phone * 
"”» 
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in the Refolution of Cubic Equa- 


tions by Cardar's Rule (Part II. $ 79.) Bino- 
mials of this Form AEB, whoſe Cube 


Roots muſt be found. To theſe the foregoing 


| Rule cannot be applied throughout, becauſe of 


the imaginary Factor VA. Yet if the Root 
is exprefſible in rational Numbers, the firſt Step 
will often lead us to it in a ſhort 
Way, not merely 3 the Trials 1 


| confined to known Limits. 


Fo or itbeing, univerally, F Az F * — 2 


and, in the preſent Caſe, WIC TBA NY -= 
= E ; if we divide the Part under the ra- 


dical Sign by its greateſt rational Diviſor, the 


2 is the imaginary Surd . and from 


R A*FBg,. ſubtracting F, the Square of ſome | 
Diviſor of A, the Remainder is I. , a known 


Multiple of che Square of J a Diviſor of B. 
FS ; | That 


v * If 0 : = * 2 


. W of Patt, 
That p and / are Diviſors of A and B reſpec- 


_ tively is evident; for cubing y., you find 


Am=pxpi—3Fq, B.. And the Signs 


of p and / muſt be ſuch as will give the Produts | 


7 pb , begp—Fq of he ſame — as A 
and B — 


EXAMPLE. 


To jou the Cube Root of esc 


e 


We 1 „B= 30, 433 v 81X81-+2700 


=21=27* +9. Subtracting therefore from 2.1, 
the Square of (p)3, which is a Diviſor of A, 


there remains (D hzxzxg. And (1=)2 1 Ba 


Diviſor of 30. Laſtly, A(=pxp* —3/q ) being 
poſitive, and the Factor -g negative, p 
muſt have the negatiye Sign; and for the like 
Reaſon I 2. . So that. the Root is 2 
=. 
e, will be fhewn. i in the 3 Part of ahis 
Treatiſe that every Cube or other Power has 
as many Roots, real and imaginary, as there 


are Units in the Exponent of the Power * par- 


ticularly, that Unity itſelf has the Cube Roots 
* 2 , and ena deer If therefote we 


ava find the other two Cube Roots, in this 


3 Example, 
4 


WWW 
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Example, ſceing * 023 and i 12 
(z* repreſenting any Gube whatever, and z any 


of its Roots) we are to multiply —3+2v/Z, 
the Root already found, by eras and 
by -:- :e, and the Products —— YH, 
and 2+3/—); will be the Root ws 


Or, becauſe the Denominator of the imagi- : 
nary Roots of Unity is 2, taking 5 one 


Falf of a Diviſor of A, we have 21-22 2 
eng =I, that is 12; and 5 —3 14 5 

as 3p*—q being negative, both ↄ and muſt be 
. and the Root is — : -;. Again 


take p—=2, and you ſhall find /=+<; ſo the | 


temaining Rovt is 24-5=3, as before, 5 
We may here obſerve that the Operation 
ought to be abridged, where it can be done, by 
dividing the given Binomial by the greateſt 
Cube that it contains; and finding the Root of 
the Quotient; which wikiplicd by the Root of 


the Cube by which you divided, will give the 


| Root required. Thus, in the foregoing Ex- 
ample 8 1 27 2 * e = and the 
Roots of 34. being, now more eaſily» 
found to be — 1-2, , and 
1. theſe multiplied by 3 the Cube Root 
_ of 27, give the Roots de rv the FR as 


above. 


« If the Coefficient of the imaginary „Niem. | 
ber of the Binomial has a contrary Sign, the 
| K 


Roots 


4 
# 
FF ²˙¹- U yp; ey an ˙ Mw wp_w oy pdt reg Int, ou ; A 7 
« 


. 
8 * a "a * 
= Er 


130 4 Txzarrs E, Ge. Part J. 
ea. will be the ſamte, with the Signs of = 


pad < al- NIC LE 


be —3—2 59. * =. and = | 
And therefore * += N 81 


= 3x ort bez. 0. 2 ou 
tlie W aty Patts V iſhivg W- £ ontra- 
1 — — - 


Wem obſerve. likewiſe, chat Hick Nane 
whether expreſſible in rational Numbers, or not, 
may be found By evalving the Binomml Arn 
As by the. T. Theorem in pag. 47, and ſumming 
| che ternars "Terms, | As, in {the foregoing 
Example, A , or tather in * 
z being expanded i into a;Sexies, the 
Sum of dhe eld Tem will continually Approach 
to.4.5=2, and and the Sum of the. Coefficients o 
the even Terms to x» which is the Coefficient of 
the imaginary Part. But for a general and ele- 
+gant Solution, recourſe muſt be had to Mr. 4e 
Moi vre's Appendix to Dr Saundenſon Algebra, 
and the Continuation of it in Philoſ, Tran, No 
4251 What has been explained above may 
ſerve, for the preſent, to give the Leamer ſome 
Notion of the Compoſition and Reſolution of 
thoſe Cubes 3 that he need not b be ſur- 


priſed to meet with Expreſſions. of * r 
. h involve imaginary and _ 


> 2 Mmm e ee n 50) 
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Of the Geneſis and Reſolution” "of 


Ic? A >To Senn 
{ 1 ral; 925 th 
7 4 quationz in genera 1801 1:4; MN # ds hne 


7810 N umber. of. Roots an Equration.of 


co! Any D gree Ady. Have: 
10 Holde bas niz 21 0 noizoV/ 
ET ERvthe fame, Manner” as"the 
higher Powefs are produced by the 
Multiplication: of the Tower Powers 
of the ſame Roots; N Equiaripniss. of ſuperior Or- 
ders are generated y the Multiplication of E- 
As: quations 


- 


— — 
6 I > : 
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quations of inferior Orders involving the ſame 
unknown Quantity. And an Equation. of a any 
Dimenſion may. be. conf dered as produced by the 
Multiplication of as many /i nple Equations, as it 
has Dimenſians 4 or of any other Equations what- 
ſoever, if the Sum of their Dimenſions is equal to 
the Dimenſion of; that. Egual ian. Thus any, Cu- 
dic. Equation-may | be conceived, as generated by 
the Multiplication of three ſimple Equations, or 
of one LQuaaratic and one Simple Equation, A 
Biquadratic as generated, by the M ultiplication 
of four Semple Equations, or, of FL  Nuadratic 
Equations; or Hitly, of one Cubic and one Simple 
Equation, | : 

F 2. If the Equations: which; you fuppoſt 1 mul- 
tiplied by one another are the faie, then the | 
Equation g generated will be nothing elſe but ſome 
Power of thoſe” Equations, and "he Operation 
Co merely Involution; of which we have treated 
already: and, when any fuch Equation is given, 
the fimple Equation by whoſe Multiplicatioh | it 
is produced is found by Ne ot y Ex- 
g traction rot! 215 

But when the Equations eur are oppoſed to 
be multiplied by each other are different, then 


bother Equations: than Powers are generated; 


which, to, reſolve into the Limple Equations 
-whence they are generated, is a different Ope- 
; ration from Involution, and is Nhat is called, 
5 he Reſolution of Equations. 5 
a *** 5 
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But as Evolution is performed by obſerving 
Pr tracing back the Steps of Involution; ſo to 
diſcover the Rüles for the Rtvlition 6f "Equa- 
tions, we muſt tarefully obſerve their Gene- 
e 
| "F 3. "Suppoſe the unknown Quality to be *, 
and its Values in any ſimple Equations to be 
4, b, c, d, &c. then thoſe "imple Equations, 
by bringing all the Terms to ont Side, become 
ago, x—b=0, * o, &c. And, the 
Product of any two of theſe, as "#—axx—b=0 
will give a Quadratic Equation, or an Equation 
of two Dimenſions. The Product of any three 
of them, as . =o will give a Cu- | 
bic Equation, or one of three Dimenſions. The 
Product of any four of them will give a Bigpua- 
dratic Equation, or one of four Dimenſions, as 
x—axa—bxroxx—d== 0. N And, in general, 
In the Equation produced, the higheſt Dimen- 
fion of the unknown Quantity will be equal to the 
Number of i mple Haan that are multiplic ed 
2 each otber. | 
$4 When any Equation, equivalent to this 
So is pro- 
poſed de de S the whole Difficulty con- 
fiſts in finding the ſimple Equations #—a=0, 
Db, co, x—d4=0, by whoſe Mul- 
tiphcation it is is produced; ſor each of theſe 
* * Bens one of the Values of fr, 


6 »” 1; 
* „ * 2 


. 
i 
j | 
19 
14 . 
1 
1 
} ; 
1 
. 
11 
i. 
1 
11 
| 
/ 
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* 


. whatſoever beſides theſe four ub 'b,c 
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arid one Solution of the propoſed Sos eg 


; For, if any of the. Values of x deduced from. 


thof© imple Equations be ſubſtituted in the pro- 
poſed Equation, in place of 5 then all the 


TFerins of that Equation will van niſh, "and ff he, 
whole be found equal to nothing; | Becauſe | 


cas 


when it is ſuppoſed that #= Da, or e er Ke, 
or 1 d, then the Prodi bock ere, 


does vaniſh, becaple « one of the Factors is equal. 


to nothing. There a are therefqre four. four. Suppo- 


e that give eee deo ac. 


cor ing to the Propoſed Equation that 1811 


there are four Roots of the propoſed Equation. 


And after the be Mapner, ** oy eter Equar, 


EI 


tian admits of as many Solutions as there are 


ſimple Equations mültiplied by one another that 


produce it, „ Or 66 as many as there! are Units in in, - 


the higheft Dimenſion of the unkric a an- 
tity in the propoſed Equation.” -6& * ae 


85. But as thiere are no other 


ſubſtituted! in the Product — op 
in thi Place of x, will mal 7 he Pro Ke he pit 
therefore, the, Equation, 4=—axx—bxarmonxxornd 
Scene Baſibly, have more than theſe, four 


2 Zi ang, ant admit of: more Solutiens 
an r. If you ſubſtitute in en Product a 


Quanti neither u to g nor 6, nor g NOT 


| d, "which fappol 2 hen, e * < 


3017: þ A 


7 
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6b, — 7 nor - is is equal to nothing; 5 their 
Prod ut eee be e cannot be equal 


to Fal but muſt be ſome real products 
and there ore there 1 is no Suppoſiti ition beſide one 


of the f oreſalid four, that gives a ans Value of, 


& accor ling to the propoſed Equation F Fi 
it can have no more than theſe four 00 
And after the ſame Manner! it appears, "chat. 
«No E Equation can have more "Roos than Rig (COP. 
_ tains Dimenſio ons of the unknown Quantity.” 
$6: To make all this fill plainef by an 
ample, in Numbers; ſuppoſe the Equati on to "_ 
reſolved to be K —10x%+3 5 fs 
and that you diſcover that this Equation 1 is the | 


2 „ x pale Ze Pf 
Yale Le AF of WAY — NESS) 123 £9! 


| ſame with the Product of x n= DX INN SN fr 


then you certainly infer that the. four- Values of, 
x are 1, 2, 3, 45 ſeeing, : any. of. theſe. Num- 
bers placed f ict 4, and, cons, , 
ſequently * — 104. 3 5x" — equal to. 
nothing, accordin ng to the propoſed; Equation. 
And it is certain that there can no other Var. 
lues of x beſides theſe four: fin Ince when 


ſtiture any other Number for 4 in "tho S Factors | 
„ A g, --, Howe of the Fa 
tors vamſnʒ and therefore their Product caundt 


des equal to "A ers yg the 


tion- 507 18f t or and ent goy IL! wol nens 


97. It tay be uſeful ſometimes to c qufider”, 
Equations 28 gener | 


rated from others of an it nfe- 
K 4 _ 


& "ah $4 


1 
1 
1 
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Nor Sort beſide ſimple Ones. Thus 2 Cubic H. 
quation may be: conceived as generated from 
the: Nyadratic x -p. O, and the Simple 
Equation e een n een 


. whoſe Product ron? igt 2005 


rene 705 adler 1 40 belle 


Der Top, 


| "Equation, whoſe Roots are the Quantity (a) the 


Value of xn the ſimple Equation, .and: the two 
Roots of the ade Fade vi. 


48 appears From 


Chap. I 3. Part. 1 8 rue as theſe 
Roots are real « or Candi two of the Roots of 
_ the Cubic Equation are real or impoſſible. A 


"that « the  Squyre < 5 any Quantiry Hen or 
negative, 18 always poſitive,” and therefo 


„ the ſquare 1 Root of a Negative i is :ropolfible 


f i imaginary.” For Example, the VN is either 


| a r. — 4.3 but „a can neither be +a nor 


. but muſt be imaginary. Hence is unde 
Hood, that a Quadratic Equation may have no 
_ipoſlible Expreſſion in its Coefficients, and 
„Jet, vhen it is teſolyed i into the ſunple Equar 
tions that produce 3 it, they may-involye impoſ- 
. Able Expreſſions.“ Thus, the Quadratic Equa- 
tion x*+a? =0 has no impoſſible Coefficient, 


£3 but the ſimple Equa 7777 om From mich it. is pro- 


duced, e 0 en 
r | otn 
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both involve an imaginary; Quantity; as tlie 
Square is a real Quantity, but its ſquare 
Root is imaginary.- Aſter- the ſame Manner a 
Biquadratic Equation, when reſolved, may give | 
four ſimple Equations, each of which may give 
dn impoſſible Value for the Root: and the fame 
may be ſaid of any Equation that can be pro- 
daced from Quadratic Equations' only ; that i 14 
whoſe Dimenſions are of the even Numbers. 
59. But „A Cubic Equation (which cannot 
be generated from Quadratic Equations only, 
but requires one ſimple Equation beſides to pro- 
duce it) if none of its Coefficients are impoffible, 
will have, at leaſt, one real Root,“ the fame 
with the Root of the ſimple Equation whence it 
is produced. The Square of an impoſſible 
| ' Quantity may be real, as the. Square of /—4q* 
is a but the Cube of an impoſſible Quan- 
tity is ill impoſſible,” as it ſtill involves the 


N ſquare Root un mn Negative : a8, Ve 


. Ra r. a ET 5 5 
| plainly Wage ' From which it appears, 
that tho two ſimple Equations involving im- 
poſſible Expreſſions, multiplied by one anothier 
may give a Product where no impoſſible Ex- 
preſſion may appear; yet « if three ſuch fi mple 
Equations be multiplied by each other, the im- 
_ Poſſible Expreſſion will not diſappear in their 
era — A henee we" is plain, that tho a 
AIC | Quadratic 
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Quadratic Equation whoſe Coefficients are all 
real may hav its twb Rooks! impoſlible, yet 
« a Cubic Equation whoſc Coefficients axe 
cannot have all iss three Ro6rs impoſſibſe. 

F 10. In general, At appears, That the impoſ- 
ſible Expreſſions cannot diſappear in the E. 
tion produced, but when theif Number 

that there are never in any Eqqbationd, 
Coefficients art real Quantities, — ner 
Roots, or an odd N umdescef impoſſible Roots, 
but . that the Roots become impoſſible inPairs 5” 
and that n Equation of an odd Numder of 5 
Dimenſions has always one real Robt. T“ 

11. “ The Roots ef Equations are either : 

poſtius or negative according as the Roots of 

the ſimple Equations whenee - they are produced 
are poſſtive or negative“ If *you ſuppoſe : 
-, , », d, &c, then | 

ſhall ua , „bro, A do; 
and the Equation . TeD Fox: 0 will 8 
have its Roots, - 32, 8250 = - 1 Ke. ne- N 


tiv 2 AY! 101 21 Tx 2 


4 ; 
4 
" 


NIE! 


But to Kno hen the Roots of Equations 5 
are poſitive and when oF tive, and ho w many 
a 


_ thereare of each Kind, ll be Saved in the | 
next Chapter. 38 a 0 ny NIN N 6 4 
anew inte vo; row DRAY N Yo. 8 

R Al 211 N 331608 2} A* e. ns 88 1 
: | NI 21018 2 4.20 118i CHAP: N 
SEED) lee; 5K San v1 Ho97795 0 


; e. Kron 139: 


118 37h 23119435 130 10 y 213 6154) 4 3 THY vi, 2 N 
57 lc A: 8 H A Po 3" tk &ft + Wall! 351 | 
1100.2 & 2? 


Of On, Signs and Coef cients. of... 
Joger 1 5111 75 nee 19999 n oe = 
p 501 1 15 110 %%% n NOT F155: Tek ali} 


$ 2. 9 W 4 H E N Any Number of ſimple E 1 


- chem” it is obvious that the higheſt Dimenſion > 
of the unknown Quantity in their Product is e- 
qual to the Number of thoſe ſimpk Equations; 
and, the Term involving the biene Tinea: 
is called the Firſt Term of the Fynation'g 
rated by this Multiplication. The Term in- 
volving the next Dimenſion of the unknown 
Quantity, , lefs than the greateſt hy Uni, is 
called the Secang; Term of the Equation) qthe:: 
Term involving t the next Dimer i 
known Quantity, which i is leſs. than che: greateſt 
by two, the Third Term of the Equation :, g., 
And that Term which involves no. .Dimenſian . 
of the unknown Quantity, but is ' fame known... 
Quantity, is is called the Left Term, Afthe E 
tion. $5 971009. 218 
«The Number of Terms is. 1 greater... 
than the big beſt Dimenſion of the unknown. Quan- 
tity by Unit.” And when any Term is want- 
ing, an Aſteriſt is marked in its Place. The 
Signs and Coefficients of Equations will be un- 
derſtood by 3 the following Table, 
vhere 


quations are multiphed by each ?- 


—— yw_— —— — — 


— = 
ee aa rr ne re tn OOO CCC 
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where the 85 Equations *—4, x x, &c. are mul- 
tiplied by one another, and produit N the 

higher e 


x - * 5 x gre ths 
3d 7 ” 1 FT TK » #* *» #4 43 * 7 * 
x R 134 Dnodzi 843 10 iaetorf zo ] 


U 


ne 
i wt 43 3% + 


(4. 15e kee, a a Biquadratic, 


4 % , 
2 En 4 *A1\ {IN 2 


1:6 be 101 


i 31 300-900 


, 1221 117 | 112 
* eln 2121 i 
- * 
= $ ; +3 
a « ja fk 
£ : . \ 
« + Aa - * 5 » * 7 — » & - & 110 
1 *4 iv 44 # * — « 2 P & X 7 v7 i F.Y 1 4 
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he „ S3 From the Inſpectiog of th theſe 127 FE] . 
iris plain, that the Coefficients of the fi 5 7 815 m 
is Unit. "g's 
The Coefficient of ho ſecond Term = 5 


Sum of all the Roots (a, b, c, d, * 

Signs changed. u 
The Coefficient of the third be - 
of all the Product, that can be 


ing any two of the Roots (2, b, d, e,) 22 
a note... : x 


A —— —— — 


The Coefficient. oft {he fourth rem! is the Sum" | 
of all the Products that can be nde multiplying = 
into one another any three of the Roots, with 
” their Signs changed. And after the ſame Man — 1 
ner all che oher Coefficients are farmed — = 
The laſt — 2 is always the Product of ali ile 1 
20, | Roots having their Si. ut * uff br Ii 
one another... 133 FF 
$ 14. Ae the Table ſuch fonple Equa- 
tions only are multiplied. by one another as have | 
_ poſitive Roots, it is eaſy to ſee, that © the Co- | 
efficients will be formed according to the ſame 
Rule when any of the ſimple Equations have 
negative Roots. And, in general, if ä -D. 
＋ go repreſent any Cubic Equation, then 
| ſhall y be the Sum of the Roots ;.q the Sum of 
13. che Products made by multiplying any two of 
= them; r the Product of all the three: and, if 
., +9, —r, +5, —1, 4, &c. be the Co- 
efficient of Wie 2d, 24, * 5th, 6th, 7th, 
Se. 


** 


ic. 
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Er. Terims of any Equation, "then chan 5 
the Sum of all the Roots, J the Sum of 

Products of any two, 1 the Sum of he Products 

of any Three, 5 the Sum of the Produtts of any 

Four, 1 the Sum of the Products of any Fixe, 
-# the Sum of the Products of any Siu, Cr. 

81 When therefore any Equation is pro- 

poſed to be reſolvetl, it is eaſy to find the Sum 

of the Roots, (for it is equal to the Coeffcient 

of the ſecond Term having its Sign changed 9 

or, to find the Sum of the Produds that can = 

.made by pier fies oy: NO Loa am 

of thern. \ tf ine 90? 
But if is fo EY «to gd. che Hum of the 

Squares, or of any Powers, of the. Roots. 
The Sum of the Squares is always pi—2g. 

For calling the Sum of the Squares B, ſince the 
Sum of the Roots is p; and. the Square of the 

Sum of any Quantities. is always. erna to the 

Sum of their Squares added to double the Pro- 

duc̃ts that can be made by multiplying any two 
of them,” ' therefore 2*=B+24,, and confe- 


— * 24. For wry rave 


2: I 22 And ſo for: any 
other Number of = RAGE We 
Fore, < che Sum of che Squares of the Rovts 


may 


21 2. 315 


F 
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may always be found, by ſubtracting 29 from 
6 7” ths Quantities, 2; and 4. being always 

prop in TOPPERS üg 
Equaticu : . 1 us 


finee they are the, 0 

1 rt $16, « The, Sum cn Gene hte 
of any Equation, is equal to rtr, ot to 
Bp pg fr. For B--qxp gives always the 
Exceſs of the Stum of the Cubes bf any Quan- 
tities above the triple Sum of the . Products that 
can be made by. multiplying any three E of thei. 
Thus, a ee eee ad Ceci 
Big) =4*+b* þ{-—gabe; dhe bre if 

the Ty of the Cubes is called & By = 
2B— =( yr and e — +: 3 „ talbe⸗ 

ntl SE 37. | 
After the ſame Manner, if D be 72 dee 
the 4th Powers of the Roots, you will find. that 
>DazpCqB4pr—zs, ard if E be the Sum of 
cke zth Powers,” then ſhall F=pD—g Sor Bo 
-$3+37 And after the fame Marmer the s 
of any Powers. of the Roots may be found; 


Progrelſion of theſe Eapreltns 'of the 553 of 


— 


the Powers being obvious. | pl 7 oo er, 
F375; As fot the: Signs. of the, Ra 
*Equation' produced, it appears Fon Inſpection 
chan che Signs of all che Ferms im any Equation 
iis the Table: are alternatehy ＋ and —* theſe 
Rquations are generated by multip ing von- 
eee . A8 ah ze. by one 


Year | N 


* 
— IIA 1 
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another. The firſt Term is always ſome Pure 
Power of , and is poſitive; the ſecond is a 
Power of x multiplied by the Quantities , 
. —c, &c. And fince theſe are all nega- 
tive, that Term muſt therefore be negative. 
The third Term has the Products of any two of 


_ theſe Quantities (—a, —3, —c, &c.) for its 


Coefficient 3 which Products are all poſitive, 
becauſe —x— gives . For the like Reaſon, 


the next Coefficient, conſiſting of all the Pro- 


duets made by - multiplying any three of theſe 
Quantities, muſt be negative: and the next po- 


| fitive. So that the Coefficients, in this Caſe, 


will be poſitive and negative by Turns. But 
<« jn this Caſe, the Roots are all poſitive; ſince 
x=8, x=b, xc, d, x=e, &c. are the aſ- 


| famed ſimple Equations. Ir is plain then, that 


« oben all the Roots are poſitive, the Signs are 


alternately + and — 


$ 18. But + che Rove ate all RS then 


Ter d. &c. =0 will expreſs the 
Equation to be produced ; all whoſe Terms will 
plainly be poſitive ; fo that · when all the Roots 
of an Equation are negative, it is plain there 
toill bens changes in. the Sgns of the Terms of that 
Equation.” 

$19. In general, « there are 86 many poli- 
tive Roots in any Equation as there are Changes 
in the Signs of the Terms from + to —, or 


from — to ; and the remaining Roots are 


negative.“ 
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negative. The Rule is general, if the impoſ- 
ſible Roots be allowed to be * n 0 
negative. 

8 20. In Quadratic Equations, the two Rove 
are either both poſitive, as in this 
— mn | 

bx 
whe chere are two Changes of che Signs : 3 or | 
hey are both negative, as in this | | 


ehe! 121 al, 


where there is not any Change of the Signs. 
Or there is one poſitive and one , as in 


Dex. — 34 — abo, 
where there is on. one Change of the 

Signs; becauſe the firſt Term is poſitive; and | 
_ the” laſt negative, and there can be bur one 
5 — whether the 2d Term be or,! 
Therefore the Rule given in the: geh 9 
tends to all Quadtatic Equations. 


pu 27. In Cubic Equations, the e Root may bes 


. All poſitive as in this, x 

205 in which the Signs are alternarely + and' 

—, as appears from the Table; arid there are 
three Changes of the Signs. 

2. The Roots may be be all negative as in the 


Equation & La a ED Pc o, where there can 
be * 8 oor Signs. 2 Gr, 2 1 
| E 2 5 *$«. 0) : 3 „ 
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There may be two poſitive . Roots and 


one ara as in the Equation x—axx—bx 
2 


1 ang — 


e 5 which gives 5 2 1 f > =; DIE + 


. 
*, 


Here there wot be two == of the Sens 


becauſe if a+: is greater than c, the ſecond 


Term muft be negative, its Sarnen being 


— 2 — c. 
And if a+d-is leſs POLY 5 975 the third 


Term muſt be negative, its Coefficient +ab— 


acr—bc(ab—cxa+b)* being in that Caſe nega- 
tive. And there cannot poſſibly be three 
Changes of the Signs, the firſt and bangs Terms 


having the ſame Sign. 


4*. Fhere may be one poſitive Re Root 222 


two negative, as in the Huston Tae 
o, which gives 


x ＋ a] +a4bY 
+6 1 mat co. 


Where there muſt be always one Change of the 


Signs, ſince the firſt Term is poſitive and the 
laft negative. And, there can be but one 
Change of the Signs, ſince if the 2d Term is 
negative, or a+6 leſs than c, the 3d muſt be 

negative 


. „Derne the Rectangle axb is leſs than the Square 


. 3 and therefore much- leſs than a+d Xe. 


% 
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negative alſo, ſo that there will be but one 
Change of the Signs. Or, if the ſecond Term 
is affirmative, whatever the 3d Term is, there 
will be but one Change of the Signs. It ap- 
pears therefore, in general, that in Cubic Equa- 
tions, there are as many affirmative Roots as 
there are Changes of the Sign of the Terms of 
the Equation, 
The fame Way of Reaſoning. may be em 


5 tended to Equations of higher Dimenſions, and 


the Rule delivered in 5 19, extended to all 
Kinds of Equations. | 

$22, There are ſeveral Conſettaties of what 
has been already demonſtrated, that are of Uſe 
in diſcovering the Roots of Equations. But 
before we proceed to that, it will be convenient 
to explain ſome Transformations of Equations, 

by which they may often be- rendered more 
. ſimple, and the Inveſtigation of their * 
more eaſy. 


„„ GA 


— — — nm = 
— 1 — — 


— — — — 
———— — 


——— 


——— * — 


1 72 „ dan. 


— 


: 14 114 
2100 b 


2 „. 11 7 


of £2 E Tee OY of Equations 4 
15 and exterminating their interme- 


4 1 


| diate „„ rel 7 mer 


46; 


$ 2 3. 7E now proceed to explain The 


"Transformations of Equations that 
are moſt el; and brit, . The affirmative 
Roots of an Equation are changed into negative 
Roots of the ſame Value, and the negative Roots 
into affirmative, by only changing the Signs of the 
Terms alternately, beginning with the ſecond.” 
Thus, the Roots of the Equation *-* —19x* 
＋49 * —½ο are +1, 42, +3, 5 whereas 
the Roots of the ſame Equation having only the 
Signs of che ſecond and fourth Terms changed. 


Dix. Ar 198" zee are ed 


—25 —3. 45. i £ 
To underſtand the Reaſon of this 18 let 


— 


us aſſume an "Equation, as X—axa—bxx—cx 


Ede, &c. Do, whoſe Roots are +a, 


+þ, Te, d, e, &c. and another having its 
Roots of the ſame Value, | but affected with con- 


_ Signs, as xe eech Eec, dec. 
It is plain, that the Terms taken alter- 
wow beginning from the firſt, are the ſame 


in 


* 
— . 
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in both Equations, and have the ſame Sign, 
being drehn &s of an even Number of the 
Roots; the Product of any two Roots having 
the lame Sign as their Product when both 1555 
signs are changed; as LAN e. 
But the ſecond Terms and all taken alter- 


nately from them, becauſe their Cqefficients in- 


volve always the Products of an odd Number 
of the Roots, will have contrary Sign in the 
two Equations. For Example, the H 
four, vix. abcd, having the ſame Sign in boths 
and one Equation in the fifth. Term having 
abcch-Te, and the other abchime, f it. follows 
that their Product abcde muſt have. contrary 


Signs in the two Equations: theſe two Equa; 


tions therefore that have the fame Roots, but 


wirh contrary Signs, have nothing different but 


the Signs of the alternate Terms, beginning 
with the ſecond. Fi rom which | it follows, « that 
if any Equation is given, and you change the 
Signs of the alternate Terms, - beginning with 
the ſecond, the new Equation will have Roots 
of the ſame Value, but with contrary Signs.” 

§ 24. It is often very uſeful © 70 transform an 
Equation into another that ſball have its Roots 


8 greater or leſs than the Roots of be propoſed E- 


quation by ſome given Difference,” 
Let the Equation propoſed” be the Cubic 
pr Tro. And let it be required to 
transotm 7 it into another Equation whoſe Roots 
L 3 ma 


ut of 


TR —U—. 1 CET ITSO n 
* a : 
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ſhall be leſs than the Roots of this Equation by 
ſome given Difference (e), that is, ſuppoſe 
 y=x—2, and conſequently x=y-+e ; then in- 

ſtead of x and its Powers, ſubſtitute y+e and its 
Powers, and there will ariſe this new Equation, 


| (Ay +30 +369 + e. 
D =0 
r | 


1 


| whoſe Roots are leſs than the Roots of the pre- 
. ceding Equation by the Difference (e). 

If it had been required to find an Equation 
whoſe Roots ſhould be greater than thoſe of 
the propoſed Equation by the Quantity (e), 
then we muſt have ſuppoſed y e, and con- 
ſequently x=y—e, and then the ather Equa- 
tion would have had this Form. | | 


5 — „ 
—y F2py pe 
e 

„ 


— 0 


If the propoſed Equation be in this Form. 
„* px Tur, then by ſuppoſing #-4+e=y 
there will ariſe an Equation agreeing in all Re- 
ſpects with the Equation (4), but that the ſe- 
cond and fourth Terms wy havc contrary 
| Signs. +; 


And 
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And by ſuppofing x—ez=y, there will ariſe 
an Equation agreeing with () in all Reſpects, 
but that the ſecond and fourth Terms will have 
| e Signs to what they have in (B). Fi 
The firſt of theſe e gives this E- 
quation, 


(C) Y—39*+ 30% —e? 
+ py — 2pey pe” 
* — 
* 


o. 


* 


The dads aaa gives the Equation 


(D)y*+39" a8 Je. 
5 n 3 
1 42 


I 25. The firft Uſe of this Transformation 
of Equations is to ſhew “ how the ſecond (or 


 » other intermediate) Term 1 be taken away out. 


of an Equation.” - 
It is plain that in the Baade (4) whoſe ſe⸗ 
cond Term is 3e—py?, if you ſuppoſe ep, 


and conſequently. zee o, then the ſecond 
Term will vaniſh. 


In the Equation (C) wink and Term is 


—ze+pw*, nn eee Term 
alſo vanihbe. 

Now the Equation (A) was dec from 
#*—px*+9x——r=0, by ſuppoſing y=x—e: and 
f ** 
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the Equation (C) was deduced from x p 
+r=0;_ by ſuppoſing = r. From which 
this Rule may eafily be deduced for extermi- 
nating the eg Term out of any a: E- 


e 1 73 . 22 of L240; 10&75 9 © 1nd! Fo 
* 1 L F. en ; IJ? 39: | 
anlegt: d bor 


40 Adi to the unknown Deen of the gion * - 
quation the mird Pant of tbe Corfficient F the 
.., ſecond Term with. ils proper Sign, viz. Y. 
and ſuppoſe this Aggregate equal 1 {0 à neu un- 
known Quantity (y). From this Value of y 
nd a Value of x by Ti ran/pg/i tion, and ſubſti- 
8 tute this Value of x and fis. Powers in the 
given Equation, and there will. ariſe a new 
S quation that foal Want the e ſecond Te erm. w 


EXAMPLE. 


Leet it be required to exterminate the ſecond 
Term out of this Equation, x*—gx*+26x— 


34=9, ſuppoſe x—3=2, or y++3=x 3 and ſub- 
onthe coc to the Rule, you will find 


J: +2 739+27 


F * i 
- . 4 - R * > 
Wit þ $3 TEC CRT CF 1411 12 1411186. 11 11444 
3 1 5 be F *, + F 34 4. & © 4 16 * a E % # Wn $ © * as 7 #14, N 
* * 
7. 
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In which there is no Term wfiere y is of two 
Dimenſions, and at- Aſteriſſe is placed in the 
rede the 2d Term, to ſhew it is wanting. 
8 26. Let the Equation propoſed be of any 


| Number of Dimenſions repreſented by (n); and 
let the Coefficient of the ſecand Term with its 


_ prefixed be e then ren — , 


and conſequently 19-2 and ſubſtinging 


this Value for x in the given Equation, there 
will ariſe a new Equation that ſhall v warit r the ſe- 
cond Term. 

It is plain from what was ; etch in 
Chap. 2. that the Sum of the Roots of the pro- 
poſed DP is +, and ſince we ſuppoſe 


y=x+ , It follows, that in the new Equation, 
each Value of y will be leſs than the reſpective 


Value of x by Z and, ſince the Number of BO 


the Roots is u, it follows that the Sum of the 
Values of y will be * than Dp. the Sum of 8 


the Values of x, by 1 the Difference of any 
two Roots, that is, by + * therefore the Sum 
of the Values of y will be Tyr o. 


- But the Coefficient of the ſecond Term of the 
Equation of y is the Sum of the Values of y, viz. 
, and therefore that Coefficient is equal to 
nothing; and n in the Equation of y, 


the 


{| 


is more caſy. And, if you can find the Value 


— ov 


. 7 
- 3 
* 


— 
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the ſecond Term vaniſhes. It follows then, 


that the ſecond Term may be lemma out 
of any given Equation by the lelbo vids 


R UL. E. 


Divide the Coefficient of the ſecond Term of the 
propoſed Equation by the Number of Dimenſions 
of the Equation ; and aſſuming a new unknown 

Quantity y, add to it the Quotient having its 
Sign changed. Then ſuppoſe ibis Aggregate 
equal to x the unknown Quantity in the pro- 

poſed Equation ; and for x and its Powers, 


_ . Jubſtitute the Aggregate and its Powers, ſo 


f ſhall the new Equation that ariſes want its i 
cond Term. wy 


F 27. If the propoſed Equation is a "OY 
tic, as x*—px+9q=0, then, according to the 
Rule, ſuppoſe px, and e this 
Value for 2 you will find, 


2 


> 8 * . 12 
jo from this Example the Uſe of exterminat- 


ing the 2d Term appears: for commonly the 


Solution of the Equation that wants the 2d Term 


pf 
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of y from this new Equation, it is eaſy to find 
the Value of x by Means of the Equation 
px. For Example, 
Since y* +9—297 So, it follows that 
1 „ , fo 
that & D == c xP © 


which agrees with what we demonſtrated, ; hep 


| 13. Part 1. 
If the propoſed Equation i is a Biquad ratic, as 


* -r Ea —rx+5=0, then by ſuppoſing | 


x—p=y or x Ap, an Equation ſhall ariſe 


having no ſecond Term. And if the propoſed 


is of 5 Dimenſions, then you muſt ſuppoſe 

* Ep. And ſo on. 

$28. When the ſecond Term in any Equa- 
tion is wanting, it follows, that * the Equation 
has both affirmative and negative Roots,” and 
that the Sum of the affirmative Roots is equal 
to the Sum of the negative Roots :** by which 
Means the Coefficient of the 2d Term, which 
is the Sum of all the Roots of both Sorts, va- 
niſhes, and makes the ſecond Term vaniſh. 


In general, « the Coefficient of the ſecond 


Term is the Difference between the Sum of the 
affirmative Roots and the Sum of the negative 
Roots:” and the Operations we have given 


_ ſerve only to diminiſh all the Roots when the 


Fun of the Affirmative is greateſt, or increaſe 


the 


N Fo ors RS 


* 
" yo . own” SEES oo 6 
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the Roots when the Sum of the Negative is 
greateſt, ſo as to balance them, and reduce them 
to an Equality. 9 

It is obvious, that in a Quadratic Equation 
that wants the, ſecond Term, there - muſt be one 
Root affirmative and one negative; 3 and theſe 


muſt be equal to one another. - 
| 3 


: In a Cubic Equation that wants _ "EY 
Term, there muſt be 1155 two. affirmative 


— -4 


that muſt I negative ; 3 or, two negative equal 


to a third chat muſt be poſitive. 8 


„Let an Equation x ee * 
propoſed, and let it be now . to exter- 
minate the third Term.“ 

By ſuppoſing y = -e, the Coefficient of 0 
3d Term in the Equation of y is found (ſee E- 
quation A) to be 3e*—2pe44. Suppoſe that Co- 
efficient equal to nothing, and by reſolving the 
Quadratic Equation ge*—2peþqz0, you will 
find the Value of e, which ſubſtituted for it in 
the Equation y=#=e, will ſhew how to tranſ- 
form the propoſed Equation into one that ſhall 


V bft Shird T bis , e p. 
8 Tbe SM g6*—2peÞ4=0 gives 72! 
. Sa chat the propoſed Cubic will be 


craniformed into an Equation wanting the 3d 
Term 
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Term by ſuppoling il en Oe 30 "FENG 
A, * 115183 N CS 02 — 
* . | e 


rte propoſed Equation isof 1 Dießen, 
the Value of e by which the zu Term may be 
taken away, is had by reſolving the Quadratic 
Equation fb = -— ? x24 —L 0. ſuppoſing —b 


„ (( 

and + to be the Coefficients of the 24 and 34 
Terms of the propoſed Equation. Sher? 

The 4th Term of any Equation may be taken 
away by ſolving a Cubic Equation, which is the 
Coefficient of the 4th Term in the Equation 
when transformed, as in the ſecond Article of 
this Chapter. The 5th Term may be taken 
away by ſolving a Biquadratic; and after the 
ſame Manner the other Texas can be extermi- 
nated if there are ax. 1 he 


X. 


929. There are other Tranſnuatons of * 


quations that on ſome Occaſions are uſeful. 


An Equation as & r KO aby a 


transformed into another — Hall have its Nbots 
equa] to the Rools of this Equation ' multiplied by 
a given Quantity, as f, by ſuppoſing y=f*, and 
conſequently x= 7. and ſubſtituting this Value 


= # in the propoſed Equation, there will atiſe 


re. and multiplying” all. by: 
F 9 He 9 *g, where the Cor, 


efficient 


* 
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efficient of the 2d Term of the propoſed Equa- 
tion multiplied into f makes the Coefficient of 
the ſecond Term of the transformed Equation ; 
and the following Coefficients are produced by 
the following Coefficients of the propoſed Equa- 
tion (as 3, 7, &c.) multiplied into the Powers 


of f (F, F, &c.) 

Therefore to transform any Moon into 
another whoſe Roots ſhall be equal to the Roots 
of the propoſed Equation: multiplied by a given 
Quantity (J), you need only multiply the 
Terms of the propoſed Equation, beginning at 
the 2d Term, by f, f*, f*, f*, &c. and put- 
ting y inſtead of x there will ariſe an Equation 
having its Roots equal to the Roots of the pro- 
poſed Equation multiplied by (F) as required. 

S 30. The Transformation mentioned in the 
| laſt Article is of Uſe when the higheſt Term of 
the Equation has a Coefficient different from 
Unity; for, by it, the Equation may be tranſ- 
formed into one that ſhall have the A 
of the higheſt Term Unit. 


If the Equation propoſed is ax Dr ＋4—7 
=0, then transform the Equation into one 
whoſe Roots are equal to the Roots of the pro- 


poſed Equation Oe by (4). That is, 


ſuppoſe y=ax or 1 2 and there will arife 
3 ſo that 


23 


5* Y + qgay-ra*=0. From 
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From which we eaſily draw this 


R UL E. 


66 _ the unknown Quantity x imo l y. 
dbrefix no Coefficient to the higheſt Term, paſs 
the 2d, multiply the fully Terms, beginning 
with the 3d, by a, a“, a*, a“, Sc. the Pow- 
ers of the Coefficient of the vighef Term of the 
: propoſed Equation, reſpeftively. 5 


Thus the Equation 33 —1 eite. 
is transformed into the Equation 5 — 135 ＋ 14 
 x3xx+16x9=0, or y*—13y ＋ A2 14420. 
Then finding the Roots of this Equation it 
will eaſily be diſcovered what are the Roots of 
the propoſed Equation : ſihice u , or uA 
And therefore fince one of the Values of * is 

— it follows that one of the Values of 

—3. 

$ 31. By the laſt Rule &« an Equation is ph 

cleared of Fractions. Suppoſe the Equation 


propoſed is x*— Ex 2 Z Za o. Multi- 
ply all the Terms bo the Product of the Deno- 
minators, you find 
mne -ne p . 
Then, (by laſt $) transforming the Equation | 
into one that ſhall have Unit for the Coefficiene 
of the higheſt Term, you find 
| „ e +m . FRO. > 
| Or, 
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Oh. negleRting the Deriominator of the laſt 
Term —,you need only multiply all the Equa- 
tion "Thy mn, which will give 

eee conn OR And 


5 chen * — mn _ 


- Now after 5 Values of y are ira; it will 
be. caſy to diſcover the Values of «3 _ in 


the firſt Caſe, ===; | in the ſecond, 4 = 2 t 


For Example, the Equation 
 83®—4x—45—0, is firſt reduced 
to this Form 3x** —4x—25<==0, and then 
transformed into y*#—12y—146=0. : 
Sometimes, by theſe Transformations, © Surds 
are taken away.” As for Example, . 
The Equation x%—py/ axx = o, ls 


putting y= Ser, or #= — is mmi 


into this Equation, 2 „N ar -g. 2 
Varo. Which by 3 all the Terms 
by a, becomes y *—pay* - ra =0, an 
Equation free of Surds, But in order to make 


this ſucceed, the Surd (va) mult enter the alter- - 


nate Terms beginning with the ſecond. 
$32. An Equation, as æ —px*-qgx—r=0, 
may be transformed into one whoſe Roots ſhall be 
r 1 reciprocal of #3 by ſuppoſing 
| 72 
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5 -and J==> or, (by one Suppoſition) 


| 8 
, becomes 2 pra 
1 the Equation of y. it is manifeſt 5 the 


Order of the Coefficients is inverted z fo that if N 
the ſecond Term had been wanting in the pro- 


poſed Equatipn,, the laſt but one ſhould, have 
been wanting in the Equations of and z. If 
the 3d had been wanting in the Equation pro- 
poſed, the laſt but two had been wude in the 
Equations of y and x. 

Another Uſe of this Transformation is, that 


* the greateſt Root in the one is transformed into 


the leaſt Root bh rhe other. For ſince KT» 


and J=—= —, it is plain chat when the Value of K 
is greateſt, the Value of I 1s laſt, and con- 


verſely. Re 
How an Equation i is e fo as to ae 


all its Roots affirmative, halt be es" in the 


eee in Dr ee al * 
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* 22 518 37 9796 Was 


HA P. Ty. 9 1 


r $02 p yrov 503 


of oding the Roots of Veuiiione 


1 35S I 


when two or, more of 00 Rocky 


are equal to each other. d eli 


= > 1 wat 14h cri} ;, FIR Spy A 23 £131) 115 


833. DEfore we . 1 bow to 
D reſolve Equations of all Sorts, we 


ſhall firſt demonſtrate © how an Equation that 


has twoor more "Roots equal," is depreſſed 10 @ 
lower Dinenſon; and its Reſolution made, 
conſequently; more eaſy. And ſhall endeavour 
to explain the Grounds of this and many other 


Rules we ſhall give in the remaining Part of this 
Treatiſe,” in à more ſimple and Ne dame 

than has hitherto been done. 

In order to this, we muſt look back to os 24. 

where we find that if any Equation, as æõ - 

-+qx—7=0, is propoſed, and you are to tranſ- 

form it into another that ſhall have its Roots 


leſs than the Values of æ by any given Diffe- 


rence, as e, you are to aſſume y=x—4, and 
ſubſtituting for x its Value y4-e, you find the 
aransform'd Equation, 


„ 489, T l, 
5 Pe; 


t "Ip vi $ 


A 
( 


Wheie u we are to . 

1. That the; laſt Term (e*—pe* 49. is 
the very Equation that was propoſed, —_ 
e in Place of *. * 5 ne 3 
29. The Coefficient of the fat Term but one 
is $6* <2pe#4, which is the Quantity that as 
riſes by multiplying every Term of the laſt: Co- 
efficient e*—pe*-+ge—7r by the Index of e in 
each Term, and dividing the Product Jo! 
2pe*—+ge. by the n e that is common to 
al the Terms. 

35. The Coefficient ak * lat 2 but 
two is 30—p,. which is the Quantity that ariſet 
by multiplying every Term of the Coefficient, 
laſt found (3e*==2per+4) by the Index of e in 
each Term; and dividing the whole by 22 
8 34. Theſe ſame; Obſervations extend ta 

Equations of all Dimenſions. If it is the Biqua - 
dratic x*—px* l - -= c that is propbſ- 
ed, then by ſuppoſing y =, it . _ 
formed into this other, 0405 A D 


„ e 6e 141 84 
— 2 = P , 


9 


is ban ar 1 YT 
3414 s 5 20 ak FF SF ; TER 
ILY * * 3 


Where again it th obvious that the laſt Term is 
the Equation that was propoſed, having e in 
Place of x x. That the laſt Term but one has 
12d i M2 ” for 
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for its Coefficient the Quantity that arifes by 
multiplying the Terms of the laſt Quantity by 
the Indices of e in each Term, and dividitig 
the Product by e. That the Coefficient of the 
laſt Term but two, (viz, 6be*—3pe+9) is de- 
duced in the ſame Manner from the Term im- 
mediarely following, that is, by multiplying 
every Term of 4e*—3pe* Þ29e——r by the In- 
dex of e in that Term, and dividing the whole 
by e multiplied into the Index of y in the Term 
fought, that is, by enz. And the next Term 
„ ee, 40 257 
is 46——P= e 
The Demonſtration of 5 may e be 


made general by the Theorem for finding the 


Powers of a Binomial, ſince the transformed 


Equation conſiſts of the Powers of the Binomial 


ye that are 'mark*d by the Indices of e in the 
faſt Term, multiplied each by their Coefficients 

1, —Þ, +9, —r, +s, &e. reſpectively. - 
$ 35. From the laſt two Articles we can ea- 
fily find the Ferms of the transformed Equation 
without any Involution. The laft Ferm is had 
by ſubſtituting e inſtead of x in the propoſed 
Equation ; the next Term, by multiplying every 
Part of that laſt Term by the Index of e 
in each Part, and dividing the whole by e; 
and the following Terms in the Manner de- 
{rived in rhe 2 Article z the reſpective 
| Divifors 
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Diviſors being the Quantity e multiplied by 
che Index of y in each Term. 


The Demonſtration for finding 8 two or 


more Roots are equal will be eaſy, if we add to 
this, that ©* when the unknown Quantity enters 
all the Terms of any Equation, then one of its 
Values is equal 10 nothing.” As in the Equation 


4 p Ag o, where $—0=0 being one of 


the ſimple Equations that produce x * *+ 
gro, it follows that one of the Values of * is O. 
In like Manner two of the Values of ; x are equal 
to nothing in this Equation * - S; and 
three of them vaniſh in the Equation x*—px*=0. 
It is alſo obvious (converſely) that © if, æ 
does not enter all the Terms of the Equation, 
4. e. if the laſt Term be not wanting, then none 
of the Values of x can be equal to nothing,” 
for if every Term be not multiplied by x, then 
*. s cannot be a Diviſor of the whole Equation, 
and conſequently o cannot be one of the Values 
of x. If x* does not enter into all the Terms 
of the Equation, then two of the Values of x 
cannot be equal to nothing. If x* does not en- 
ter into all the Terms of the Equation, then 
three of the Values of x cannot be equal to no- 
thing, c. | 
$ 36. Suppoſe now has two Values, of; x are 
equal to one another, and to e; then it is plain 
that two Values of y in the transformed Equa- 
tion will be equal to nothing: ſince e. 
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And confequenly, by the laſt . EI 
laſt Terms of che wangen Equation, muſt 


vaniſh. - 4 9909 


Suh it is the Cublc Equation of 8 33. that = 


is propoſed, vix. x3 —Px* f=; 3 A) 


e- 


cauſe we ſuppoſe x=e, therefore the lalt Term 
of the transformed Equation, VIZ. £7 —pe* = 
r will vaniſh. And ſince wo. Values. of; * 
vaniſh, the laſt Term but one, vis. ze *J—2P 
+9y will vaniſh at the ſame time. So that 
ge ape fg o. But, by Suppofition, ex 


therefore, when two Values of x, in the Equa- 


tion x*—px* fuer o, are equal, it follows, 


that 35 —2p˙ O. And thus * the pro- 


poſed Cubic | is depreſſed to a Quadratic that has 


one of its Roots equal to one of the Roots of 


dat. Cubic, 
If it is the Biquadratic that is propoſed, viz, 


rr -r rs, and two of its Roots 
be equal; then ſuppoſing e, two of the Va- 


- Jues of y mult vaniſh, and the Equatjon of $ 34 


Will be reduced to this Form, 


e —_ 
= ap l- =0. Jo that 


V 


1 3 R 


M 0 Tage ; or, becauſe „ 


In 
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In general, "when two Values of x are equal 
to each other, and to e, the two laſt Terms of 
the transformed Equation vaniſh: and conſe- 
quently, „if you multiply the Terms of the 
propoſed Equation by the Indices of & in each 
Ferm, the Quantity that will ariſe will be =o, 
and will give an Equation of à lower Dimen- 
ion than the propoſed, that ſhall have one of 
its Roots equal 5 one of the Roots of the pro- 
poſed Equation. ?“ 

That the laſt two Terms bf the Equstion va- 
niſh when the Values of x are ſuppoſed equal to 
each other, and to e, will alſo appear by coti- 
_ Hideting, that ſince two Values of y then be- 
come equal to nothing, the Product of the Va- 
lues of y muſt vaniſh, which is equal to the laſt 
Term of the Equation ; and becauſe two of the 
four Values of y are equal to nothing, it follows 
_ alſo that one of any three that can be taken out 
of theſe four miſt be =o ; and therefore, the 
Products made by multiplying any three muſt 
*vanifh ; and conſequently" the Coefficient of the 
laſt Term but one, which is equal to the Sum 
of theſe Products, muſt vaniſh. 

I 37. After the ſame Manger, if have are 
three equal Roots in the Biquadratic x 
qx*—rx+5=0, and if e be equal to one of 

them? three Values of „(e) vill vamiſh, 
and conſequently y* will enter all the Terms of 
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the transformed Equation ; ; which wi have 
this F. 5 oi 


2 3. e. 85 cer hero 


6e* —=3Pe+9=0 3 or, ſince ex, therefore, 
r- —3px+1=0: and one of the Roots of 
this Quadratic will be equal to one on the 2 


of the propoſed Biquadratic. 


In this Caſe, two of the Roots bf the Cubic 


Equation 4x*—32px*+29x—7==0 are Roots of 


the propoſed Biquadratic, becauſe the Quantity 
6x*—37x+4 is deduced from 4x* —=2px*þ29x a 


Err, by multiplying the Terms by the Indexes 
I of x in each Term. 


In general, 8 is che Wer of 


f | equal Roots i in the propoſed Equation, they will 


all remain but one in the Equation that is de- 
duced from it, by multiplying all the Terms by 


the Indexes of x in them; and they will all re- 


main but two in the Equation deduced in the 


| fame Manner from That; and fo of the 


reſt. = = 
$ 28. What we obſerved of the Coefficients - 


d] Equations transformed by ſuppoſing y=x—2, 
leads to this eaſy Demonſtration of this Rule; 
and will be applied in the next Chapter to de- 


monſtrate the Rules for n the Limits of 
Equations. | 

It is obvious however, that tho* we make uſe 
of Equations whoſe Signs change alternately, 


e | dhe 


— 
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the ſame Reaſoning, extends to Al. other Equa- 
tions. | 
. Conſequence alſo of obs has Las de- 
monſtrated, that © if two Roots of any Equa- 
tion, as, 
3 * —px*+98—r=0, 2 are equal, then 
_ eultilying, the Terms by any Arithmetical 
Series, as, 


84-3), rab, 4. 4, the Prododt willbe . 


For ſince 
Ami-. 3 and 
J -N TN o, it follows that . 8 
ax EY -h —2˙ν Tage LB er =0. 

Which is the Product that ariſes by multiplying 
the Terms of the prepoſed Equation by the 
Terms of the Series, a3, a 2b, a+Þ6, a; 
which may repreſent any Arithmetical Pro- 
"——_ 115 


* 


* 


S · Ä T LEE NE 


re 
— 


PDD I TN — 4 _— a 
r — > os 
\ er BRET X 


= _ on 
r 
— 


o * 4 7 * aa * 4 v 0 
= 4 
— "2 CR * * "x py de — ar 
— —————  — —__—_——— l - — bon — very roms : 
wh rr = * Þo- * **. — r = 
N 
* _— CO o 


— _ 


— —— — — RAR 
T4 \ - 
_ STI 
. 


. ar GG bathe ACE 
- CY - > CY 


> g . 
5 2 8 PPG SID” ty 2 
— 4 * Pant ys pres * Wo — 
* 4 ro C a 2 
- o © ar, -_ FIT = = 


17% . IAIS of | 3 


INE Bn. 1519717 "097 Mic 271 3} 
TRI TT E H A P. V. 22274 Irmi. 1 
* T ww; SJENE 1985 Njy 101 
od of the Limits of Equations. - 5 5 
181 A 3 Te N 
859. „„ * to diſ- 


cover the Limits of the Roots of 
8 by which their Solution i is much, fa- 


cilitated. 
Loet any Equation, As & Aro be 
propoſed; and tons; i, as we. into o the 
1 Vi tart n 
8 „ —2p9-—pT 

es ee, | 


— 74 


Where the Values of : y are lefs — the Ree, 
tive Values of x by the Difference e. If you 
ſuppoſe e to be taken ſuch as to make all the Co- 
efficients, of the Equation of y, poſitive, viz. 
e*—pe* þge—r, 3e — 2p, 3p; then 
there being no Variation of the Signs in the 

| b all the Values of y muſt be negative; 

and conſequently, the Quantity e, by which the 

"ak. of, x are diminiſhed, muſt be greater 5 
than the greateſt poſitive, Valueof  - and con- 

-ſequently muſt he the Limit of the Root of the 


Brut * rr T-. 0. 


t 
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It is ſufficient therefore, in order to find the 
Limit, to © enquire: what Quantity ſubſtituted 
for x in each of theſe Expreſſions x —px* pqx—r, 
gx *——2PxÞ<q, zx p, will give them all poſi- 
tive; for that Quantity will be the Limit re- 
quired. 


Jaft Chapter,” 


EXAMPLE. 


I 40. If a Equation v*—2x%—108%-4-308* 
 +63x--120=0 is propoſed ; and it is required 
to determine the Limit that is greater than any 
of the Roots ; you are to enquire what integer 
Number ſubſtituted for x in the propoſed E- 
quation, and following Equations deduced from 
it by 9 3 55 wal give, in each, a 8 Quan- 
tity. 
2 Tn., e 
* —6x*—15x A 


5 ng — 
; 34 $4 #7; 4 
p 22. N . ; —— * 
. wi * 85 1 44} 
{$18 


wS3 $4 wo. 


The leaft integer Number' which give each 
of theſe poſitive, is 2; which therefore is the 


Limit of the Roots of the propoſed Equation ; 
or a Number that exceeds the . Ro 
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— 


n 


TEP Dao ro dk TILL TU PEST 1 


RE SA BS ] 


_— 1 
22 — 8 - 
— — — 1 —— Ty —— — —— 
** 4+ & — 


nn . . v @pt=2. * K. Py Wart Barks, 


. 
e e . 


. — — 
1 ——— 


= « — 
———— — — 


ee — 


99 
— 


— — 


CL — — —— — 
r * — 


— — 
. 


—— ——— — — ans — ———ͤ — 
— — 


— 
1 


4 
1 
5 
v 


mn. 


Da. Boa - 23 
— At, we es n 
P 
8 b - 8 


— 4 — — S r 
_— .- - 
0 


Va 


* * 8 
——— — 


— 


2 ATRTAT IST of Part II. 

If the Limit of the Negative Roots is required, 
vou may, by F 23, change the Negative into 
Poſitive Roats, and then proceed as before to 
find their Limits. Thus, in the Example, you 
will find that —z is the Limit of the negative 
Roots. So that the five Roots of __e 1 
Equation are betwixt —3 and 2. 

$41. Having found the Limit char ſurpaſies 
the greateſt poſitive Root, call it nl. And if 
you aſſume y -x, and for x ſubſtitute n—y, 
the Equation that will ariſe will have all its 
Roots poſitive ; becauſe m is ſuppoſed to ſur- 
pats all the Values of x, and conſequently 
„ (y) muſt always be affirmative. - And 
by this Means, any Equation maybe changed is into 
one that ſhall have all its Roots affirmative. 

Or if —» repreſent the Limit of the negative 
Rodts, then by aſſuming y==x+#, the propoſed 
Equation ſhall be transformed into one that 

ſhall have all its Roots affirmative ; for 4 be- 
ing greater than any negative Value of x, it fol- 
lows, that yx muſt be always poſitive. 

$ 42. © The greateſt negative Coefficient of 

any Equation increaſed by 2 always exceeds 
the greateſt Root of the Equation.” 

Jo demonſtrate this, let the Cubic #* Pr- 
o be propoſed; where all the Terms 
"Ire negative except the firſt. Aſſuming y=x—e 

it will be min ace en into the Wen * 

Lon, LEA 


cars ALGEBRA. 273 


Ge ＋ e]. 
. 2 


» be" « IF 


1 Lo wud that he Coefficients 524. 5 
are equal to each other; and if you alſo e 
| eee nale 1 e e 


TOE) 


Where all n e being poſitive, it lids 
- that the Values of y are all negative, and that 
conſequently e, or p+1, is greater than the 
greateſt Value of x in the propoſed, Equation. 
2*. If q and r be not =p, but leſs than it, 
and for e you ſtill ſubſtitute p 1 (ſince the ne- 
e Fare 1 becomes leſs, the poſi- 


tive remaining e a. fei al 
the Coefficients of the Equation (4) become po- 
fitive. And the fame is obvious if ꝗ and have 
poſitive Signs, and not negative Signs, as we 
ſuppoſed. It appears therefore, that, if, in 
any Cubic Equation, p be the greateſt negative 
Coefficient, then p+x muſt nes, the e 
Value of *. 1 Toke 


$43. 3*. By the e Aeafwing it appears, 
that if g be the greateſt negative Coefficient of 
. . the 
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„ ATREAT ISE = - Part II. 
the Equation, and e=9t+1,. then there will be 
no Variation of the Signs in the Equation of y: 
for it appears from the Jaſt Article, that if all. 
the three (p, 9. ,) were equal to one another 
and e equal to any one of them increaſed by 
Unit, as to 471, then all the Terms of the 
Equation (4) would be poſitive. Now if e be 
ſuppoſed ſtill equal to 24, and p and r to be. 
leſs than 3, then, 4 foerliori, all theſe Terms 
will be poſitive, the negative Part, which in- 
volyes p and r being diminiſhed, while the po- 
ſitive Part and the negative ire 7 remain 
as before. 

4. After the ſame Manner i it is ie 
that if 7 is the greateſt negative Coefficient in 
the Equation, and e is ſuppoſed =r+1, then 


all the Terms of the Equation ( of y will be 


poſitive ; and conſequently 71 will be . 
than any of the Values of v». 
What we have ſaid of the Cubic 8 
En. is eaſily n a: 
others. | 

In general, we —— that A the d 
negative Coefficient in any Equation increaſed 
by Unit, is always a Limit that exceeds all the 
Roots c of that Equation.” - 

But 1 it is to be obſerved at. VS fins Se. phes 
the greateſt negative Coefficient increaſed by. 
Unit, i is very ſeldom the neareſt . Limit; that is. 


beſt eee theRule * Aa 39th _ 
44. 


1 
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ch 4, Having ſhewn in $ 41, how to change 
any propoſed Equation into one that ſhall have 
all its Roots affirmative ;* we hall only treat of 
ſuch as have all their Roots poſitive, in lat : 
remains relating to the Limits of Equations. 

Any fuck Equation may be repreſented by 
JA &c. =6z *whoſe Rode 
are ay & v8, & sds 19P9 + | 
And of ult ſuch - Equations two Limits" are 
_ eafily' diſcovered from what precedes, viz. O. 
which is leſs than the leaſt, and e, found ac- 
cording to & 39, which ſurpaſſes the rer 
| 3 of the Equation. 21G © 
But - beſides theſe; we ſhall now flicw how 
H find biber Limits betwixt the Roots them. 
ſelves.” | And, for "this Purpoſe will ſuppoſe 4 
to be the leaſt Root, the ſecond Root, & the 
third, and ſo on; it being arbitrary. N 
545. If you ſubſtitute o in Place of the un- 
known Quantity, putting & , the Ga 
that will ariſe from that Suppoſition is the laſt 
Term of the Equation, all the N chat in- in- 
volve x; vahiſhingg 5% 

If you ſubſtitute for æ a Quantity leſs dt e 
leaſt Root a, the Quantity reſulting will ry 
have the ſame Sign as the laſt Term; 3 chat 18. 

vill be pofitive or negative according as tte E- 
quation is of an even or odd Number of Df. 
menſions. For all the Factors a, =, 

_ Ke. will ER and their Produdt 
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will be poſitive or yegative ACGORUNG as their 
Number is mur or66e. + 8 | 
If yau ſubſtitute for x a Quemien greater than 0 
the leaſt Root 4, but leſs than all. the. other 
Roots, then the Sign of the Quantity 8 
will be contrary to what it was before; becauſe . 
one Factor ( becomes now poſitive, alt | — = aj 
the others remaining negative as before, 
If you ſuhſtitute for x a Quantity greater than 
the: two leaſt Roots, but leſs than all the reſt, 
both the Factors x—@, x—b, become poſitive, 
and the reſt remain as they were. So that the 
whole Product will have the ſame Sign as the WM - 
laſt Term of the Equation, Thus ſucceſſively 9 


placipg inſtead of x Quantities that are Limits * 
betwixt the Roots of che Equation, the Quan- | | v 


tities that teſult will have alternate] y the 
Signs + and — And, converſely, « if you 
find Quantities which ſubſtituted, in place of & 
in the propoſed Equation, do give alternately 
— and negative Reſults, thoſe Quantities 


are the Limits of that Equation. - 
It is uſeful to obſerve, that, in general, 


% when, by ſubſtituting any two Numbers for 
x in any Equation, the Reſults have contrary | 
Signs, one or more of the Roots of the Equa- | 
tion muſt be betwixt thoſe Numbers.” Thus, 
in the Equation +*—2#*—;=0, if you ſub- _ 
ſtitute 2 and 3 for æ, the Reſults are —5, +4 3 th 


whenes it allows that the Roots are betwixt 2 
and 
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and 3: for when theſe Reſults have different 
Signs; one or other of the Factors which pro- 


duce the Equations muſt have changed its Sign; 


ſuppoſe it is #=2, then it is plain that e muſt be 


betwixt the Numbers ſuppoſed equal to . 


546. Let the Cubic Equation x*==px*+-q# 
: Ergo de propoſed, and let it be transformed, | 


by aſſuming = -e, into the Equation 
„ 3% 3. ＋ en 


| uy n=. 
7, + 2 


* 


15 us 8 e equal Tocceftively, 8 to the 
three Values of x, beginning with the leafl Value; 


and becauſe the laſt Term e*—pe*+ge—+ will 


vaniſh in all theſe ons the Equation 
will have this F FD... 


where the laſt Term 3e*—2p24-4 is, from the 


Nature of Equations, produced of the remain- 


ing Values of y, or of the Exceſſes of two other 
Values of æ above what is e 
fince always y=x—e. _ New, 


1e begin es the en Want of ap chens. 
thoſe wo r ug both poſitive, the, 


N - 24 will 
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will give a poſitive Product, and. conſequently 
3e Hy will be, in this Caſe, poſitive... - 

2. If e be equal to the ſecond Value of xz 
then, of thoſe two Exceſſes one being negative 
and one poſitive, their Progr 3e rapes 
will be negative. 

35. If e be equal to che third and 0 
value of x, then the two Exceſſes being both 
negative, their Product 3.254 is 2 | 
| Whence, 

If in the Equation 35 25e. Tg, you ſubſti- 
tute ſucceſſively in the Place of e, the three 
Roots of the Equation -e e- ro, the 
Quantities reſulting will ſucceſſively have the 
Signs +, —, +; and conſequently the thtee 
Roots of the Cubic Equation are the Limits of 
the Roots of the Equation 3&—2pe-bq=zo (by 
$45.) That is; the leaſt of the Roots of the 
Cubic is leſs than the leaſt of the Roots of the 
other; the ſecond Root of the Cubic is a Limit 
between the two Roots of the other; and the 
greateſt Root of the Cubic is the Limit that ex- 
| ceeds both the Roots of the other. | : 
| $47. We have demonſtrated that the Roots 
of the Cubic Equation e pe ge -r are Li- 
mits of the Quadratic 3e*—2pe-+-q ; whence it 

follows (converſely) that the Roots of the Qua- 
dratic 3&—2pe+9=o are the Limits between 
the firſt and ſecond, and between the ſecond 
and third Roots of the Cubic e. pee. 


2 
3 
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So that if you find the Limit that exceeds the 
greateſt Root of the Cubic, by F 39, you will 
have (with o; which is the Limit leſs than any 
of the Roots) four Limits for the three Roots 
bf the propoſed Cubic. | 
It was demonſtrated in 8 35, hich: the Quaz 
dratic 3&—2pe-+4 is deduced from the propoſed 


Cubic #—p#+qge—r=0o, viz. by multiplying 


each Term by the Index of e in it, and then di- 
viding the whole by e; and what we have de- 
monſtrated of Cubic Equations is eaſily extended 
to all others; ſo that we conclude © that the 
laſt Term but one of the transformed Equation 
Is _ Equation for determining the Limits of 

he Nopoſed Equation. Or, that the Equa- 
— ariſing by multiplying each Term by the 
Index of the unknown Quantity in it, is the 
Equation whoſe Roots give the Limits of the 


propoſed Equation; z if you add to them the two 
mentioned in 8 44. | 


$48. For the ſame Reaſon, it is plain that 
the Root of the ſimple Equation 32—p=o, 
(i. e. 3Þ) is the Limit between the two Roots of 
the Quadratic 3c —2pe+9=0. And, as 
46 — 3 pe +29e—r=0 gives three Limits of 
the Equation e.—pe ge res o, ſo the 
Quadratic 6e 3e o gives two Limits 
that are betwixt the Roots of the Cubic 

4e. 3e -29 . r O; and 4 -p gives 


one Limit that is betwixt the two Roots of the 
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130 A TREATISE of Part II. 
Quadratic 6&—3pe+g9=0. So that we have * 
compleat Series of theſe Equations ariſing from 


a ſimple Equation to the propoſed, each of which 


determines the Limits of the following Equa- 
tion. 


$ 49. If tw two 1 in 1 the nropoſcd Equation 
are equal, then © the Limit that ought to be be- 


twixt them muſt in this Caſe, become equal to 


one of the equal Roots themſelves,” Which 
perfectly agrees with what was demonſtrated in 


the laſt Chapter, concerning the Rule for find- 


ing the equal Roots of Equations. 
And, the ſame Equation. that gives the Li- 


mits, giving alſo one of the equal Roots, when 
two or more are equal, it appears, that if 


you ſubſtitute a Limit in Place of the unknown 


Quantity in an Equation, and, inſtead of a po- 


fitve or negative Reſult, it be found S, then 


you may conclude, that not only the Limit 
itſelf is a Root of the Equation, but that there 
are two Roots in that Equation equal to it and 
to one another. 

§ 50. It having been demonſtrated that the 
Roots of the Equation #*—px+-qx—r=0 are 
the Limits of the Roots of the Equation 
3x—22x+q=0, the three Roots of the Cubic 
Equation, which ſuppoſe to be. a, b, c, ſubſti- 
tuted for x in the Quadratic 34 — 2p , muſt 
give the Reſults poſitive and negative alter- 


nately. e theſe three Reſults to be 


+N, 
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-EN, —M, Yr. ; that is, 34 eren, 
fince ND and e 
=Ma, ſubtracting the former multiplied into 
3 from the latter, the Remainder is pa*—294-+ 
3 = Mea. In the ſame Manner pb#—29b+3r 
=— Mx, and pc. 29er. =- Lc. There- 
fore 24 Zr is ſuch a Quantity that if, 
for x, you ſubſtitute in it ſucceſſively a, 5, e, 
the Reſults will be T Ma, -A, +Lxc. 
Whence a, b, c, are Limits of the Equation 
Pxf—29x-43r=0, (by F 45.) and, converſely, the 
Roots of the Equation pxw—29x-+32r=0 are 
Limits between'the firſt and ſecond, and be- 
tween the ſecond and third Roots of the Cubic 
*. -r == O. Now the Equation px*— 
2qx+3r=0o ariſes from the propoſed Cubic by 
multiplying the Terms. of this latter by the 
Arithmetical Progreſſion o, — 1, —2, —3. And 
in the ſame Manner it may be ſhewn that the 
Roots of the Equation p.297 ＋ 3 X— 452 
are Limits of the Equation - rt. 
+S=O. | 3 

Or, multiply the Terms of the Equation 


mm Px*bgx—r=0 
by e T2, 12 a, 


OI —_—_ 


| ax*—apx — (=0) 
+ 36x%*—2bpr4+bou —— 
Any Aiithiddecit Series where @. is the leaf 
N 3 Term 
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Term and h the common Difference, and the 
Products (if you ſubſtitute for x, ſucceſſively, 
a, B, c, the three Roots of the propoſed Cubic) 
ſhall be +Nxbx, —Mxbx, + Lybx, For the firſt 
Part of the Product axx*—px*+4x—r=o0 ; and 
2, ö, c, being Limits in the Equation 3x*—2px+4 
S, their Subſtitution muſt give Reſults N, M, 
T, alternately poſitive and negative. 


In general, the Roots of the Equation | 
Ni- r a ＋, &c. =oare Limits 
of the Roots of the Equation nx!—#—1xpx%3 
þ+1n—2x9x3—1—3xrx%4-, &c, ; or of 
any Equation that is deduced from it by multi- 
plying its Terms by any Arithmetical Progreſ- 
ſion ar, aP, aze3b, a Fab, & c. And 
converſely, the Roots of this new Equation will 

be Limits of the propoſed Equation - 
* -, &c. So. 
. 2 If any Roots of the Equation of the Limits 
are impoſſible, then muſt there be. ſome Roots of 
the propoſed Equation impoſſible.” For as (in 
§ 46.) the Quantity 3&—2pe-+9 was demon- 
ſtrated to be equal to the Product of the Ex- 
cCeſſes of two Values of x above the third ſup- 
poſed equal to e; if any impoſſible Expreſſion 
be found in thoſe Exceſſes, then there will of 
Conſequence be found im poſſible en in 
theſe two Values of x. 


— 
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And < from this Obſervation Rules may be 
deduced for diſcovering when there are impoſ: 
fible Roots in Equations,” Of which we ſhall 
treat afterwards. 
- $51. Beſides the Method already explained} 
there are others by which Limits may be deter- 


mined, which the Root of an n Equation cannot 
exceed. 


Since the Squares of all real Quantities are af- 
frmative, it follows, that be Sum of the 
Squares of the Roots of any Equation muſt be 
greater- than the Square of the greateſt Root.” 
And the ſquare Root of that Sum will therefore 
be a Limit that muſt exceed the S Root 
of the Equation. 
If the Equation propoſed is *,, - 
—rx%—34, &c. =o, then the Sum of the Squares 
of the Roots (by F 15.) will be p*—29: So that 


V 9 —2 will exceed the greateſt Root of that 
Equation, | 

Or if you find, by $ 16, the Sum of the 4th 
Powers of the Roots of the Equation, and ex- 
tract the Biquadratic Root of that Sum, it will 
alſo exceed the greateſt Root of the Equation. 

8 52. If you find a mean Proportional Be- 
tw een the Sum of the Squares of any two Roots, 

a, b, and the Sum of their Biquadrates E 
thi mean Proportional will 1 


e +55. And the I of a 
W4 Cubes 


i 
| 
N 
| > 
B 
| 
| 
: 
| 
| 
| 
| 
|; 
| 
$! 
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Cubes is a* +4*. Now ſince a —245-＋-U˙ is 
the Square of a—b, it muſt be always poſitive; 


and if you multiply it by @*&*, the Product 
a*b*-—24*6*-+a*b* will alſo be poſitive; and 
conſequently a . will be always greater 
than 2452. Add 4 ＋＋36 and we have a -? 


b*+a*b*+b* greater thin 4 928 : 


and extracting the Root 1 Zefa TIT * 
greater than a - And the ſame may be 


demonſtrated of any Number of Roots what 


ever. 
Now if you add the Sum of all the Cubes 


taken affirmatively to their Sum with their proper 
Signs, they will give double the Sum of the 


Cubes of the affirmative Roots. And if you 


ſubtract the ſecond Sum from the firſt, there 
will remain double the Sum of the Cubes of the 
negative Roots. Whence it follows, that * half 


the Sum of the mean Proportional betwixt the 


Sum of the Squares and the Sum of the Biqua- 


drates, and of the Sum of the Cubes of the 


Roots with their proper Signs, exceeds the Sum 
of the Cubes of the affirmative Roots:“ and 


half their Difference exceeds the Sum of the 


Zubes of the negative Roots.” And by ex- 
acting the Cube Root of chat Sum and Differ- 
ence, you will obtain Limits that ſhall exceed 


t the Sums of the affirmative and of the negative 


Roots. And, ſince it is eaſy, from what has 
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been already explained, to diminiſh the Roots 
of an Equation fo that they all may become ne- 
gative but one, it appears how by this Means 

you may approximate very near to that Root. 
But this does not ſerve when there are e. 

ble Roats. 

. Several other Rules like theſe might be given 

for Limiting the Roots of Equations. We ſhall 

give one not mentioned by other Authors. 

” a Cubic x%—px* +qx—r=0 find g*—2pr, 

and call it e* ; then ſhall the greateſt Root of 


the Equation always be * an 55 or 
VE. an , | 


1 any —.— . 


&c. So find — , and extracting the 


| Root of the 4th Power out of that Quantity, it 


ſhall always be leſs than the n Root of 
the Equation. ; | 
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CHAP VI. 


of the Reſolution of Equations, 
All whoſe Roots are Commenſurate. 


T was demonſtrated, in Chap. 2. that 
the laſt Term of any Equation is the 
Product of its Roots: from which it follows, 
that the Roots of an Equation, when commen- 
furable Quantities, will be faund among the Di- 
viſors of the laſt Term. And hence we have 
for the Reſolution of Equations, this 
RULE, 

Bring all the Terms to one Side of the Equation, 
Ind all the Diviſors of the laſt Term, and ſub- 
. Nitate them ſucceſſively for the unkuown Quau- 
tity in the Equation. So ſpall that Diviſor 
which, ſubſtituted in this Manner, gives the 
Reſult =o, be the Roat Y the propoſed E- 


guation, T 


$ 53- 


For Example, ſuppoſe this Equation is to be 
reſolved, 


„ } 8 
— bx* +-3abx 8 


| where the laſt Term is 24˙5, whoſe imple lite- 
| ral 


% 
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ral Diviſors are a, b, 2a, 25, each of which may 


be taken either poſitively or negatively: but as 
here we find there are Variations of Signs in the 
Equation, we need only take them poſitively, 
Suppoſe xa the firſt of the Diviſors, and ſub- 

ſtituting a for x, the Equation becomes 15 


1 33 
ese % bor, ereus 


So that, the whole 2 it follows that & 
is one of the Roots of the Equation. 
After the ſame Manner, if you ſubſticute $ in 
Place of x, the Equation is, 
ras | 
—b*+3ab* "= OY 


which yaniſhing hows 51 to be another Root of 
the Equation. 

Again, if you abi 2a for x, you wit} 
find all the Terms deſtroy one another fo as | to | 
make the Sum o.  Forit will then be, 


8a ee . 
8 — 44*b+6a*b F= , 


WM 


Whence we find that 22 is the third Root of 
the Equation. Which, after the firſt two (4a, 


—+6,) had been found, might have been col- 


lected from this, that the laſt Term being the 
Product of the 3 Roots, +a, ＋ being known, 
che third muſt e be cqual to the laſt. 

Term 
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Term divided dy the Product ab, that i is, = 
e 
Let the Roots of the Cubic gene 
xX*—2x*—33x+90==0 be required. 
And firſt the Diviſors of 90 are found to be 
1 2, 2. 85 6, 9, 10, 15, 18, 30, 45,90. If you 
ſubſtitute 1 for x, you will find x*—2x*—3 3x 
+90=56 ; ſo that x is not a Root of the Equa- 
tion. If you ſubſtitute 2 for x, the Reſult will 
be 24 : but, putting #==3, you have | 


& — 2K —33*-h90=27—18—99+gc=1 I7—117=0, 
So that 3 is one of the Roots of the propoſed 


Equation, The other affirmative Root is +5 z; 


and after you find it, as it is manifeſt from the 
Equation, that the other Root is negative, you 
are not to try any more Diviſors taken poſitively, 
but to ſubſtitute them, negatively taken, for x: 
and thus you find that —6 is the third Root. 
For putting x=—6, you have 
xIm2x%—33xÞ90=—216—72-+1984-g0=0. 
This laſt Root might have been found by di- 
viding the laſt Term go, having its Sign chang- 


ed, by 15, the Product of che two Roots al 


ready found. 


$ 55. When one of the Roots of an Equation 

is found, in order to find the reſt with leſs Trou- 
ble, divide the propoſed Equation by the ſimple 
Equation which you are to deduce from the Root 
already 1. and the 9 ſhall give an 
— 
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_ whoſe Roots will give the remaining ns. re- 
quired. 


gave æ 3 or x—3=0, whence dividing thus. 


z) XK —2x* —33*+90 (** +x—30 
* — zx 


* lt ts 
ww 


* —qartge. 


x ——3x + 


 =30x+90 
1 _ 


e e 


The Quotient ſhall give . Equaries 


x? +x—30==0, which muſt. be the Product of 
the other two fimple Equations from which the 
Cubic is generated, and whoſe Roots therefore 
muſt be two of the Roots of that Cubic _ 
Now the Roots of that Quadratic Equation 


are eaſily found by Chap. 13. Part I. to be s 


: and —6, 'For, | 


„* += 
7 _— want 3= p04 4=2ls 
| © © 0 N 
wi i gs 6. 


c * 
0 *. 4 * 
* 6 
* 
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Equation of a Degree lower than the propaſed 5 
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856. Aſter the ſame Manner, if the Biqua- 
Fe & — 2x —25x*+26x+120=0/ is to be 
reſolved ; by ſubſtituting the Diviſors of 120 
for x, you will find that +3, one of thoſe Di- 
viſors is one of the Roots; the Subſtitution of 
3 for x giving 81-—54—225+78+120=279 
—279=0. And therefore dividing the pro- 
poſed Equation by x—3, you muſt enquire for 
the Roots of the Cubic x*+x*—22x—40=0, 
and finding that 4-;, one of the Diviſors of 40, 
1s one of the Roots, you divide that Cubic by 
x—5, and the Quotient gives the Quadratic 
x*-+6x+8=0, whoſe two Roots are —2, —4. 
So that the four Roots of the Biquadratic : are 
+2, +5, 22, - 

8 57. This Rule ſuppoſes thee you can find 
all the Diviſors of the laſt Term; which od ng 
may always do thus, 


Fit is a ſimple. Quantity, divide it by its 1 85 
Diviſor that exceeds Unit, and the Quotient 
ga gain by its leaſt. Diviſor, proceeding thus till 

you have a Quotient that is not diviſible by any 

Number greater than Unit. This Quotient, 

with theſe Diviſors, are the firſt or imple Di- 

© Diſors of the Quantity. And the Products 

of the Multiplication of any 2, 3, 4 Ec. of 
them are the compound Diviſors.” oy 


2,710 findrhs Diviſosof 603 firſt: 1 divide - 
by 2, and the Quotient 30 again by 2, then 
1 | | the 
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the next Quorient 15 by 3, and the Quotient 
of this Diviſion 5 is not farther diviſible by any 
Integer above Units; ſo that the 3 Divi- i 
an ue, 7 
2, 2, Jy $36.1 mw 
The Products of two, 4, 6, 10, 15. 
The Products of three, 1 2, 20, 30. 3 
The Product of all fout, « þ 0/5 +05 te Oe 


The Diviſors of go are found after che fine 
Manner; 75 
Simple Diviſors, a 5. = 
The Products of two, e I5. 5 
The Products of three, . 18, 30, 45. 
The Product of all four, „ +a.» 


The Diviſors of 2 1abb. 
The ſimple Diviſors, 3 5 $4 
The Products of two, 21, 3a, 36, 74, TA ab,bb. 
The Produdia of three, 2 14, 216, 3ab, 356, 
ßjyab, 7bb, abb. 
1 be Produbts of four, 21ab, 2 166, 3obb, 7abb. 
The Products of the five, 3 21450. | 


8 58. But as the laſt Term may * hh very 
many Diviſors, and the Labour may be very 
great to ſubſtitute them all for the unknown 


Quantity, we ſhall now ſhew how it may be 
abridged, by limiting to a ſmall Number the 


Diviſors you are to try, And, firſt it is plain 
Frum $ 42, that © any Diviſor that exceeds the 
e 
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greateſt negative Coefficient by Unity is to be 
_— Thus in reſolving the Equation 
x*—2.#%—25x*:4-26x+126=0, as 25 is the 
greateſt negative Coefficient, we conclude that 
the Diviſors of 120 that exceed 26 may be 5 
neglected. 1 
But the Labour may be li abridged, if we 
make uſe of the Rule in F 39; that is, if we 
find the Number which ſubſtituted in thele fol- 
lowing Expreſſions, 


— b! 6x41 20, 
2X dx mn; Gx+I 3, 
© bx n 5. 


will give in them all a . Reſult: for that 
Number will be greater than the greateſt Root, 
and all the Diviſors of nan h 
be negle&ed. . | 
That this 1 E may be eaſier, we 
ought to begin always with that Expreſſion, 
where the negative Roots feem to prevail moſt; 
as here in the 1 Expreſſion 6x*—bx—253 
where. finding that 6 ſubſtituted for x gives that 
Expreſſion poſitive, and gives all the other Ex- 
Preſſions at the ſame time poſitive, I conclude 
that 6 is greater than any of the Roots, and that 
all the Diviſors of 120 that exceed 6 may be 


Pp.” 4 * 4 > ; 2 
neglected. ; * 1 * 2 ö a ; 3 I 
Ky * * A 27 4 
* " „ * 
1 4 by * 7 
- . * - 
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If the Equation x „ o is 


propoſed, the Rule of & 42 does not help 55 


bridge the Operation; the laſt Term itſelf be- 

ing the greateſt negative Term. But, by 5 39; 

we enquire what Number ſubſtituted for x mo 
give all theſe Expreſſions poſitive. 


* ArIIX EIO —-72 
3u T2 2K 10 
31 -T 


Where the labour is very ſhort, ** we need 
only attend to the firſt Expreſſion; and we ſee 
immediately that 4 ſubſtituted for x gives a po- 
ſitive Reſult, whence all the Diviſors of 72 
that exceed 4 are to be rejected; and thus by 4 
few Trials we find that 2 is the poſitive Root 
of the Equation. Then dividing the Equation 
by x—2, and refolving the Quadratic Equation 
that is the Quotient of the Diviſion, you find 
the other two Roots to be —9. and - 4. 
$ 59. But there is another Method that re- 

duces the Diviſors of the laſt Term, that can be 
uſeful, ſtill to more narrow Limits. 

Suppoſe the Cubic Equation x*—px *þqx—r 
So is propoſed to be reſolved. Transform it 
to an Equation whoſe Roots ſhall be leſs than 
the Values of x by Unity, affuming y=x—1. 
And the laſt Term of the transformed Equation 
will be 1—p+9—7 3 which is found by ſubſti- 
| tuting Unit, the Difference of x and y, for x, 
O in 


4 
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in the propoſed Equation; as will eaſily appear 
from 8 29, where, when y=x—42, the laſt Term 
of the transformed Equation was e pe ger. 
Transform again the Equation x*—px*-þqx 
ro, by aſſuming y=x-+1, into an Equa- 
tion whoſe Roots ſhall exceed the Values of * 
by Unit, and the laſt Term of the transformed 
Equation will be — 1-7 2 —, the ſame that 
ariſes by ſubſtituting —1, the Difference be- 
twixt x andy, for x, in the propoſed Equation. / 

Nu the Values of x are ſome of the Diviſors 
of r, which is the Term left when you ſuppoſe 
ko; and the Values of the y's are ſome of the 
Diviſors of +1=p+9--7, and of — 147 
. reſpectively. And theſe Values are in Arith- 
metical Progreſſion increaſing by the common 
Difference Unit; becauſe #—1, , x+1, are in 
that Progreſſion. And it is obvious the ſame 
Reaſoning may be extended to any Equation of 
whatever Degree. So that this gives a general 
Method for the Reſolution of Equations whoſe 
en are commenturable, | 


RULE. 


10 — in Place of the atlnps Gun 
ſucceſſvely the Terms of | the Progreſſion 1, 
| — &c. and find all the Diviſors of the 2 
eſult; then take out all the Arithmetical 
ions 5 can _ among theſe Diviſors, 
whoſe 


Pr 
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- whoſe common Difference is Unit; and the La- 
lues of x will be among the Diviſors ariſing 
From the Subſtitutions of =o that belong to 
theſe Progreſſi ions.” The Values of x will be af- 

firmative when the Arithmetical Progreſſion 
incfeaſes, but negative when it decreaſes. 


EXAMPLE 


8 60. Let it be required to find one of the 
Ros of the Equation #4 —x*—10x+6 55 The 
3 is thus * | 


6 — 
; 2 DCE tc 


Suppofit. _ Real. REDDY HS Fg Ter. 


1E == 1 [1,24 4 
* SOLA ere 2.3, © ; gives 3 
x=—1}. . EAI 2 


Where r give 
the Quantity x*—x*—19x-+6 equal to 4, 6, 
14 3 among whoſe Diyiſors we find only one 
Arithmetical Progreſſion 4, 3, 23 the Term of 
which oppoſite to the Suppoſition of x=0, be- 
ing 2, and the Series decreaſing, we try if —3 
ſubſtituted for x makes the Equation vaniſh 
which ſucceeding one of its Roots muſt be —3. 
Then dividing the Equation by x43, we find 
the Roots of the (Quadratic) * 1 
| * —4x-+2=0 are 2SvV2 © 

861. If it is required to find the Roots of 
che e Equation x —3x' neee Pape 
m wall be thurn 

0 wie 
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I iviſors. 


I, 2,34 6,8, 9, 12, 18,24, 36,72. 


1 27345606, 8, 10, 12, 1 5520, 24, 30, 40, 00,1 20 5 
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firſt gives x, the others give x=—2, K=—=3, 
* =-; all which ſucceed except #=—3 : ſo 
that the three Yoon of * are +9, —2, — 4. 


; 


1 


CHAP. VII. 


Of the Reſolution ot Equations by 
finding the Equations of a lower 
e chat are their Diviſors. 


862.0 nd the Rook of an Equation is 
: the ſame Thing as to find the /imple 
En, by the Multiplication of which into 
one another it is produced, or, to find the ſim- 
ple Equations that divide | it without a Remain- 
der. | 

If ſuch fimple Se cannot be: found, 
yet.if we can find the Quadratic Equations from 
which the propoſed Equation is produced, we 
may diſcover its Roots afterwards by the Reſo- 
lution of theſe Quadratic Equations. Or, if 
neither theſe ſimple Equations nor theſe Qua- 
dratic Equations can be found, yet, by finding 
a Cubic or Biquadratic that is a Diviſor of the 
propoſed Equation, we may deprels it lower, 
and make the Solution more eaſy. 
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Now, in order to find the Rules by which 
theſe Diviſors may be e. we ſhall . 
poſe that i boy 
mx —- . Simple Pp” 
mx -n ＋ t 15 the fe. 
mx — ur * horns 8 1 
Diviſors of the propoſed Equation ; and if E 
repreſent the Quotient ariſing by dividing the 
gane — by that tin then = 
Puna br, 
Or, Exms* nn Fre, Vill repreſent the 
propoſed Equation itſelf, Where it is plain, 
that ſince m is the Coefficient of the higheſt 
Term of the Diviſors, it muft be a Diviſor of 
the Coefficient of the higheſt Term of the pro- | 
poſed Equation,” 
§ 63. Next we are to obſerve, that, ſuppo- 
ſing the Equation has a ſimple Diviſor or mau, 
if we ſubſtitute in the Equation Emu, in 


Place of x, any Quantity, as a, then the Quan- 


tity that will reſult from this Subſtitution will 
neceſſarily have ma-—z for one of its Diviſors: 
fince, in this Subſtitution m n becomes 
na-. 
If we ſubltirute ſucceſſively for x any Ariths 
metical Progreſſion, a, a—t&, a—2e, &c. the 
| Quantities that will reſult from theſe Subſtity- | 
tions, will haye among, their Diviſors 

| Mam, 
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man, 

ma meu, | 

m4-—2m ——, which are allo in Ariths 
merical Progreſſion, having their common Dif- 
ference equal to we. 
If, for Example, we fubttkute for * the . 

Terms of this Progreſſion 1, o, t, the Quan- 

ties that reſult have among their Diviſors the 
Arithmetical Progreſſion n-, — 1, —-n— 1; 
or, changing the Signs, m, u, En. Where 
the Difference of the Terms is m, and the Term 
belonging to the Suppoſition of #=0 is u. 

9 64. It is manifeſt therefore, that when an 
Equation has any ſimple Diviſor, if you ſubſti⸗ 
tute for x the Progreſſion 1, o, —1, there will 
be found amongſt the Diviſors of the Sums that 
reſult from theſe Subſtitutions, one Arithmeti- 
cal Progreſſion at. leaſt, whoſe common Diffe- 
' rence will be. Unit or a Diviſor m of the Co- 
efficient of the higheſt Term, and which will be 
the Coefficient of æ in the ſimple Diviſor re- 
quired: and whoſe Term, ariſing from the Supr 
poſition of x==0, will be # the other Member of 
the ſimple Diviſor ] un. 

From which this Rule is deduced for Ader 
vering ſuch a ſimple Diviſor, when there is 
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ber, nad 
NU. eee 
© Salli * x in tbe gropuſed: Tris fuc- 
... ccſtvely the Numbers 1, o, -I. Find all the 
Diviſors of the Sums tbas reſult from this Sub- 
- Fiitution, and (take out all tb Arithmetical 
 Progreſſions you can find amongſt them, whoſe 
Difference is Unit, or ſome Diviſor of the Co- 
efficient of the bigheſs Term of the Equation. 
Eben ſuppeſe n equal io that Term of any one 
+. Progreſſion that ariſes from the Suppoſe lion of 
x=, and m: the foreſaid Diviſor of the 
___ Coefficient of the high, erm of the Equation, 
* _- which m is alſo ibe Difference of the Terms 
. of. this Progreſſion ; 40 ul you 1 n 

_ for the Divifer v cones 


4 


-——— @ at 
n 
E 
7 
was 
LY 


"oe Diviſors that will not ſucceed ; but if there 
is any Diviſor it will be found thus by means of 
- theſe Arithmetical Progrefſions. 
($65. If the- Equation propoſed has the Co 
" efficient of its higheſt Term =, then it will be 
, and. the Diviſor will be „, and the 
Keule will coincide, with that given in the End of 
the laſt Cha pter, which we demonſtrated after 2 
- different Manlees! for the Diviſor being n, 
the Value of «will be In, the Term of the 
e that is a Diviſor of the Sum that a- 
es from fuppoſing vo. Of this Caſe we 
4 FL. gave 


3 4 
8 2 — 
* * * 


Tou may find Arithmetical Pope giv- 


— 
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gave Examples in the laſt Chapter; and tho? it is 
eaſy to reduce an Equation whoſe higheſt Term 
has a Coefficient: different from Unit, to one 
| where that Coefficient: ſhall be Unit, by 8 30 3 


yet, without that Reduction, the Equation may 


| ee by en as in the 1 


8 JEN N 


EXAMPLE” 


— % b, 4 Ye L 2 SY My I 


os 66 Supyole $x%—268% +5 ME-10=0, 
: and that it is required to find the Values of x ; 


the e is thus; 


FT. — 
1 Q 
| = — 


1 o * F % ana # * 
+.4.% l 441 223 — K 


The Difference of the Terms 6 tha laſt A- 
e Progreſſion is 2, a Diviſor of 8, the 


Coefficient of the higheſt Term x of the E- 
quation, therefore ſuppoſing m=2, ;, we 


try the Diviſor Py 3 md? ms; | it 


The Quotient is che Quadratic — | 


i2=0j whoſe Roots are = , = and — , ; 1 
that the 3 Roots of che W — 4 ate 24» 


: . 5 . 2. The other Arithmetical Pro. 
greſſion g hr * 2 for a Diviſor ; ; but it does | 


: 20 mas Ede! Je" 
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565. If the propoſed Equation has no ſimple 
Diviſor, then we are are to enquire if it has not 
fome Quadratic Diviſor (if itſelf i is an Equation 
of more than 3 Dimenſions.) _ 
An Equation having the Divifor myux*—nxþ+r 
may be expreſſed, as in the firſt. Article of this 
Chapter by Ex - Er; and if we ſubſti- 
tute for x any known Quantity @ the Sum that 
will reſult will have ma*—na-+r for one of its 
Divifors ; and, if we ſubſtitute ſucceſſively for 
x the Progreſſion a, a—e, a—2e, 4—ze, &c. 
the Sums that ariſe- from this Subſtitution vill 
have 
ma a | | 
-=- err 
20 ] err 
eee eee. | 
&c. 
amongſt their Dei, peach. 


3 Me Thins een in the laſt Caſe, 
in Arithmetical Progreſſion; but if you ſub- 
tract them from the Squares of the Terms a, 
ae, ze, a—3e, &c. multiplicd by 4 
Diviſor of the higheſt Term of tie 22 
Equ on, chat is wan, . 
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i 70 


ee 


e SA Stool 
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r 20 *31 rant 1 > . 


. 5 * 5 | ec, the Remus 


L x 4 0 # #-« 2 SILLY 
n. | e 
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MXa—20 7 2 ; - 44 4 N 4 > © * 


*. r, &c. mal be in | Arie 


metical Progreſſion, having their e common Dif- 
ference equal to ;. 


If, for Example, we Rape th” 2 


Progreſſion a, 4—e, 4—zc, 4— ge, &c. to be 


2, 1, 0, —1, the Diviſors will be 
4-22 r 
+r 
wit ne mhichaberae from 4m; 
m, o, m, leave 21n—r 55 
Hr 

r, an Arithmetical Progreſ- 
fron whoſe Difference is Tn; and whoſe Ten 
ariſing from the Subſtitution of o for * is r. 


From which 1 it follows, that by this FO WAY 


tion, if the propoſed Equation has a Quadratic 


Diviſor, you will find an Arithmetical Progreſ- 
hon that will determine to you # and r, the 


Coefficient 


N * 4 * 

* 
+, #% *% * C4 Py # ; £ * 4 Ih 7 4 
0. 1 Wo a foo "1 1 þ 
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Coefficient m being ſuppoſed known ; ; ſince 1 it is 
Unit, or a Diviſor of the Coefficien of the 
higheſt Term of the Equation. Only you are 


to obſerve, chat if the Firſt, Term m of the 


Quadratic Diviſor i is negative, then i in order to 
obtain an Arithmetical Progreſſion, you are not 


to ſubtract, but add the Diviſors —4m—2n+7, 
—I—+r, +, "NATO to the n 
am, m, o, m. | 


1 1 68. The yz Rule therefore, deduced 


from what we have ſaid, Is, 


6 « Subſtitute - in the propoſed Equation for x the 


Terms 2, 1, o, —1, &c. ſucceſſkutly. Find all 
the Diviſors of the Sums that reſult, adding 
and ſubtracting them from the Squares of theſe 
Numbers 2, 1, o, —1,. &c. multiplied by a 
_ numerical Diviſor of the higheſt Term of the 
nn poſed Equation, and lake out all the Arith- 
metical Progreſſions that can be found amongſt 


' theſe Sums and Differences. Let r be that 
Term in any Progreſſion that _ ariſes from the 


Y Subſtitution of x0, and let n be the Diffe- 


rence ariſing from ſi ubtrafing that Term from 
the preceding Term in the Pro grefſion ; laſtly, 
- tet m be the fareſaid Diviſor 255 the higheſt 
Term; then ſhall mx n r be the Diviſor 
that ought to be tried. And one or other f 


ceed, 
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Diviſor x *—3x—2 3 the {ecoric E 75 
both which ſucceed; ſo that the Roots of the 


twoEquations x*—34—2=0,and X*—23+3=0, 


viz, 2 and. SV —2, are the four Roots 


of = vel Equation, the two laſt of which 
are impoſſible. The Diviſors which the other 
Arithmetical en give, do net ſuc- 
ceed. 

5 70. Aster tbe Game pine 2 Rule may be 
diſcovered for finding the Cubic Diviſors, or 
thoſe of higher W 26 any propoſed 
Equation. + 

Suppoſe the Cubic Diviſor to be uur · 
a-, and by ſuppoſing x equal to the Terms of 


the Arithmetical TR * will Wa 


follows z 12 


= 
3[2; 


2 


— as 3, 


Where the 1ft 1 308 are not chemſcdves in 
Arithmetica] Progreffion, as in the laſt Caſe, 
bur. the Differences of its Terms, or.the ſecond 
| Differences, 


the common Diffe! ence bang 2n, whence 7 is 


The firſt Arithmetical Progreſſion gives | the | 


in Arithmetical Progreſfion, | 


known, 


, — 
Q . : "4 
24 = — — 
2 l 
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known. The Quantity 7 is found in the Column 


of the 2d Diff. and s is always to be aſſumed 
ſome Diviſor of the laſt Term of the propoſed 
Equation, as n is of the Coefficient of the 
Term. Whence all the Coefficients. of a Dhvis 
for m r Y, with which Tarn od | 
made, may be determined... 
If it is a Diviſor of 4 Dimenſons: chat is 
quired, by proceeding in like Manner, — 
will obtain a Series of Differences whoſe 2d Dif- 
ferences are in Arithmetical Progreſſion. If it 
is a Diviſor of 56 Dimenſions that is required, 
you will obtain, in the ſame Manner, a Pro- 


greſſion whoſe 3d Differences will be in Arith- 


metical Progreſſion; and by obſerving i theſe 


Progreſſions, you may diſcover Rules for de- 


termining the Coefficients of the Diviſar re- 
ired. _ | | 

© The FARE of theſe Rules being, — 
if an Arithmetical Progreſſion a, a-+e, - Lac, 
a+3e, &c. is afſumed, the 1ſt. Differences of 


their Squares. will be in Arithmetical Progref- | 


ſion; thoſe Differences being 29e-+e*, 20e+3e*, 


2ae+5e*, &c. whoſe common Difference is 20. : 
And the 2d Differences of their Cubes, and the 
3d Differences of their 4th Powers are likewiſe 


in Arithimencal Progreſſion, as is caſily demon- 

ſtrated. | 
871. Hitherto we 6 only t how to 

find the Diviſors df Equations that involve but 


hep 7. A t 8 8 ER A 260 
one Letter, But the ſame Rules ſerve for dil. 
covering the Diviſors when thefe ate two Letters, 
if all the Terms have the ſame Dimenſions 3 
for, « by fippofng ane of the Letiers equal 19 
Unt, find the Diviſor by the preceding Rules, 
and then by compleating the Dimenſions of che Di- 
viſor, ſubſtituting the Letter a n Fer Unit, Jou 
will bave the Diviſor required. * WT: 
Suppoſe, for Example, 7000 are to find the 
Diviſor of 8K 6 l 1 ee =o, b 4 
putting a==1, that Quantity becomes 8x $—263% 
+ —=11x+10=03 whole Diviſor was. Found, 
9866, to be 2x=g now multiply the Term 
2 by A, to bring it to the ſame Dimenſions 
as the other, and the Divilor required is 
2*— 56 
$ 72. Beſides the Method hitherto as 
for finding the Diviſors of lower Dimenſions that 
may divide the propoſed Equation, there are 
others that deſerve” to be conſidered. © The fol- | 
lowing is applicable to Equations of all ſorts, 
| chough » we Los thee tn. 
ſions. 22 
* the B nhalt 8 e . 
be the Equation propoſed ; and let us _— 
it is the ea "oe N two N — 
tions, 3 7 


Pg 


3 N #5 ink! 3 
r I - 5 


gh . 


„„ his 


7 
. 
j 
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x*—mx+n=0 | 
x x*—{x +/=0 


. 1 —5 = 2 e 


—7 x 
—S mk 
the Terms of which will be EY reſpectively, 
to the Terms of the propoſed Equation. | 
In this Equation, I and # being Diviſors of 
the laſt Term , we may conſider one of 
them (viz. l.) as known; and in order to find 
mor , we need only compare the Terms of 
'this Equation with the Terms of the propoſed 
SPY reſpectively, which —__O | 
1”. t+m=p... 
„ wo mk+-l+n=q. 
3. mn = r. 


EY An . : nl=s, 1 


Now in order to find. an 3 that ſhall 
involve only K, and known Terms, take the 
two Values of m that ariſe from the. firſt and 
third Equations, and vou will find, 

e (becauſe n=, by Equ.4th) 


ON 5 
=— ek, bene 


CO — 


| PP —B* rte, and k= and 
the Quadratic kad . 


* a 1 * — 
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To apply this to Practice, you muſt ſubſti- 


tute ſucceſſively for 7 all the Diviſors of 5, the 


laſt Term of the propoſed Equation, till you 
find one of them ſuch, that x* — [tn e 


can divide the propoſed Equatton without a Re- 
mainder. | | 
E X AM P L E. E ; 

8 73. If the Equation x*—6x*420x* —34 
-+35=0 is propoſed, The Diviſors of 35 are 
1, 5, 7, 3353 if you put 11, the Quadratic 
that ariſes will not ſucceed. But if you ſuppoſe 
1= A then the Equation *r, 2 is, 


1 OY e o becomes, | 


1 eee —2x+5, which 


divides the propoſed Equation without a Re- 
mainder, and gives the Quotient 


& V4 ＋7 220. 
< In this Operation it 1s unneceſſary totry any 


Diviſor I, that exceeds the ſquare Root of s, the 


laſt Term of the propoſed Equation.” And, 
if the propoſed Equation is Literal, «© you need 
only try thoſe Diviſors of the laſt Term that are 


of two Dimenſions.” 
If, in =P Suppoſition of /, the Value of &, 


viz. i „becomes a Fraction, then that Sup» 


de is to be rejected, and m—_— Value of 
I to be tried, 
P 2 | $ 74. 


RD ny 


whoſe ſecond Terms: may be irrational. 


- menſions. 
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3 


$74. By comparing the ad and 4th Equations 


bf the laft Article, po my n another Va- 
| ue of l. For 1 a 


being equal to D 
eg . — 475 S. Which gives 


/ 


erate Diviſor req 


7 — NN eo 
This Diviſor muſt hy: wed when 24. and 


at the ſame time, , the forms Expeſion 


nor forving in that Cale, ante Bhs 


By this Formula, Diviſors as be bee 


How the Diviſors of higher Equations ty 
de found, when they have any, may be under- 


oog from what t has been {aid of thoſe of gh 


— * * 2 2 
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a) 1 to Cy 1 AL 


of the Reduction of Bquaina by 
| - Surd Divilark.(” 4-388 


A1 N Equation of four) fox, « or more Dimen- 
ſions, although- it may admit of no ratio- 
nal Diviſor, 7 4 have one that is irrational. 
As the Biqua dratic x*+px* +gx o, | 
-Which We to be irreducible by any ra- 
tional Diviſor, may yet, by adding a Square 
E * h2kbebt® multiplied into ſome Quantity 
n, be compleated into a Square x T .. 
In which Cſe we ſhall have, x*+3p+25=v mx 
LI, and x is found by the Reſolute of an 
affected Quadratic Equation. 

To reduce a Biquadratic Equation | in n | 
Manner, we have the followin 8 | 2 


, 44 213 


— 


RULE. 


in Biquadratic is x*+px*4qu*+rx45=0, 
where p, 9, 1, 5, repreſent the given Coef- 
ficients under their proper Signs, put 
te n, . rapræg, ta . And 
3 n take ſome integer common Divi ſor br of f 


end a6. that is nat ee Number, and 
-®. Arithm. Univer pag, hu | 


\ 
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obich, if either p.or r is an odd Number, muſt 
Be odd, and, divided by 4 leave the Remainder 
Unity. Write likewiſe for k ſome Diviſor of © 

Y Ef p is an even Number, or the half of an 
odd 8 if p is odd, or o if G Oo. Sub- 
tract — 5 5; from Pk, and let the Remainder be l. 


Fer Q put *. e Godin Qf—- 
Ey n, the Root of the Quotient is rational and 

equal to | ; if it is, add nk*x*+2nklx4+-n]* 
1 both Sides of the Equation, and extrafting 
the Root you ere ws APES nir 
5 Er. 


EXAMPLE 1 


let the Ene propoſed be 8 
ro, and becauſe pg, q=0, r=12, S=—17, 
we ſhall have a=0, G 12, G 2 —17. Ands 

and 28, that is 12 and — 34, having only 2 for a 
common Diviſor, it muſt be 222. Again 
b, whoſe Diviſors 1, 2, 3, 6, are to be ſuc 
ceſſively put for k, and 3. . mY 
or E reſpectively. | 


But 2 0 that is *, is equal to . and 


V 2 8 An an cr Diviſors 2 
and 6 are ſubſtituted for k, 2 . and 36, 
and 
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and Q being an odd Number, is not diviſible 
by =:.) Wherefore 2 and 6 are to be ſet 
alide, But when 1 and 3 are written for ł, Q. 
is 1 or 9, and 2*—s is 18 or 98 reſpectively ; 
which Numbers can be divided by two, and the 
Roots of the Quotients extracted, being 3 
and +7 ; but only one of them, viz. —3, co- 
incides with J. I put therefore k=1, ]/=—3, 
r, and adding to both Sides of the Equa- 
tion nPx*Þ2nklx+nÞ, that is, 2x*—12x+18, 
there reſults x*424*+1=24—12x-+18, and 
extracting the Root of each, KI EN -g 
And again, extracting the Root of this laſt, the 
four Values of x, according to the Varienes in 


the Signs, are 21432 3/ 2—2, 

NY - Ne * eee 
2 a —=3v/ 2— , being the Roots of 
FIGS 2X—1 = =othe Equation at firſt propoſed. 


EXAMPLE II. 


Let the Equation be 3 145 
—11=0, and writing —6, — 58, — 114, —11 
for p, 9, r, 5, reſpectively, we have —67=a, 
—315 28, and — 1133 . The Numberss 
and 26, that is —3 15 and — , have but one 
common Diviſor 3, that is n=3. And the 


Diviſors of —=105=> are 35 5, 77 13, 21, 35, 


and 105: Wherefore I firſt make Trial with 
| F 4. "gan - 
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3X3. leaves 26 , wh "ofe Half 


| by which dividing 2 10 og, "the © Quotient is 
215 and this taken from ipkh=—3x5, leaves & 


vr br 2 — — 
o logs — 


ec — 1 ir get the 


e * * 


Deen as, and thi ſob ken gs 5 
eee 
equal to . But ＋ or — dan 
0b ech to, E. ad GU git, eh 23 
is indeed diviſible by n but the Root of 
the « otrent 1.37 cannot be extracted. Theres . . 


fore reject the Diviſor 3, and try with S SEI 


1913 Qt, 


Gabe... At the ſame 3 Ae te _ 


$7434 14% 4 £4 * STR T7 1 2, 


+ 5 =4 - „ And.&*—45, or > oe dri, - 
rai by n, RS, of the Quotient 9, thak 
18 e with J. Whence * any that : 


Put ang Eg, | 25 £ = 3» adding to 5 
both Sides Sides of the Equation” ehe Quantiry | 


27 S+2nklv--nl*. that is, . 


extracting the Roots, Av be 
eee EE 
'H unit e +, Ty. Tos c cf Teri: 


iso. EXAM PLE, W.. 


| Ii hke Manner nt ehe EE an 4 
158 —2554-9=0 writing 9, 165, Snag” i 
+9, for 5.4 F5 vthere reſuk 4 —5⁰⁴ ; 
=. The common De er, 8 
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chat is, af 454 and d are 3. 6. 9, 18, 27» 46% 
1355 but 9 is a Square, and 3, 15, 27, 135 di- 
vided by 4 do not leave Unity for a Remain- | 
der, as is required when p is an odd Number⸗ 
Setting theſe aſide there remain only g and 45 


to be tried for a. Firſt 8 and the Halves 
of the odd Diviſots of u. that is, S „„ 
2. L,. are to be died for. 4. Ike, che 
Quotient — b of © 2 divided by b taken from 


2 or , „ and "Ie = 


—2, S =. which is diviſible Fg g. but 
the Root of the Quotient — 1, which ſhould -*þ 
Dq, is OE Put next kz, and the 
Quotient of & divided by k, dre e 
is — 7. This ſubtrated from” Es” 
leaves 2 that ie, lo. ny Sos? 


that is, *; . to bes Seat the Equations] oY 
* Ar r NM. 
Literal Equations may be ls Muck in 


the ſame Way. And, if you put =, the 
ay Rule will give you the, rational Diviſor of.. 


udratic Equations if it admits, of: ne. 
melde quation x - „68, . 
FEE 5 putting 
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putting 1 find k =, E-, and the E- 
quation is reduced to the two — 
* 3 ＋ 3 o and Geer =0O. 


When the Diviſors of E — arc ſo many that it 


would | be troubleſome to ra Trial with them 
all for &, their Number may be reduced by 
finding all the Diviſors of a5—27*, For to one 
of theſe, or to Its Tour: when ala; the Number 
2, muſt be eq 

- The 3 of this Rite is as follows. | 
F 1 Biquadratic Equation *. pr Ex | 
'+5=0, in which, p, 4, r, 3, are the given Co- 
efficients with their Signs, and the Equation is 
ſuppoſed clear of Fractions and Surds; if this 
Equation can be compleated into a Square, in 
the Manner already deſcribed, we ſhall have 
x*+px* terre ent aki L nE. 
anti- Cup T. 2), tt that is, 

k ep Tn FCZ Tcl L LA 
* END -. And 
e e the egg we 4, ah this three 4 
quations, 


. bs Lie, 
"Ts 1 
3. A; 


in which there being four unknoun Quantities 
; 2 25 can be found "mw by Trial. 
The 
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The Values of Q, taken from the 1ſt and 2d 
Equations and made equal to each other, give 5 


290 —1 
ane 2 - K 77 (writing, as in the Rule, 
8 
q—7Þ = — 860 = . 


Whence, if the Quantities , x, I, Q, are to be 


found, it follows, (1 .) That » being a Diviſor 
of 8, giving the Quote kx3pt—2/3a will be a 


Diviſor of 12 1 giving the Quote 2-21; and 
that ſubtracting this Quote from ap, I will be 
equal to half the Remainder, (25. ) In the firſt 


Equation we had D= = I and, from the 3d, 


| K =. (3%) a Su and 


22—4«%j64˖ 


nh=N—, pn EIT 


Fiat . EP xabint iP 


if Cogn fat): = cl 
(FR P K r. der. 


that is, = 


divides 2C by ENEV. And if the Bert | 


ral Values of the Quantities », &, I, 2 anſwer 
to thoſe Conditions, or. coincide, it is a proof 
that they have been rightly aſſumed ; and that 
adding to the given Equation the Quantity 
: mike4-I\ „it will be ee into the ar 
Fr. _ 

It was faid that 9 will always be ſome Diviſor 


of 4s .. For as=a2* an}, and taking 


from both 5. _ Pk Rel, © ſeeing 
the 


0 
if 
ö 
1 
2 
| 
i 
| 
15 
|. 
1 


220 eb te of Patt, 


. the Remainder a Q. e t 


1 Q u, "og 2 every 


Term; 3. the Thing is z manifeſt. | 


1 5 


1 is needlleſs to be particular as 5 to hs Geral 


| 3 in the Rule, ſeeing they fellow 
caſily from the Algebraical Expreſſions of the 
Quantities, You are not, for Inſtance, if 30 


| ſeek a Surd Diviſor, to take za ſquare Number, 


for if u is a ſquare Number, mL would be 
rational. Or if u is a Multiple of a Square, as 
u', then at leaſt, c would be rational, 
and » would be depreſſed to v. 


Let us examine one Caſe, "heap is n an 


T odd; and by the Rule # muſt be an odd Num- 
ber, a Multiple of 4 more Unity. 3 
: Seeing Þ=r—4op, or aper, of the 
* 6 and Zap one muſt be even and the 
other odd, that their Sum r may be odd. If 8 
is odd its Diviſot # muſt be add likewiſe. Sup- 


"poſe 6 to be even, then 4p, and conſequently 
2p and & are both odd. But if a is odd, 282 


as will be half an odd Number, and . it | 


| Dise! n 


In this Caſe, is half an | odd Number, For 


| — an Integer, p will be an even Num- 
ber. But if Qis an Integer, ſo muſt J, becauſe 


E which is abſurd, 


1 Let 


Ab and zul muſt be even. And 
ani (an odd Number) 2 an even 


\ 


# 
aun ALGEBRA an 
2. Let N repreſent any Number in genera, 
Ian odd Number; then 1 tay, 8 5 EE, = | 
Number is a Multiple of four 
Unity,” that is, 12080 1. Arbe s. 2 
af odd Number is 4 Mi,“ and N fuch 
a Square there be taken any Multiple of 47 tlie 


Remainder, if pork Wn 3 will 9 7 
4N+1.” 
Hence it follows that ie For ſee- 

ing n=; becauſe i and Q are the Halves 
of odd Numbers, we have, according to the 
preſont Notation, = WW , Or withourthe 
common Deng Feng, that is, 


Nr =4N+1, and conſequently, aN 


+1. For it is not 4N—1 but 4N+4thatcan | 
give the Product 4N—+1. | 


In like Manner the other Limitations may be 


i determined. We mall add val. this Remark 
wwe, 


That if 446, beceflärlly D 03 fort in.chis 
1 Caſe E and r, whence 8 (===) 
=p2—pN=o0. ; 7 | 
But the Converſe 275 this i is not wriverfally tue. 
Altho' it it is for moſt Part. For g 9 =axkx 
ha, alrho* * be 2 real Quantity, i if pA. 


CHASE „ #7 2 ed 


In this Cale we n uſe the following... 


. rr thr A . 
PE mu 
Z panty 11 tyres” OT 


Rr 


B — — . uy —— A7 ITT 


A TxzATISE + Part II. 


RULE . 


* Of the a Diviſors of 28 take one 
that is a Multiple of a ſquare Number, but itſelf 
10 8 Square, as 1, and try if the Quotient 


| el ;] if this happens put Tae 
Tarte un Tft. . 
Thus in the Equation 8 | 
+1=0, where a=—38, Go, 28 720! 
whoſe Diviſors are many, but by Iaſpection 


only I can reject the leaſt to the Purpoſe, and 


trying with ann, the Quotient LL 


16=>—38 2—. Yeanch yu . 
VST. 


RULE II. 


= When =o, and likewiſe "cſs 7 being 
ſome Diviſor of ac, if * quae Num- 
ber, the Root of this Square ſhall be J.“ 

As in the Equation x X + 6x*+5x—5 
So, it being @=5, ba, 28 = , taking 
125 —.— 5 that is, [= * . And | 
x txt : ee. f 
5 What Hh hon ad may lead to the Inven- 

tion or Demonſtration of ſimilar Rules for the 
higher 


- 
- 
/ 
x 


* 
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higher Equations of even Dimenſions, if any 
one Paßt to take the Trouble. | 


CHAP. vin. 


Of the Reſol ution of Equations by 
Cardan's Rule, and others of ns 
IE. - - | 


$ 75.9 7 E now proceed to "Haw how an 

Expreſſion of the, Root of an E- 
quation can be. obtained that ſhall involve only 
known Quantities. _ -In Chap. 11. Part I. 
we ſhewed how to reſolve /mple Equations; 
and in Chap. 13, we ſhewed how to reſolve any 
Quadratic Equation, by adding to the Side of 
the Equation that involves the unknown Quan- 
tity, what was neceſfary to make it-a compleat 
Square, and then extracting the ſquare Root on 
both Sides. In 5 27 of this Part, we gave an- 
other Method of "folving Quadratic Equations, 
by taking away the ſecond Term: where it ap- 


peared that if 4%—px4+9=0, p EE F. 

370. hs ſecond Term can be taken away 

out of any Cubic Equation, by 5 25; o that 

they all may be reduced to this Form, 55 
W 

| Let 


224 A TrxraTise F Part Il. 
Let us ſuppoſe that x=a+b; and x*þqx4r 
345-4 EL . 30b77b 
＋ bgx+r=a%+3abx+0*+qr+r= (by 
Tuppoling gab =-) =a*+5* +r=o. - 
| But b==—£,, and 5g, and I conſe- 


27 
© Suppole 5 and you. have, 2 K 
75 which is a Quadratie whoſe Reſolution gives 


mu V ir +=", 


"9% The Ven of x may be found a little 
aneh, thus; 


Sher a. bk. U ws, it follows, 
i "hat ar. . 2 
5 — . VA 27 +51 . s that 


b= 
* 5 


rin 
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1. * 5 2 e- 


which gives "but one a of K (EXT when, _ 
in the Value of a the Surd. V WL is poſitive, 


it is negative in the Value of 3, as is only 
the Difference of this Sign in their Values. 82 


that we may conclude 


37 x SET J 50 2 
= mtr Le 


$78. The Values of x ir he Aiſcaveres 
without extermi inating the ſecond Term. 
Any e W — 
rem Fad 
uh aeg. — 2. 3 
2 ar 38 ; 
+ "OIL 
which, by ſuppoliag Ap, will be reduc 
to 2**—292—2r=0, in which the ſecond Term 


is wanting. But by the laſt Article, ſince 


2 . — it follows that 


z= VriwVP—p+Vr—yr—g= Gf you | 


ſuppoſe that that the Cubic Root of the Binomial 


And ſince x=2+, | it foll ws that ar, 
| ante = 309. 


0 .. 


and 


, ö 
we have t] th 5 Expreiis for. a. is. | 


| 93 0 28. = 
*w' 4a AA 


4 Tax ATA SE of Part II. 
oy 79. But as the ſquare Root of any Quantity 


is twofold, the Cube Root is threefold,” and 


can be expreſſed three different Ways. 
© Suppoſe the Cube Root ff Unit is required, 
** let y* , or y*—1=0, then fince Unit 


itlelf is a Cube Root of 1, one of the Values of 


3 is 1, ſo that che Equatiom vi hall di- 
vide the firſt Eqution As bras and the Quo- 


tient „io reſolyed gives ot Hot === nB 
ſo that the 3 Expreſſionsof i dre r, | . 


* % 


21 WY „ 8D 275 
| i And, in geneial, So Cube 


Rove "of oy * Quantity 4 e be A, or 


0 that the 
Cube — of the Bon ak 7 may be 


n, as we ſuppoſed above, or —— 


OA. n 
or . 


—U— 


2 e Aid henee 


* — — — V. 1 


+ amt bf 


* an 12 8 -s aw 
in — whit! 0 
$264 VI. 185 7m DATE A 14 


UPS 


anch ele g we the three Rovts of te pops 
2 


ee bade 1 


Dane 


7 
7 7 % 8 * KE X. — 
4. 4 * 
21 He * , 
* . 3 P 
— - 
0 
* * 


. 
— 1 * » 
+ c * 
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. oy IF. 18 10 100 1 7 101 a4 56 21 


A DEI 8 


fast 3910] + Fg 50. 


8650. Lit it be required to find the Rooks c of 
3s Equation. #—126-+41x5-4250. 


-- Comparing the Coefficients of as Equation 


with, thoſe. of the. general Equation 


e J pathit's 21 D 


70u find, | 


K & of 


N E ab 9 f 


1. 17 15 fo chat. 2 125 4 5 84. 
25. 35.— 37 (=48—39)=41 - + 5, =, 


3˙— e bandes e 


and — g=, and 


14 Vr 45 3 ＋—,ͥ— = Now the Cube Root | 


Tak f 


of this Binomial is found tb be, — 44 


n Wuenee „ate 904 10 0 


| 3 p 1 — —_— NR 
So that the three Roots of the IR Equa- 


tion are; *; % 3 4 


OO ————— 


You may find other” two Eayreltons of the 


Cube Root of 34 — 3 fn —, 


27 7 
VIZ. 34v — and 3 23 but theſe 
ſubſtituted for m+/2 give the Tins Values for 
* are already found. | 

* E 


. $ 131, Part I. a : 


. 
. » ' 

Fa - 

— 5 
5 1 — ou — Ad * — * — — — — IO Pr CITIES * — — — 
Cc ( oy * - 8 WY — 8 28 . Sf et 8 — * 2 , 

5 * — th 2 3 2 ee > N * on 6 11 2 1 

* _ _ - . 

b 5 . 

— . 


— — 


Wu A reer of Pan 


110. 


XAML E . 


10 22 A! Jann S 21 $79 1 5110 
0 mn the Equation. . 
you find p ==, = 138, and nh 
r ie whoſe Cube Noot 
is 37/12 3 J0 that 4 (L 2 5 C61. 
The other two Values of «, vis s, 
gx =36; are impoſſible.” * | 
Atſter the ſame Manner, you- wilt find that 
he Roots of the Equation x*4+x*—-166x-4-660- 
x=0, are — 1g, 7/5: The Rule by which 
e may diſcover if any of the Roots of an Equa- 
tion are impeſſdte, ſhall be — after 
28 | A 
8 82. The "Roots of Biqualifatie n 
may be found by reducing them to Cubes, thus. 
Loet the ſecond Term be taken away by the 
Rule given in Chap. 3. And Who nn 
; chat reſults be, 


2 3 th 


5 * Tt . 15 1 e | — 


Abd . this'Biquadenie to be the 
Product of ne — ee 


1 if; p} 7 2117" 2 


9M 


Where e is the Coefficient of x in both Equa- 


| tions but affected with contrary Signs 3 becauſe 


when the ſecond ps 18 wanting in an —_ 


che above Product, and. the; reſpecliye Terms 


put equal to each other will give, Hg . 
r, A=. ben . it follows that 


Fe“, and ee nd conſequent, 


HL en) e, and 
* 1, 200 


i the Game, x N vil find, | 


b 24 Wren ; . muliphy- 
ing by 425 and ranging the Ten * ** 


this Equation, 
29 . aero. 2 

Suppoſe e* Sy, and it becomes 5 29 + 
9 4s, a Cubic Equation whoſe Roots 
are to be diſcovered by the preceding Articles. 
Then the Values of y being found, their ſquare 
Roots will give e (ſince y=e*3) and having e, 
you will find F and g from the Equations 


7. * x. 2 * XZ Lach. extract - 
"FEW 2 5 ing 
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ing the Roots of the Equations x*-ex-+f=0» 
& -er g o you will find{the- four Roots of 
the Biquadratic —— ; for either 
* rr or, iE mg." 
983. Or, if you want to f find - the Roots of 
the Biquadratic without taking r Wa way the ſecond 
Term; 11130. V1 ape LH) * 
Suppoſe i it to be of this Form, 5 
er Y W EF; 
and a te Valuevoſ x will ber | e300/1 91 5 


1 


* o 
wa Las 2 
* 


tration is deduced from OF 
367 2 


ie e 0 N 


* 
— 
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280 2186p 2811 i Ei 10 el _ 
+ 


© H'A M2 IX. 


"2 Mn 185711 27+ 


of the Methods by which you may 
approximate to the Roots of Mu- 


- 18. I Pie 7. 


meral Equations by their Limits. T 

„ eo J id 0 5d 03 4 Slogan 

HEN any Equation is Ned 
to'be reſolved, firſt find Ide I 


17, by § 48; that is, the leaſt Root is between 
o and 8, and the greateſt between 8 and 17. 
In order to find the firſt of the Roots, 1 con- 


ſider that if I ſubſlitute © for ; x in 755 GR- 55, 


2 


the Reſult is ſive, Viz. and cg! ro 
quently an Wide betwixt « 0 Top TOES: 
a poſitive Reſult, m uſt be leſs than the leaf Root. 
and any Number that gives a negative Reſult, 
muſt be greater. Since © and 8 are the Limits, I 
try 4, that is, the Mean betwixt them, and ſup- 
poſing X=4z ** —16 88 16—64+55=7, 
from which I conclude that the Root is greater 
than 4. So that now we have the Root limited 


between 4 and 8. Therefore I next try 6, and 


ſubſtituting it for x we find x*—16x+5 5=3 6— 
96-35 —53 which Reſult being negative, I 
conclude that 6 is greater than the Root required 


bs EE, 


mits of Ni 11800 (by Chap. 5.) as for Example, 
if the Roots of the Equation, X*—16x+55=0 
are required, you find the Limits are ©, 8, and 


2 þ . ; Oe i * N 
* 3 IT 2 a — PIN IR — n * A 
3 * ” © Ws iy a AS ho I ns E NI x = 7 r n N — 3 5 
AY 5 - e 5 s 
TY 


%... * 
2 5 
7 (ͤͤ Tb 
r * * * 
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vrhich therefote is limited now between 4 and 6. 
Aud fubſtituting +, the Mtan beten them in 
Place of x, I find If 55 =25—80+55 
So t and confequebtly 5 id the Jeaſt Root of 
_ theiEquation..\/Afﬀtet the ſame Manner you will 
diſcover tp to:bethe-greaci(Þ: Noot of that E- 
R. woc od f: 1007 

Y 85. Thus by F greater, or 

creaſing the Jeſſor Limit, yu may; diſcover 
Bo tru? Root when, 1 it is a commenfurable Quan” 
1 8 But, 8 rere e 8 Mancers 


We Ay ang by continuing the Ope- 
19830 in Fractions, approximate to it. As if 
the Equatign, propoſed is xen So, if we 
Peres. the Reſult is 4— 

Which being gegatiye, ang the; Jenn of 

78 Siying 4 poſitive Reſult, it follows that 
the Root is berwixt o and-2.,,Next we ſuppoſe 
#=1, hence, bfg R -b E E 
hich being poſitive, we infer the Root is be- 
AMiXt, 1 and 2 and conſeqvently incommenſu- 
Table. Ig order to approximate to it, we ſup- 
poſe ral, and find t- Af -r 
_ hq chis Reſult being poſitive, we infer the Root 
wut be betwixe!2 and tt. And therefore we 
Þy 43, and find — IE 7 = 

5 —10 
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— 10, y =-, which is negative ; fo that 
we conclude the Root to be betwixt 13 and 13. 
And therefore we try next 15 Which giving 
alſo a negative Neſult, we conelude the Root is 
betwixt wy} (of 44)" and 11. We ty therefore 
1-2;,. and the Reſult being poſitive, we con- 
clude that the Root muſt be bewixt 18 and N 
142; and therefore id neariy 1152. 5 
$86, Or you may approximare mere e | 
by transforming the' Equation propofed it into an- 
other whoſe Roots ſhall be equal to 10, 1005 or 
1000 Times the Roots of che former (by 5 15 
and taking the Limits greater in the fame Pro- 
portion. This Transformation is eaſy; for you 
ate only to multiply the 2d Term 1 5 72 
or 1000, the zd Term by their Squar 
4th by their Cubes; c. de Eden @ of 155 4 
laſt Example is thus teansformedirits #*.boox | — 
+70000=0, whoſe Roots are 100 Times the 
Roots of che propoſed Equatio n, änd whole = —_ 
Limits are 100 and 200. Nocseeigg as before, lt 
we try 150,” and find x*:656x4-70000= ” || 
22500—90006470000= 2500, ſo that 150 is 
leſs than the Root! Tou next try2£75, which 
giving a negative Reſult muſt be greater than 
the Root: and thus proceeding you find the 
Root to be: betwixt 138 and 19971 from which 
you infer that the leaſt Root of the'propoſed' E- 
e 88 e 1.38 ant 
: 8 . £0 OY In das +5 1 595 
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1.59. being the hundredth; Part of the Root f 
+0000=0. */ Yam 7 | 
5 87. If the Cubic Equation x —1 bar | 
oro is propoſed to be reſolved, the Equa- 
tion of the Limits will be (by 5 48) 3 — 30 
+63=0, ot x*104421=09;” whoſe Roots 
are 3*˙ 73 and by ſobſtituting o for x the Value 
of x*—1 5x *+63x—50 is negative, and by 
ſubſtituting 3 fl for *. that Quantir becomes po- 
ſitive. x=1 gives it negative, and x2 gives 
it poſitive, ſo that the Root is between 1 and 2, 
and therefore incommenſurable. You may Pro- 
cred as in the foregoing Examples to approxi- . 
mate to the Root. But there are other Me- 
thods by which you. may do that more eaſily. _ 
and readily; which we proceed to explain. 
$ 88. When you have diſcovered the value of 
4 the Root to leſs than an Unit (as i in this Ex- 
ample, you know 1 it is a little above 1) ſuppoſe | 
they Difference deere its real Valge: and the 


FA 


. K ² V <dt> I 91 WES rb Is > ren nts 4 — — — — —— — 
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Nou becauſe F is ſuppoſed leſs chan Voit, its 


Powers f*, f*, may be neglected in this, Ap- 
preoximation; ſo that aſſuming only the two firſt 


Terms, we e 72 


ſo that x will be nearly 1.07. 


581+ 19 AO 


-You' may have a nearer. + Pak _ * by _— 


ſidering, that ſeeing as 
it follows that + 4 + 8 


= CAE = bf fatinting fr 7 


13” egy I 11 2. 21 12 


nearly 


$89. But the Valle of f may be corretted* 
and determined more accurately by ſuppoſing g 
to be the Difference, betwixt its real Value, and 
that which we laſt found nearly equal to it. So 


4 * 52 $: 


that f=.02803tx. 2 Then by "fabltiatiog this ; 
Value for F in he, Eequition 15 


F —1 ff F36fm1=0, i it will ſtand as faltows, 55 
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+30f = 1 00 0 "+3 13 1964 
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Of which the firſt two Terms, neglecting the 


reſt, give 35. 3296: 37 000 3 26 1374, and 
0003261374 


r 0000092 3127. 80 that f= 2 
"0 028039231273 and x=1+f=1:028039231273 

which is very near the true Noot of the Faun. 
tion that was * e 1 
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I till a greater Degree of Rxactneſs is re- 


Muired;: ſuppoſe h equal tq the Difference be⸗ 
twixt the 45255 a0 that we have al- 


oi Reg to be between 2 
FE you 1 5 5 Satt, and 
Vale for * hs, | 
5 eee A 
2 T7 5 es 
8 — — 5 Edv 
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1 % 101 H» V if 2 N of YODA, r 
From which de God abs a TOY, doit 1403 
L_nearlys =" nA Then to correct 
chis Value, we ſuppoſe F. 14g, and d 
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Then by ſaz "= 
correct its Value, and vou per 6 char the 
Root required is nearly 09455 143. Fas 89885 82 
$91. It is hot ohly one Ho. qu 
that can be obtained by, this B 
making uſe of the other Limits, you may diſ- 
eover the other Roots in the 22 Manner. 
The Equation of $87, 3 18854 ng 
has for its Limits E 4. 7» 50. e Have i. 
ready found the leaſt Robt to be "nearly 
1.028039. If it is required to find the middle 
Root, you proceed in the ſame Manner to de- 
termine its neareſt Limits to be Gand 2 for 
6 ſubſtituted for x gives a poſitive, and a ne- 
gative Reſult. Therefore you. may ſuppoſe 
en and ws n this Value for 1 in 


icis by brach 4 = -N 7 E * 5. 
whence #=6+{3 nearly. Which Value r 
ſtill be corrected as in the: preeeding Artiel 

After tlie ſame Manner you may approximate to 


the Value of the  higpeft. Roat of the 


892. In al theſe Operations, you will ap- 
proximate ſooner. to the Value of the Root, if 
you take the three laſt Terms of the Equation, 
and extract the Root of the Quadratic Se 
conſiſting of theſe three Terms.“ 


Thus, 
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Theo, in 88. inſtead of the two laſt Terms 
of the Equation 7 — 27＋3 26f—1- So, if you 
take the three laſt and extract the Root of the 
Quadratic ' 12f*—36f1=0,* " you will find 
F. oz sog, Which is muefl nearer the true 
Value chan what 15 diſcover 28 ſuppoſing 


L 8 9 3: 4 By „img Ea d Added TP 
general Coefficients, you may, by this Method, 
deduce General Rules or Theorems for approxi- 
nating to the Roots of propoſed Equations of 
whatever Degree. 3 

Let FIE "repreſent the Equa- 
tion by which the Fraction F is to be deter- 
mined, which is to be. added to the Limit, or 
ſubtracted from it, in order to have the 12 


Value of * Then e will give A = 


* 


rin I S +I? #3 1E 


Bur fince {= egg by. ſubſtirating — — for | 
we have this Theorem for RN 15 nearly, vi. 
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Aſter the ſame Manner, if 1 it is a Biquadratic, 
by which Fi is to be dereimined,! . 3 as fi—pf*taf* | 
s, then =& being very lit "lictle, we ſhall 


ane £3114. 


have f= 2 ; which Value is Red by con- 


nc. | ſidering 


. n , 7 4 


rie ee, 


$ 94. Other Theorems may be deduced - 


aſſuming the three Terms of the Equation,, and 
extracting t the Root of the Quadratic which they 


form. Fo 5 
Thus, to find the Value of Fil in che 7qua- 
tion f* . Hafer where 7 is ſuppoſed to 
be very little, we neglect the firſt Term f*, and 
extract the Root of the Quadratic 2 9 NA 


or of HN =0. 3: and we Ran 
2 + S cv SE = nearly. . 


2p 


poſing i it equal to u, and ſubſtituting m for f* 
in the Equgion f*i—pf taf—r=o, which will 
give m - fr o, and pfi—qftr—m?. 


2203 YE Reſolution of which Quadratic Equa- - 


9 = = ns OTF 
tion gives f= n nun, | very near the 
true Value of f. | | 


After the ſame Manner you may find like 
Theorems for the Roots of * Biquadratic Equa- 
tions, or of Equations of any Dimenſion N 


ever. 
| | J 95. 


Theorem for al Biquadratic bandes, 35 = | 5 
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iy f= 21 A rü X. A A ka i [> (7 : 2015 s 


But this Value af} f may be corrected by ſup- 
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| let r 
. Kc. +4= o repreſent an Equation of 
any Dimenſions u, where & is ſuppoſed to re- 
preſent the abſolute known Term of the Equa- 
tion. Let & repreſent the Limit next leſs than 
any of the Roots, and ſuppoſing x=#+/, ſub- 
ſtitute the Powers of iV inſtead of the Powers 


of x, and there will ariſe, E Lg 
| Epi, &c. A= , or by A; 


Tution, diſpoſing the Terms to che 
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896. e. By chis Method you; may diſcover 
Ne ems for Ap Proximating the. Roots of 
pure Porvers , as to find, the In Root of any 


Number A ſuppoſe: to be the neareſt leſs 


Root in Integers, and. chat H is the true Roots 


then ſhall eee eee 8 &c. = 
and, aſſuming only the cho gaz i 


1 #3 9899080 J 
—_ . 7 more Kah, taking the three fuſt 
; 1. — 3 Ds 
Term, a * 
1e Sy 
Fae Ho Re 4b lh, = F 
1 n 2 — W 85 1 
of DIYnkg Nb 5 0460 
—_ feſt” _— — ES — 
= (putting m=4 4+) =p; %hich 


is a rational Theorem | for approximating to f. 
Lou may find an irrational Theorem for it, 
by aſſuming the three firſt Terms of the Power 


of kf, VIZ. bn nk —if 4m = — — i =. 


For, nk —"f+m — 1 i 1 z and 


reſolving this Quadratic: wo you you find 


f=— 24 —— 
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in the Application of theſ E "Theorems, when 5 
a near Value of f is obtained, theriaddihg it to it to 
ſubſtitute the Aggregate in Place of k in the 
Formula, and ycu will, by ah, Operation, 
obtain a more correct Value of che Roo re- 
quired; and, by thus proceeding, you a 
rive at any Degree of Exactneſs. 
Thus, to obtain the Cube Root Fi 2, ſu in: 
III gata! 1 210! Thaw 
poſe k=1, and F(= =o =) — 
In the ſecond Place, ſuppoſe E25. and * 
will be found by a new Operation, equal to 


0,009921,..and conſequently. 2 =I. 289921 
nearly. By the irrational Theorem, he Game. 
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EY — o 
| \ x 1 
7 * 


of this Method of] ane; by whicts 
ydu may approximate to the Roots 
of Literal Equations. nn 


$ 97. 1 F there be only two Letters, x * a, 
in the propoſed Equation, fuppoſe 4 
equal to Unit, and find the Root of the nume- 
ral Equation that arifes from | Subſtitution, 
by the Rules of the laſt Chapter. Multiply 
theſe Roots by u, anch te Products will give the 
r of the propoſed Equation. © 
Thus the Roots of the Equation x 1 6 
55=0 are found, in $84, to be 5 and 11. 
And therefore' the Roots of the Equation 
x; *—1 6ax+:554* So, will be 5a. and 118. 
The Roots of the Equation * T 245 20 
are found by enquiring what. are the Roots of 
the numeral Equation „ar, and fince 
one of theſe is 1, it follows that one of the Roots 
of the propoſed re is 43 the n two 


are ſnaginay. * Tot 251182 8 11 
40001 


; * 98. JE the Equation: to be reſolved involves 
more than two Letters, as - Tc 
TH — then the Value of * may be exhibited 
in a Series having its Terms compoſed of the 
Powers of 4 and y with their reſpective Coef- 
Acients 3 = 


* 
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| ficients 5 which will * converge the ſooner the leſs 
y i in reſpet? of a, if the Terms are continually 
multiplied ty the Powers of y, and divided y 
| thiſeaf a” Or, „ will converge the ſooner the 
greater y is in repets of a, if the. Terms be con- 
tinually multi plied 2 the Pawers of a, and di- 
viged by thoſe of y. Since when y is very little 

in reſpect of a, the Terasg, = * 255 25 a | 
&c. decreaſe very quickly. If 7 vaniſh ! re: 
ſpect of a, the ſecond Term will vaniſh | in re- 


ſpect of the firſt, fince 2 — 19 bag . And af- 
ter the ſame Manner 22 © vaniſhes in reſpect of 


bro in WH. 5G 
the Term . preceding it. 
But when y is vaſtly great in reſpect of 5 


then à is e reſpect of < 75 and — — 


in reſpect of = 3 ſa that che Terms 4, 55 >, So 
N 
= moo in a Caſe deereaſe very ſwiftly. 


* | 
In either Cafe, the Series canverge. ſwiftly tbat 
conliſt of ſuch Terms; and a few of the firſt 7 
Terms will Sixe A near Value of the Root re- 
quired. . 

$ 99. If a Series for x is 23 from the 
Propoſed Equation that ſhall converge the ſgoner 
the leſs 5 is in reſpect of 43 to find the firſt 
Term, of this 8 5 we ſhal 4 9 Pe . to VA» 


pang "kr 35 8 yrs 
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* ＋a X—24 =o, conſiſting of the remaining 
Parts of the Hqustion that de nbt vaniſh with y, 
we find, by 597, that v; v lich is the true 
Value of x when y vaniſhes; . it 18 only 1 near its- 
Value when y does not vaniſh, but only is very 
little. To get a Value ſtill nearer the true Value 
of x, ſuppoſe the Difference of a from the true 
Value to be p, or that, K 7 And ſubſti- 
tuting o+p N the given FG, .for x, 8 
Mey : v fouta got fla od. ” 


nh 
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"of a x 234 
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But ſince, by. a J and p are very 
 Kttle in reſpect of a, it follows that the Terms 
4b. a where y and p are ſeparately of the 
leaft Dimenſions, a are Bios reat in reſpect of 
the feſt; 16 that, in determming 4 near Value 
ef hoe the reſt may wr negleted: and from 
4a P *y=0,we find Pp —9. e * + 
; neuflr enn, 2m: 

Then to find a nearer Value of p, wy con- 
ä E of x, ſuppoſe” pf, and ſubſti- 
| for ãt in the K you 
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And ſince, by the 1 7 is ah 
in reſpect of by which is nearly. S, there- 
fore 3 will be very little in reſpect of y% and 
conſcquently-alt the Terms of the Jaſt Equation 
will be YOU tle in reſpect of theſe twa, viz. 


nt WW 2¹¹ is \ 
got 913316 


ere, +479, where y and f are of leaſt Di- 


menſions ſeparately. 2; particularly. the- Term 
tg is little in reſpect 6 
very little in reſpect of az and it is little in re- 


ſpect of Dip berails” 1 is little im reſpect 


of 5: D > 31613 WG C o Hege 4. 41 2 


"\Negteft chico rho other Terms, and Tups 
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in reſpect of any Quantity 2, you need only ſup- 
poſe à to be very little in reſpect of y, and pro- 
ceed by the ſame Reaſoning as in the laſt Ex- 
ample on the Suppoſition of y being very little, 

Thus, to find a Value for & in the Equation 
| „rh = o that ſhall converge the 

ſooner the greater y is in reſpect of a. Suppoſe 
a to vaniſh, and the remaining Terms will give 
1 - , or #=y." So that when Y is vaſtly | 
great, it appears that x=j nearly,” | 

But to have de N ey more accurately, 
bre then, - rein 


AI „ee 
t HIT 


1 the Terms b beconie vaſtly g 3 
| than the reſt, Mes gf Bretter than « or 


transform che ff Equation tes, fl 1 8 2 W038 


id, 10-9916). ig 05 


comes — — 1 20 


2 A 94 1011 


GIL iS 


2 5113 10 20 4 4 {i 951 2 0100 ih 


| where the two Terms 29 45 miſt be vaſtly 
any of the reft, * h | 
than 


Chap. 10. ALGEB'R Ar ub 
chan y, and q vaſtly: lefs chat a, by che ar 7; 


Ss. % 


ſition; ſo that 30 Den ch and 7. - =, nearly... 95 


By proceeding in this Manner, you may corny 
the Value of y . find thats" bfift 
Tap 1k x; — S 5 
* = 5 39 8 77 24393? Be ITT: * «4 
which Series converges the ſooner the greater y i is 
ſuppoſed to be taken in reſpect of 2. 
$101. In the Solution of the firſt Example - 
thoſe Terms were always compared in order to 
determine p, q, 7, &c. in which y and thoſe 
Quantities p, 2, 7, &c. were ſeparately of feweſt 
Dimenſions, But in che 2d Example, thoſe 
Terms were compared in which s andthe Quan+ 
tities p, q, 7, &c. were of leaft Dimenſions ſe- 
parately. And theſe always ate the proper 
Terms to be compared together; becanſe they 
become vaſtly greater than the _ in the re- 
ſpedtive Hypotheſes. 27 k. 62d EE 
„ general ; to. determine the firſt, or r any, 
Term in the Series, ſuch Terms of the Equation 


are to be aſſumed i f ogether only, s. vill Be found 
to become vaſtly greater Iban . other Terms; 


that is, which give a Value of x which ſubſti- 
tuted for it in all; che Terms of the Equation 
ſhall raiſe the Dimnſions of che other Terms all 
above, or all below, the Dimenſions of the aſ 
ſumed Terms, according as y.is ſuppoſed, to be 


| "Ty little, or, vaſtly great in reſpect of a. 
Thus 
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Thus to detertnine the firſt Term of a con- 
verging Series expreſſing th Value of x in the 
laſt Equation #?==4* zap =0,; the Terms 
ay and - Are eee e together, 
for they would "give == * a oh ach. ſubſtituted 


We 2 eee firſt Term is is 

7 nlions than the aimed Terms yr, 
. andi the ad of fewer I ſo that the two firſt 
Terms cannot be negzlected in teſpect of the two 
laſt, neither when is very great nor very little, 
compared with" 4. Not are the Terms xs, ayx, fit 
to be compared together ĩn order to obtain the 
firſt Term of a Series for x, for the like Reaſon. 
But & may be compared with —afx, as alſo 
— Wich — 5 for that End. Theſe Two 
give r n Suren that ei | 
firft Term of a Series 1 che ſooner 
- cate! 5481 The laſt Series Was gen in 
tlie preceding Article- The' compa: ay a me 


Der gives EINE OS, Series £\ 
UPC T5030 yas nf bas od 8 5 R mon 
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And theſe Series give'three-Vahues of xwhen 
is very little; the laſt of which is itſelf alſa 
very little in that Caſe, as ir appears indeed fram 


the Equation, that when y vaniſhes, the three 
Values of F becor me +4, —4. and. S 1 


when y vaniſhes, the Equation comes 
- *r o, whoſe-Roots Are, % i $3 © 1 


58 102. It appean ſufficiently fiom what we 


have ſaid, chat hen! an. Equation, is rapoſed 


involving x andy, and the Value of E is required 
in a converging; Series, the Difficulty: of finding 
the firſt Term of the Series is reduced to this 
<< to find what Terms aſſumed in order to de- 
termine a Value Of & expreſſed. in ſome, Dimen- 
ſions of y and a wilh gire ſuch a Value of it as 
ſubſtituted for it in the other Terms will make 


them all of more Dimenſions of 3, or.all of. lefs | 


Dimenſions. of y, than thoſe aſſumed, Terms.” 

To determine this, draw BA and AC. at right 
Angles to each other, compleat the Parallelo- 
gram ABCD and divide it into equal Squares, as 
in the Figure. Jo theſt Squares place the Pow- 
ers of x from A towards ©, and the Powers of * 


from A towards B, and in any other uare 


place that Power of x that is directly below it in 
the Line AC, and, chat Power of y that is in a 
Parallel with it in the Line AB; ſb that the In- 
dex of x in any Square may expreſs its Diſtance 
_ the E AB, N the Index of of y in any 
 * 22. "Square 
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Square may:exprels its Diſtance from the Line 
AG N e Wage fo Gþſerve, EY 

18 7 2 10 5 Ee A $1307 N 


— e ee 
ere 


. That the Keime are e ot e in Geomeſt: | 
ON Progreſſion in the Vertical Column AB, or 
| the Horizontal AC, and their Parallels; but 
alſo in the Terms taken in any; oblique. ſtrait 
Line whatever; for in any ſuch Terms it is ma- 
nifeſt that che Indices of y and & will be in Arith- 
metical Progreſſion. I The Indices of y, becauſe 
-. thoſe Terms will remove equally from the Line 


pg ee 5 to it, and the Indices 
/ of 


31 4451 4 . > * 


7 


* 
af aan 
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of y in any ſuch Terms are as their Diſtances 
from that Line Ac. The Indices of & will alſa 
be in Arithmetical Pfogreſſion, becauſe thei 
Terms equally remove from, or approach to 
+ 75 AB. Thus for Example, in the Te: | 
59 **, * 5 the Indices of 2 decre 1 
by the common Difference 2, while the Indi 
of x. increaſe in the Progreſſion: of the n nat 
; Numbers, the I OLIN. of the 'T erm 


hs 2 Ye iy 
* * N 3 * Ly X. * £ . 
, 4 » 2 > 5 1 "BS % & % l 
Wk dn mg CEL iS Lhe bop .I — 
* o * 


By 2. From the laft Obſervation, that 2 
1 two Terms be ſuppoſed equal, then al the Tem. 
in the ſame ſtrait Eine with theſe: Terms, will be 
cegqual : becauſe by ſuppoſing theſe two Terms 
| the common Ratio is ſuppo d | 
| Ratio of Equality; and from this it follows, 
that « if you' ſubſtitute every where for x the 
Value that ariſes for; it by ſuppoſing any two 
Terms equal, expreſſed in the Powers of y, the 
Dimenſions of y in all the Terms that are found 
in the ſame ſtrait Lane will be equal; but 
<& the Dimenſions-of y in the Terms above: that 
Line will be groueenitiumiin thofe in that Line 3* 
and © the 0 „in dhe Term below 
the ſaid Line will be 1% than its Diven ſions ig 
that Line Thils/iby ſuppolinig yd we 
find x, or * and fubſtitutitiqᷣ this Va- 
in the Terms 57, , N, 35% Which 2 


— 8 * * PP 
A bd wer 4 r 2 R 

A — SI Ret oY IIS ,- Aa a6 5 

a _ 


254 AVkiatribe) of Pam Il. 
found in the fame ſtrait Line; will be 7, but the 
Dimenſions in all the Terms above that Line 


18015 'S 


will be more than 7, and in al. the, Terms be- 
tow that Line will be leſs than 7. 
2018. 103. From theſe —— MERE we may 
fly find a Method for diſcovering what Terms 
ought to aſſumed from an Equation in order 
to give a alue for x which ſhall make the other 
Terms all of, bigber, or all of lawer Dimenſions 
of 7 than the aſſumed Terms; d. . after all 
the Terms of the Equation are ranged ; in their 
proper Squares (by the laſt Ar icle) ſuch Terms 
ate to be affumed as lie ait line, fo that 
the other Terms, either te Mt above the ſtrait 


For Example, Jupy Zqua tion propoſed | 

5 0 = 2 e yx FG gn o, then mark - 
in with an in the laſt Ar- 
e which contain the fam LIED of * 


9225 as the Lern 
u 


C, it will Art mect ue . and tile 

| the Ruler, joi s tl e „ all the other 
above 'W ich you infer. that 

by ſuppoſing - theſe Eft qual, ou ſhall ob- 
tain a be of x, w ich ſub Feoted for i it, will 
give all the other Terms Gf higher Dimenſions 
of; kkan thoſe'Ferms . we conclude 
r= ai Value of * deduced from ſuppoſing 
theſe 
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theſe Terms he one 2. is the Guſt Term 


57 
of a Series that will Ce Leoavetge the foonet the, les 
y is in reſpect of Toby a 
If the Ruler be f made to Tote! Abt the 
ſame Square the contrary Way from Ditowards 
C, it will firſt meet the Term 5.4 and b fup- 
poſing y. we find y=x, which gives 
the firſt Term of à Series for x, that converges 
the ſooner the greater that y is. And this is che 
celebrated Rule invented by Sig "Tac We 
for this Purpoſe. 3 
$ 104. This Rule n may be SENG to Equai 
tions having Terms that involve Powers of x 
and y with Fra#ional_or Sud Indices; * by 
taking Diſtances from Ain the Lines AC 3 ork 
A proportional to theſe F fractions, and Surds,” 
and thence determining, the Sj ityation, of the 
Terms of the propofed Equation'in in the Parallel J . 
Sam AK D. D 20s i 


It is to be beten allo, tha hat wh en the ihe Lia 
joining any 7 has all Non REN 8 


on One Side of it; b by them. you ge fy $9.38 i 
[Kg this 
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Erie can_be deduced rom the 
'" As, in "the 1 { © Beal le, ch 
Y ASTD CLLSTD 3 ov 825 3, Sede 
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A* rs by ppoſing any two Terms equal 


16 
para en all che 


Bons than they, if it mov 


4 TEU Ari AT 1s 2 Hap. 

©, Conyerging e 
the ſtrait Lin Joining 3x x "y has all 8 
other Terms above it, an "AK * fuppoſing 


wee A and K = 

Heft ſes, for x x, converg- 
ng: alſo . boner | the 7 1s. . _ | There are two 
Series conver ng f the ſe 15 | the f reater'y is, to 


* I” 
. Ag. bet Ce TAs Age. 
Nele 4 ee, bel, "having © a Term of the 
———— fits Angles; and including all 
8. 5 55 within it, then a Series may be 


Ri hed Ib. home Dimenſions of 
J: for they will bear the ſame Proportion to one 
another as the Terms in the Linè ZE themſelves. 

+ Phe. Terms which the Ruler--will touch firſt 

will have . fewer Dimenſior 5: 

.\wuches afterwards. ins Wome of its Mo- 

tion, if it moves anne. 

ves towards A. The 
iTerms:in the ———— to deter- 
mine the fixſt Term of the converging Series 
required N Theſe wich the Terms it touches af- 

1 the-. ſucceeding 


of the 2 Series; all the reſt 
4 | vaniſhing. 


n ALGEBRA. 


little and the Ruler moves from A towards D 


or when y is vaſtly great and the Ruler moves 
from D towards A. "2 


8 106. The fame Author gives another 
Method for diſcovering the firſt Tam of a Se- 


ries that ſhall converge the ſooner the leſs y is. 
<« Suppoſe the Term where y is ſeparately of 


feweſt Dimenſions to be Dy; compare it ſucceſ- 


ſively with the offer Tem. as with E, and 
obſerve where is found greateſt ; and put- 


ting = =», & will be the firſt Term of a 


Fee ve! 
for in that Caſe Dy and Ey. will be infinitely 


greater than any other Terms of the propoſed 


Equation, Suppoſe F5*x* is any other 2 of 


| e, (a 


is greater than „and conſequently, multi- | 


plying by &, — »k greater than e, and 
ak-e greater than { now if for x you ſubſtitute 
„ then Bu F Mite, which therefore will 


vaniſh compared with Dy! (ſinee ae is greater 
than i) when y is infinitely little. Thus there- 
| fore all the Terms will vaniſh compared” wich 


Dy and Zy* which are ſuppoſed equal y' and 

conſequently they will give the firſt Term ut a 

Series that will converge the "ROE the leb vl. 
2 FO 8 - . $8 


4 0 
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vaniſhing compared with theſe, when y is very 


g the ſooner the leſs y ia: 


957. 


$ 107. If you « obſerve ce a Whey is bd 


leaſt of all, and ſuppaſe, it, equal to _ then will 
| Ay" be the firſt Term of a Series that will con- 
verge the ſooner the greater $1 2 For i in that 
Caſe Dy. and 2) * will be infinitely 1 ran, 


#3 © «< 


Fed, becauſe aL (u). being leſs. than — 


1 follows that Vi is leſs than , and 44 
leſs than 7, and conſequently Fit $(=PAttt) 
vaſtly leſs than Dy, when y is very great. 


After the fame” Manner, if you eompare any 
erm Dy'x*, where both x and y are found, 
with all the other Terms, and "obſerve where 


Im; is found greateſt or vet. and ſuppo . 


Den, then may” Ay be che firſt Term * 
converging Series. For ſuppoſin ing ons c is 


| any other Term. of the Equation, if | = (=) 


18 greater than =; rms © then ſhalt be be greater 


chan Ie, and ELD] greater than ub. But 
ae 2 are the Dimenſions of in Bx when 
S hre and Aub. are the Dimenfions of yin 
2 5 therefore Ext is of more Dimenſions of) L 
than Bex „and therefore vaniſhes compared, to 
when 1 is ae infinitely let, . In the 
i r 2 i . ee E. then 
* 128 ins noi ill 
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will Zy*x* be infinitely greater chan Hit, Wt 
is infinite. 


$ 108. When the firk Term (h) of the Se- 
ries is found by the preceding Method, then by 


ſuppoſing #=4*+p, and ſubſtiruting this Bi- 
nomial and its Powers for x and its Powers, 


there will ariſe an Equation for determining p 


the ſecond Term of the Series. This new Equa · 


tion may be treated in the ſame Manner as the 


Equation of &, and by the Rule of 5 103, the 


Terms that are to be compared in order to ob- 
tain a near Value of P, may be diſcovered ; by 
Means of which Terms, * may be found: which 
ſuppoſe equal to By, then by ſuppoſing 


p = ＋2, the RON may be tranſ- 
formed into one for determining q the third 


Term of the Seties, and by proceeding, i in the 
ſame Manner you may determine as many Terms 


of the Series as you pleaſe; finding x 
CCD- &c. where the Di- 


menſions of by aſcend or deſcend according as r 


is poſitive or negative; and always in Atith- 


metical Progreſſion, that this Value of x being 
ſubſtituted for it in the propoſed Equation, the 


- Ferms involving y and its Powers may fall i in 


with one another,, ſo that more than one may 

always involve the fame Dimenſion of y, which 

may mutually deſtroy each other and make the 

whole Equation vaniſh, as it ought to do.“ 
$3: 7 
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hs A TRA Ars FF Penn. 
ae 1: νν,u ghatcas the Dimenſions: of y in 
eM N NED Rel are in ah 
-Arxhmaica} Progreſſion whofe Difference is 7, 
the Square Cube; dr atly>Dbwer: Sf N 
gy CN t vin confiſt of 
e hah AR Dienenfions of 3 will conſti- 
an AritfieticabProgjeflith Having the ſame 
dannen Büsser ; for the Dimenſioris 
Wil be 6; Ir, Hir 37 dc. There- 
fote, if in any Term EN you ſubſtitute for x 
"the S Nc ＋ D . 
*Hie' Terins bf rhe Series e expreſſing B=. will 
__ _. *@onfiſtof> theſe — of „ viz. n, 
mr., uE, m4mþ3r &c. and by 
n Rke Subſtitution in anꝝ other Term as B., 
the Dimenſions of y will. be _ emer, 


We — and be found equal with op- 


| "polite! Signs ſo: as to deſtroy one another, and | 
f make the whole Eq ati ee 


21110 „The Hirſt, Series conſiſts of Terms ps by 
57 adding, fame; Multiple, of r to, min, the latter 
- by «ddipg ſame, Multiple of to ent; and that 
r may chincide, ſome Multiple of r added 

9 Hen muſt. be equal to forme. other Multiple 
added ten. From, which it appears. 
Sade aaf . and * is always 


28120 ; 8 2 A 
gs N 


the Terms End H ſupoſing xc 


"viſor of the Diſferences+ 

in the cee neon hen yon have 
ſubſtituted, Az; lor r, in al. che Terms.“ 118 Ang 

if y be aſſured, equal” to the. greatef, common 

Diviſor (opcepripg, ſama. Caſes. aſter ward to.he 
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Diviſor of „ — — 150 


It follows therafgge+firhas ii SM mmon Di- 


of che-Dimenlions of 


mentioned): e ape r F Pe. et 
Series for, x. "And, now: the , Dimenſions 


, e, "+37" Ke, being Kone there 
: remains —__ by Calculation, 40, determine che 
general Coetficjeaty.& B, CD, &c, in ordęxto 
Mil rhe Botha Whip rene TH 
"&c; — +> 9 2G 4 {545 enoiinam d | 
© 8 109. wy his Tags bs to Sit. ak Nuss 
| Second General eld of Series? ; ' which. con- 8 
Fiſts i in aſſuming Series \ with undetefmined Co- | 


; efficients expreſſin ng POP Apt Pt, 40... 


Jt; 


&c. where = TC. are ſuppoſed a as yet u un. 


An 


known, but u anc 4 diſcovered by what \ we 


have already demönftrated 5 and ſubſtituting this 
every where for x, you muſt ſüppoſe, 18 "the 


of rd 


Din Equati ation Hub” atis, the Sum of all the 
Terms that” involve the ſame Dimenſion of y 


10 vaniſh, by which Means you will obtain par · 


© ticular Equations, the firſt of which will give 4, 


the ſecond' B, the bird C, &c. and theſe Valuey 


S3 | * 
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being ſubſtitured” in the aſſumed Series fot 
A. B, C, &c. the Series for x will be obrainedt 
as far as you pleaſe, agen 

Let us apply, for Exinple, tis Method to 
the Equation (of 6) 98) 1 þ4* x——20* Fojx— 


JW . Suppoſe! it is required to find a Series 


converging the ſooner the leſs y is: its firſt 


Term (by § 99, or 102) is found to be a, ſo 
that #=0. Subſtitate 4 for x in the . 


and the Terms become 4. H 24 K. 9 


and the Differences of the Indices are o, I, 2, 0 . 

whoſe greateſt common Meafure is 1, ſo that 

rl. Aſſume therefore x= A By+Cy*+Dy* 

3 d ſubſtitute this Series A x in the Ro 
Is 


F 5 tac. „＋3B- 13+ &c 
195 ICC g ÞDj . &c. 
6A BY? &c. 

* e Lay + a + @* Dy*+ &c, 
po rt 3 eee N + &c. 


| No Gi ince 2 W e — Sõ, it 
follows that the Sum of theſe Series involving y 


muſt vaniſh, But that cannot be if the Coef- 
ficient of every Particular Term does not vaniſh. _ 


For everyTerm where y is infinitely little, is in- 


finitely greater than the following Terms, fo 
_— „ 95 that 
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that if every Term dos not vaniſh of itſelf, the 
Addition or Suhtractian of che. following Terms 
which are infinitely leſs than it, or of the pre- 


ceding Terms, heh. are infinite ly greater, can- 


not deſtroy it; and therefore the Whole cannot 


vaniſn. It Peer therefore that A .. 


24*=0, is an Equation for A eee 4, and 
gives 24 75 

In ei to termine B, vow: tt wobl 
the Sum of the Coefficients affecting y to vaniſh} 


VIZ, 3 3A BF s * Baby =O, Or, line | A= Se, 


44*By+a*y=0,, and B . 


To determine C, in the 3 Manner ſup- 


poſe 3AB*y*+34* Cy* O Soo, or, 


eee >» A and B their Values already 
found, 2 22 +44* Of — 0. and confe- 


quently g And, by proceeding i in the 


fame Mader D.. , ſo that x= 249 ＋ 

6770 7 aug; &c. as we found before in 
5129 | | 

„ „„ "> 

$110. By this Method you may transfer Se- 

ries from one undetermined Quantity to another, 


and obtain Y 1 beorems for. the  Reverfion of 
Series, | 


* 23 , 
x ——— * 


and it is required to expreſs * by a Series con- 
liſting of the Powers of x. It is obvious that 
4% _. when 


P +, 


. * 

rr 469 the * = * 0 — — „ 
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when, & is very little, is all very little, and 


that in order to determine tho frſti Term of the 


II TAN 


Series, you need only aſſume T9 And there- 
fore y 5 fo. het 11. By ſubſtituting „ 


for y, you find che Dimenſions of * in 1 


Terms will be, 1, 2, 3, 4, Cc. ſo that r=1 
alſo. You may therefore afſumey=zAx+ Bxt+ 


Cx*+Dx*+ &c. And by the Subſtirution of 
this Value of y -J will find, - 95 55 


He labs- Lacs e. 


e c. 
= 2 DOD... 1 ds K ec. 
; &c. Be Ec. 


oz Rad act 
S os the firſt Term m bei by already found to be 


=, you have 4.5 2 


- 2 

N © „ F 
anos 5 
— 


it + follows that BZ . After the ſame Man- 
ner vo will ünd T= e Whence y= 


and ſince Ae. | 


10 aT #5) 


70 8111 Suppeſe ache you hows. ad def 
e bdx* += &. 223+ by*+i9i-Hy *-.&c to 
Rad in. Terms of . Lou willeaſily fee, by 
3403, that the fitſt Term of the: Series for x is 


#27 hat nr 1 T. pl Therefore" aſſume x= 


25 197 


9 K We. and b * - 7 ſubſtituting this 
| Value 


+500 ' * 9 * 
8 - * * * 16 4 * 1 o — * . . U 
54 ret! and 2f4 ide N 
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Value ſor x and bringing all che Terms ate ve 
_ you will have! nie) gd 03 35Þ70 0 are, 


8 2 4, 1 705 Pt 34 0p way zo? ; 
REST BA ES AB E &c. —=y20t 


= 5 een gov t tot 


eee 3d Hin 8 


-e, reads Ys ü 5 cls 
7 — ==, FIT” A e ti 12 £2 3 4 2 2 3 
—_— © © © „I D etc 81 * 2142 


&c. „ &c. 
58 * © Id + +l N N 


From whence 'we'-ſee,: firſts. that a g, and | 
. A 2 2 That aB. NU bo, ng . 


hb te* T4 


7 2 
| 311 A 11 
CL ELM 


and therefore. C=— = A 
three firſt Terms of the Series 15 : 46 
&c. are known v RA - A 017 


+: 


8 112. Before we conclude it remains ko cer 
a Difficulty in this Method that has embarraſſed 
ſome late ingenious Writers, concerning © the 
Value of 7 to be aſſumed When tuo of more of 
the Values of ithe-firſt*Ferm- of '& Series for e 


preſſing x :ar&'foutdCequaly-# Correctiom sf 


the preceding Rule being neceſſary ir chat Caf. 
And the Author of that Correction havitil 
only eg it from Ex PG and gen.) dit 


in ve Ons 


See Mr. De Moivre in Phil. Tranſ. 240. 
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us without Proof, it is the more er to 


demonſtrate it here. 
„ 8 then, that i in order that 
the Series / I. H HHO FD Lr + &. 
may expreſs x, it is not only. neceſſary, that 
when it is ſubſtituted for x in the propoſed E- 
quation DEH o,; the Indices uus, 
mn r, mu Fzr &c. ſhould fall in with 
the Indices ent, eule, 5 e214 27, &c. 
in order that the Terms may be compared to- 
gether to determine the Coefficients A, B, C, 
&c. but it is alſo neceſſary, that in the particu- 
lar Equations for determining any of thoſe Co- 
efficients, as B for Example, thoſe Terms that 
involve B ſhould not deftroy each other. Thus 
the Equation 3A*B—34* B-aA4=0 can never 
determine B, becauſe 34* B—3 A Bro, and 
thus B exterminates itſelf out of the Equation ; 
beſides the Contradiction ariſing from —aA4=o, 
when 4 perhaps has been determined already 
to be equal to ſome real Quantity. 

In order to know. how to evite | this Abſur- 
dity, let us ſuppoſe that the firſt Order of 
Terms in the propoled Equation are, as before, 
Dy, Eya,, &c. and if Ay is found to be the 
firſt Term of a Series for , then the Dimen- 
ſtotis of y in the firſt Order of Terms, ariſing by 
ſubſtituting in them 4s for x; will be nns, 
and the e N of 2 ariſing þ by ſubſtituting 
| * 
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L= &c. for & will be nu, 
m nsr, mans har &c, Suppoſe that He 
is the next Order of Terms, and, by the ſame 


Subſtitution, the Dimenſions of y ariſing from 
it will be - (becauſe Her x © 

e ee, 
.EBA-V H &c.) e+nk, Tut r, e+nk+2r. 
&c. Now it is plain that eu muſt coincide 
with ſome one of the Dimenſions ns, mTtns+r, 
Lu Har &c. that the Terms involving them 
may be compared together. And therefore, 
as we obſerved in $ 108, r muſt be the Diffe- 
rence of en and nn, or ſome Divifor of 
that Difference. In general, r muſt be aſſumed 
ſuch a Diviſor of that Difference as may allow 
not only ent to coincide with ſome one of the. 
Series uus, uns r, uus zr &c. but as 
may make all the Indices of the other Orders 
beſides e ut likewiſe to coincide with one of 
that Series: that j is, if Cys is another Term in 
the Equation, 7 muſt be ſo aſſumed that the de- 
ries f+nb, fhubtr, finb4+2r &c. ariſing by 


ſubſtituting i in, ĩt A By, 40+" &c. for | 


x, may coincide ſomewhere with the firſt Series 
mti, usr, Hs zr &c. And there- 
fore ve ſaid, in $108, © that r muſt be aſſumed 
ſo as to be equal to ſome common Diviſor of the 
Differences of the Indices n, ent, f+nb 
&c. which ariſe in the . Equation by 

ang, 
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ſuhſtituting in it. for & the Hirſt Term already 
known A. For by -afluming# equal to a 
common Piviſor of theſe. Nifferenoes che thete 
JUS auf 2665 „ 4 OR 8. 505 
nt, „Eur, n. 1 * +37 Ke. 
ek, er, e „n Ezr. &c. 
i fambs fru or; HHN Fr &c. 
Will coigcide wich one anothers Ine ſome Mu- 
tiples of 7, added to m. will gie en and all 
that follow; it: in the ; feeandySeries, and ſome 
Multiples of r added to mA will alſo give 
ub and all that f. follow 3 It ck pd Series. It 
is alſo obvious, that, f if G particular Reaſon 
hinder it, 7 ought to be alle ed equal to the 
greateſt comtnon Meaſure of t hell "Differences. 
For Example, if the Indices 5 1 e Luk, 
nb, happen to be in Arbmedeaf Progreſſion, 
then 7 ought-to' be aſſumed equal to the com- 
mon Difference of. the Terms, and the firſt of 
the ſecond, Series will coincide, with the ſecond 
of the firlt, and the Gf of the third Series will 
coincide with the ſecond of th > ſecond Series, 
2nd with the third of the 51 and ſo on, 


'D F113. "Fheſe Things being well underſtood, 
we are next to obſerye 589520 ter you | have ſub- 


ned Ap Bt arp 13 ge, f for x in the 
rſt Order of Ferms.in. the E pation, the Terms 
Nat involve i Hoey $ ol A. will AA 


— — * — i 3 * 


8 2. 1 > Man, IF * 7 2 PRAM. ent 
fn 2 ein — - OI »+ f I; 8 1K -4 — 


| 8 55 
15 8 | | | 7 's 
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the Aggregate of theſe Terms, ſince they give 
A as one Value of *: let k- repreſent 
that Aggregate, nnd, ſubſtiruting for * its Va- 
ue A LN LO Kc. that Aggregate 
becomes 4+ DFTIGT we = 

TN &c. . Now the loweſt-Di- | 


menſion in = was ſuppoſed to be n. Le 
"whence the Pithefiſton of P, in the fame Terttis, 
will be La- and the loweſt Dimenfiot 

. TELE: &c. * viſt be 1 ee 
—+Fr. "Suppoſe a again that two Vale! 
of x, determined from the firſt Order « of Terms, 


are equal, and then D will be a Diviſor 
of that Aggregate of t the firſt, Order of * Terms. = 
Suppoſe char Aggregats now 2-—-11:x2,which 
by Subſtitution of 4*+By"F 74-2 gy 
'for # will become By Of Pr ge xp, 
in which tHe16welt Term will now be of m-4ns 
Dina” Boer in 2 * * 5 the loweft 
"Term i is ere of PREG | MLL Key and 
| e bels Terms, the, Dimenſion of 
if the 


P ſelf, is Seda i xy 
. 1n 7s e e 8 of Values of: * ſup- 
"poſed equal to Hy be 25 then muſt += ty" be a 
| pa: of the Agg regate oft the Terms ofthe firſt 
Order. And 4 Aggregate being expreſſed | by 
Pc, i in the lowelt Terms, the Dimenſions 
| of 
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of y in P will be a. - that in & i they 
may be n ns, as we always ſuppoſe. Subſti- 


tute in 2 for ch its Value By 
. &c. 2 in the Reſult 


E I &c. y the loweſt Dimen- 


| ons of y will be kee e 


Tr. N | 
8 114. From what has been faid we concludes 


that when you have ſubſtituted for & in the firſt | 
Order of Terms of the Equation propoſed the 


7 Series A "+ By" 40 * 2r+&c. the firſt Term 


of which A is known, and the Values of x 
whoſe Number is p are found equal, then the 
Terms ariſing that involve mut, ' m4ns+r, 


 m+n5+27, &c. till you come to m+n5+7r, will 


deftroy each other and vaniſh; ſo that the firſt 
Term with which the Terms of the ſeeond Or- 


der e+n& can be compared muſt be that Which 
involves mu- pr 3 and therefore ſuppoſing 


= ne Hr, or r= the high- 
eſt Value you can give 7 muſt be the Difference 


of ext and mus divided by p the Number of 


equal Values of the firſt Term of the Series.“ 


If this Value of 7 is a common Meaſure of all 


the Differences of the Indices, then is it a juſt 


Value of 7; but if it is not, ſuch a Value of r 


mult. be aſſumed, as may meaſure this and all 


the Differences ; that | is, © ſuch a Value as may 
be 


PPP — 22 — AKA Aa FAA EN A A" is Ne Ek — 


7 


be the n „ 1 the, leaſt: 2 
Difference divided by p (vix. n=) and 9 


of the common Meafiire of all the Differences. 

For thus the Indices mne, usr, nu Lar 
&c. will coincide with eur, e uk fr, ear 1 
&c. and with Tub, Hub r, Fuba rar &c. 1 
and vou ſhall always have Terms to be com- — 
pared together ſufficient to determine B, C, D, = 
&c. the general Coefficients of the Series aſſumed. 9 

for x. | 18 


Sins To all h mate whine that if. 18 
x—Ay* be a; Diviſor of the Aggregate of the | il 
Terms of the ſecond Order Fy*x,, &c. then, by. A 
ſubſtituting for # the Series g © | 
+ &c. there vaniſh not only as many Terms of 
the Series involving mtu, m usr, mÞ+ns+2r. 
&c. as there are equal Values of the firſt Term 


Ay; but the Terms involving e+»# Dimenſions 1 
of y vaniſh alſo; and therefore it is then only 31 
neceſſary that e+nk+r coincide with mH, | = 
ſo that, in that Caſe, you need only take 


E3C-T8H 
— —— 5 And if e de a | 
ſor -of -the Aggregate of the ſecond Order of 7 
Terms, then the" Terms (after fubſtituting for 
* the Series pr By plus &c.) Which 
involve e+xk, Tut fr, enkÞ+27 & c. will va- 
N to the Term ui; 1 that, Er Up. 
Bs Pont 


22 


. 
0 
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rence of the — — Fed &c, 
provided that Difference be a Meaſure of the 
other Differences.z. altho*; there may be as many 
Values of the firſt Term of the Series equal as 
there are Units in p. Or, if that does not hap- 
pen, 7 muſt be taken, as formerly, equal to 


che greateſt common Meaſure of the Diffe- 
rences. 


$ r16. that 4 Orders of Terms'of 
the Equation can be expreſſed the Fiſt y 
2—4AVxP, the ſecond: by -,, the 
third by NL. 8c. and fappoſe that Ey 
is one of the firſt, Hy one of the ſecond, C 
one of the third, and ſo on: then it is plain 
chat, ſubſticuring for x the Series H. H. K.. 
Cy ts &c. the loweſt Term that will remain 
in the firſt will be Dimenſions of y, 
the loweſt Term chat will remain in the ſecond 
will be of er, and the loweſt Term re- 
maining in the third of +b+1r Dimenſions of 
5. For by the ſame Reaſoning as we uſed, in 
$ 114, to demonftrate that, in the firſt Order 
of Terms & -A up, the | loweſt Dimenſions 
of y ate mtu Tyr, we ſhall find that, in 
1 20 e Orders, the loweſt . 


bak whe: N N — war Tens 
Sanboetr.” Tha: leidjcns-ahoeefohe bf che Terms 


that do not vaniſh oy 
© DER * q 22 Tx * a2 8 3 1 "4 " 5 
* * E- | | Te. rs 
n ner SIN n Nan AI 


Sues. 


e 
r <P 


2 — mn 2 2 
if P- ter "tent as * 2 — =, then will 
n Kpr and e+nk+gr- colnchds . IF at the 
lame Time he Diviſor of F nb 
be found ia it a Number..of Tines:greater than 


7=!, or if r be leſs than nn chen 7 


will be rightly afunied.” I general, « take all 


the Quotients hb 2 , 7 2, and 


: wry” 
either the leet "of. theſe, ot a Number whoſe 


Denominator, exceeding 5.7 by an Integer, mea- 
ſures it and all. the. Differences £4 


gives, r 5 ſuppoſing p., 75 and IIntege But | 


if P, 4, and J are e you are to take v 
ſo that it be equal to FE e 
Ae eee, ant lo char K and A. may be In. 


. # 


"hart ;; 
regers.” Sap, for Example, NHS, 
_ 


P=x 3 


FIT * 


„ and 


** 


1 . ͤ “e) . ̃ = . ⁰ !A ²˙ m ˙ 


ft; 
1 
f 

x : 
= 
1 
7 | 
1 
{ . 


— 


— K 


7 


Movrei. Taylor 
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P=x 5 GH -— 6" q=z 3 finb=3, and — 1 


th tti 2 — 2 2 
Mee If TODD 


"FR ke en © oo 
M= TY K; whence it is ealtly/feen that 5 


and 1 ¶̃ are the ſeaſt Integers'that can be afſumed 
for K and M. And that r= AE == z and 
therefore mens pr =I, eu Hr, and 
Fubu. That is, the Terms of the firſt 
Series whoſe Dimenſions are "mtu; 4p +kxr, 
mn per fall in with the firſt Terms of 


the ſecond and third Series reſpeRtively * 


* Bes on this Subj olſon. Epiſt. in Animadv. D. 

ae Na 8 Stirling Lin. iy Ord. 
s'Graveſange A . Elem. Afgebr. Stew art on the Qua- 
drature VAL 3 2 
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AR: Ex=0 A =NIS ET 
8 A of . N N11 
: 
; $4 ® ' * A a 
. 2 ane mage 55 L 5022.4 585 r * 5 , 
er . SH 5 


ber of rechte on. in an a Be 


Tun te 
1H E N. a of aps ar Frog 


an Equation, MAYA G . parts. 
be found TRY this BY 


4 1. "3 A ; 

q A £ _ „ 7 
70 117 
N ff 444 


&« Write down 4 Series of PO whoſe De- 
nominators are the Numbers in this Progreſſion 
1, 2, 3, 4, 5, &c. continued to the Number 
which expreſſes the Dimenſion of the Equation. 
Divide every Fradtion in the Series by that 
which precedes it, and place the Quotients in 
Order over the middle Terms of the Equation, 
And if the Square of any Term multiplied into 
the Fraction that ſtands over it gives à Product 
greater than the Rectangle of the two adjacent 
Terms, write under the Term the Sign , but 
if that Produtt is not greater than the Rest- 
angle, write — ; and the Signs under the ex- 
treme Terms being +, there will be as many 
imaginary Roots as there are Changes of the 
Signs from ＋ to —, and from — to . 


Ta Thus, 


$ 117. 


Cee Ü 


Par it. 
Part 
„ 9 


Thus, the given Equation being „ 4px * 
z *-- o, I divide the ſecond Fraction of the 
Series 4, 2, 4, by the firſt; and the third by the 
ſecond, and place the Quotitnts 2 and 2, over 


* * 4 : 7 N * 4 

13 144 4 1 7 ty 
©... "i 38 >| | 
296 | — ATTS EAC 


che WN in _ ee, 
| mn | Eg +5 — . 


Then pls, the Square of the fecond Term 
. multiplied, into the F raction that ſtands over it, 
that is, 3er“, i8 leſs than 30 X the Rect- 
angle under the firſt and third Terms, I place 
under the ſecond. Term the Sign — but as 
Nb x {= 8 750 the 0 quare of the third 
Ta multip ied into its Fraction is greater than 
; and conſequently much greater than 
Ka the negative Product of the adjoining 
| Terms, 1 wrae under the third Term the Sign 
+, I write + likewiſe under x* and —q the 
firſt and laſt Terms ; and finding in the Signs 
thus marked two Changes, one from + to —, 
and another from — to +, I conclude the E- 


e has two impoſſible Roots. 
2 like Manner the Equation Lu 
. cw o e ne | oy: 


+ + —- + 
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and the Equajion — <= =9 the ſame 


boil OT"; 9 55 one | 


« 1.3121 1 3 20 2 . 


For the Series of F 1 2. N I» Spiel ma by 


4 * li E 131 E 5 1 1 | 


6 4 


guiding, them as the Rule directs, the F ractions 
27 5» 2 to be placed over the Terms. Then the 


Square of the ſeeond Ferm, which is nothing, 


multiplied by the Eractiog over it being ſtill 
not hing, and yet greater than —bx*® the negative 


Product of the adjacent Terms, I write unger 
(#®) the Term that 3 18 wanting, the Siga + and 


proceeding as in the former Examples, con- 
clude, from the two Changes that happen in che 
Series 1 that the Ec uation hast to 
of its Roots impoſſible, *_ W 

The fame way. We diſtover two impoſſible 
Roots | in the Equation | : 


£5 ?; * 
”J i Y 7 * 
- > 


Ear mamas 
Ws. 4 es e _ Pires 
8000 1 + 03 — diho bs 


- Whew two e e are wantingin the 
Equatſon, under che firſt of ſuch Terms place 


the Sign —, undet the ſecond +, under the 


third —, and ſo on alternately ; only when the 


tyo Terms to the tight and e the deficient 
£2. 4 Term 


l 
i 


adi ai bs adhere © 0 STC 4 —— > oo 
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Terms have contrary Signs, you ate always to 


write the Sign ＋ under wap — chen Term. 
Ai in The he ene I 1 


ane; +, +. Sf a — + "oo 
and x bar! 2333 * 
Fon oe —+ 1 


the firſt of which has four impoſſible Roots, and 
1 other . Thus likewiſe he —_— 


175 2 Sf 1 8 3 r La 
fa" +3x* a 2 —3=0 
+ — 1 r — + * 


has fox impoſſible Roots. 


Hence too we may diſcover if the imaginary 
fie lie hid 3 Among the affirmative, or among 
the negative Roots. For the Signs of the Terms 
which ſtand over the Signs below that change 
from ＋ to—and — to +, ſhew, by the Num- 
ber of their Variations, how many of the impoſ- 
fible Roots are to be reckoned affitmative; and 
that there are as many negative imaginary Roots 
as there are Repetitions of the tk . As 
in the . 


31 3\ 34h, eV 
4. * 


vs" — 
. nr wr 
the Signs (—+—) of che Terms — 
2 which ſtand over che Signs ＋—＋＋ point- 


ing 
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ing out two affirmative Roots „ we infer that 
two impoſſible Roots lie among the affirmative ; · 
and the three Changes of the Signs in the Equa-- 
tion 6 giving three affirmative 

Roots and two negative, the five Roots will be 


one real affirmative, two negative, and two ima- 
ginary Affirmatives. It the ITY _ __ 


* — 4 —4* '—2x* —p2—4= 
"000 Wg 8 6: 5 "AY 


-the Terms . — chat land over the fb 
Variation +—, ſhew, by the Repetition of the 
Sign —, that one imaginary Root is to be 

reckoried negative, and the Terms —2x*=5;x 
that ſtand over the laſt. Variation — +, give, 
for the ſame Reaſon, another negative impoſ- 
ſible Root; ſo that the Signs of the Equation 

(+ —— ———) giving one affirmative Root, 
we conclude that of the four negative Roots, 
two are imaginary. 


This always holds good unleſs, which FR 


times may. happen, there are more impoſſibie | 


Roots in the Equation than Are Ciſcoverable 1 
the Rule. -.; 
This Rule hath been invetigated by ſeveral emi- 


nent Mathematicians in various Ways; and others, 
ſimilar to TtzTnoented and publiſhed f. But the 


original Rule being, on Account of its Simplicity 
„ 
der 5 | 


''+ See n Lidextri iy. Ord. a P«5 59. Fla. 
Tra, N 394 404, 408. 


e 


— 
- 
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and eaſy Application, if not preferuble to all others, 
at leafs the fit iq for" this'Placey* tis ſufficient to 
direlt the Reader "where be may Aud the Subjett- 
mara fully treated ; and to add the Dementration 
out Aubbor-has given of it towards the End of his 
Letter to Mr. Folkes, Phil. Tranſ. Ne 408. as 
iu depends only on tobat has been demonſtrated in 
Chap. g. concerning the Limits of the Roots of - 
Equations. | 230071 4 
$118. Let ar- Ep: Egg be any adſected Qua- 
dratic Equatian; and byy þ 88. Pori I. its Roots. 


will be , hay = whetic it is plain 
that, the 2 Sig gn os in the; Hoe. 7 being 


| greater than ; 2%, * or 1 275 lets 4 ag. 

5 119. It was ſhewn, in in general, (F 2 
that f {oe Roots of the Equation x. A4 
= &, o, are the Limits of Ibe 
Roots if the Equation Dx XX 
een (et. O or of any» Equation that 
is deduced from it by multiplying ili Terms ly any 
Aritbmeticai Progreſſion led; lege d, kfd &c. 
and converſely the Roots of this nem Eguatior will 
be the Limits of the. Roots ——— Eau. 
tion N ANN Goo |: ils 
And that if any Roots of the: * of the 
: Limit are, impeſſible, there-muſt er Roots of 
ng 2 Equation m__—_— 00 51 I 


* 
= 6" D * 5263/6840 10 54 120. 
. 5X 5 
«K+ x ; 


$1 120. a -Bx 1 & Cu- 
bie Equation. and the | Zquetion.. af Luis 
30" Ha. If the two Reats of this 
laſt are imaginary, there are two imaginary 
Roots of the given Equation x -A -.- 
Sa, by the laſt. Art. But, by the preceding 
Art. this happens as oft 28 E: is kefs. than B 5 


and, in that Caſe, the given Equation __ wa 
imaginary Roots. 


Again, ultiplyiog the Teras of che Eque- | 
tion er By the Terms of the Progreſſion, o, ty" 
2, —3, we get another Equation [of the Lis 
mils Ax*—2Bx+3C So whoſe two Rogts, 
and conſequently. two Roots of the g given Equa-· 

tion, are imaginary when 4B* is leſs than MM 
Hence likewiſe the Biquadratic a4 —Ax* + | 
Bx*—Cx4+-D=0,will have two imaginaryRoots, 
if two Roots of the Equation 4 Ar I 
Tc o be imaginary ; or if two Roots — 

| gs n imat 

But two Roots of the — 4 
r muſt de imaginary, when two 
Roots of theQuadratic 6 4+ B=0,or pf the 
Quadratic 3A#*—-4Bx+3C=0- are imaginary, 
becauſe the Roots of theſe Quadratic Equations ate 
the Limits of the Roots of that Cubic; andforthe 
ſame Reaſen two Roots of the Cubic Equation 
Av 2B 506—4D=0'thult be itnaginaty, 
when the Roots of the Quadratic 3 r B- 
30, or of the Quadratic gx *--3Cx+6D=0 
6 ; | are 


* 
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are impoſſible. Therefore two Roots of the 
Nquadratic x*—Ax*+Bx*%—Cx--D=o muſt 
be imaginary when the Roots of any one of 
theſe three Quadratic Equations 63. 4x4 
= 'gHx*—-4Bx+3C=0, Bx*—3Ct+6D=0 
become imaginary ; that-.is,.-when.23.4 is leſs 
than B, * le than . n 
BD. 


5121. By —— in the ame Manner, 
you may deduce from anyEquation A1 
Br -C s &c. S, as, many Quadratic 
[Equations as there are Terms excepting the 
firft and laſt, whoſe Roots muff be all real Quan- 
ities, if the propoſed Equation has no imagi- 
nary. Roots. The Quadratic deduced from the 
t tee firſt Terms der Bun: will will mani- 


feſtly have this this Form. m1 2 —3 &c. 
— ——4 Kc. Au- 
D E&c. xB=c continuing the 
Factors in each till you have'as many as there 
are Units in —2. Then dividing the Equa- 
on by all the Factors 12, 13, n—4 &c. 
which are found in 1 each an, the Equa- 


tion will become ix“ —. ——1 ez AxÞ-2x1 
XB, whoſe Roots will be i imaginary, by 118, 


when Aix zB exceeds NA., or 


- when B exceeds. = : ſo that the propoſed 


Fenn muſt have ſome” * Roots 
when 
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when B exceeds 8 _— 45 The Quadratic E- 


quation deduced j in — * Manner from 1 5 
three firſt Terms of the Equation A. 2 B. 


+3Cx%3 &c. =0, will have this Form —1 
283 &c. * Ar - 2 38 &c. 
x2 Bx-|-1—3x0—4%n—5 &c. x3 C ho; which 
by dividing the Factors common to all the 
Terms, is reduced to I—10—2XAx*—j—2x 
zn Roots muſt be imaginary 
when f * N is leſs than AC; and therefore 


in that Caſe ſome Roots of the propoſe Ea 
tion muſt be imaginary. 


$ 122. In general, let 1 
Fi be any three Terms of the Equation, at— 
Aue Bx—2 &c. =o, that immediately follow 
one another; multiply the Terms of this Equation 

firſt by the Progreſſion u, 4—1, #—2 &c, then 
by the Progreſſion 3—1, 2—2, #—3 &c. then 
by u—2, #—3, #—4. &c. till you have multi. 
| plied by as many Progreſſions as there are | Units 
in #—r—1 :, then multiply the Terms of the 
Equation that ariſes, as often by the Progreſſion 
Os In fats Sc. as there are Units in 7—1, and 
and you will at © length a arrive at A Aptos "of 


this Form. aut 


— 


x — 
ee &c. r* 


3 


— 
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2 8 — „„ 
— — To ar AA ee * 


ky © WY 44 EY WD. (30 KOS'Ye 


| e XE 


| OE —— „Eo: I 
and dividing by the Factvry. 11, 1 — 
&c. and r—1, 1—2 &c<: which are found in 
each Coefficient, this Equation will will be reduced 


ö =. I x zxI Dr. rx Ea. 
2* w CRNEY What r be wag 


dis DF. From which) it Pee 97. an you | 
| dividecach * *ern of this Series of Fraftions , 


eh Pn ans + NEE {EL by that 
which pr. edes i it, f place PAY Quotient | 
the Terms of 1 Equation, * — A1. 
BY C Kc. =0, be pitining with the 
ſecond: then if the Square ho any erm multi- 
pied by by t A. Prion over it be found leſs than 
the 720908 i f the adjacent Terms, ſome of 
the Roots of 555 quation "maſt" be in 
. 1 10 bie 159319 o 2154 n 
125. Kl "Equat jon may have impor 
Wis Uthough! tone are difcbverct'by the Rule 
bekadſe, this“ Je Roots" It 11. They Equa- 
nion days 55 give Tea! Roots in the Euuation of 
" Limits; yur it does not 22 270 bond PEO, that 


1899 Std STO bal fk 20. 1 5 — en 
RN N 10 n 0 2 : Ark ff at 5 « 
od AR ** A 
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yr the Roots of the Eisen of Eat are 
real, thoſe of the Equation ffom which it is pro- 
—— be firliira The — 


2 
* 2m . +m 


the nu If I 
2 n= 
we Taue of f Lint will be Ns Or iFthe 
Tan EN en, Fino a by mn 
plying by the Progreſſion o, —-1, —2, — 
it Will have it its Roots real as oft as 1 Sh2gn4an* 
— 
exceeds wee Fn. 3 like. ay 
be ſhewn Th higher Equ 1 % = es 
9124. The Besen 4k LT Rule, and per- 
haps every, other chat depends on the Compari- 
fon « of the Square, of a Term v1 the Rectangles b 
of the Terms on either Side of it, mult ſome- 
times fail to 4 the impoſſible Roots, may 
appear 0 rom. this. Configcration,z, that 
the Number. ſuch Compariſons being always 
leſs by Tait tha tha n the Number of the 8 « 
25 N, 1 a, Kc. 1 in he. general Equation ; ; they can- 
not tnchhde and fix the Relations of theſe Quan- 
tities, on which the Ratio of greater or leſſer 
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Inequality of the Squares and Rectangles de- 


pends: no more than Equations fewer in Num- 
ber than the Quantities ſought ean furniſh a de- 


terminate Wannen of a Problem. 


CHAP XII. 


Containing a — e 
tion of Sir Jſaac Newton's Rule 
for finding the Sums of the Pow- 


ers Gf. l Roots of an Equa- 
100 1. A 


* 7 . tee b be dx 
Ax & c. o, 9 
„Ar 
O AN re 8 
It is known that A=a-pb+ +4+ cc. 
5 a5 Car- LA dH &c. C=abc+- 


P 1 
"4 
ES bs 


* 


a. Bed. & c. D=abrd+- &c. the Parts or 
Terms of the Coefficients I, B. C, D, &c. deing 


of r, 2, 3, 4, &c. Dimenſions ; that is, containing 
as many Noots or Factors as there are Terms of 


che e e them, . 55 
2g en a 0 19080151 $47 CASE 


+ heh Arithm. Uniouf. pag. 1 157.1 1 Chap. II. 
1517, of this Part. 8 


$ 
6 
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| © * # 85 ak 8 125 

1 ho Inder ua to n, or greater thag. 
x, then, multiplyiag the FAN by , and. 
ſubſtituting — a, b „e, d, &c. for x, you 
__ DR . 

leer _ 45 2 

.. L HN. * 
3.4 ＋3˙— C-. 


SR . LU Ki Conde | 
c. Ac. e 
* — e e 2 Jenn 3. $* 


Whence, bf Trantpofiton, and Additton, this 
Theorem reſults, that, in this Caſe, & the Sum 


of the Powers of the Roots, of the Exponent r, 
is equal to the Sum of their Powers of the Ex- 
ponent r—1 multiplied by A, mina the Sum 
of their Powers of the Exponent. r—2 multi- 
plied by B, I the Sum .of thaſe;of the- Expo- 
nent 7—3 multiplied by C, and ſo on 
It remains to find the Sums of the Polen of 


the Roots, when the — are: Uſe As 1 
the Exponent, of the Equation, _ 


00129) GIA 1. 


II x is ke than; 1, and H be Bu Cock, . 
in the Equation, of the Dimenſions 73 that is, if 
H be taken ſo that the Number of Terms pre- 
worn, it in the Equation be We to 77, or the 

Number ; 


wh.” 
-<- 
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Numberaf FaFers in its Parts abcaefeb, abcdefei, 
&cc. equal to 7, then the A — be ex- 
prefled 1 in che following Manner. | 


bent bee. = | 


ant 


The Tale when. « FI=y—1 TE demon- 
| ftrated ; for, dividing the Equation by * we 
have : 

| SON. 25 Er =o. 


EA nb 
ee. — — 


7 wet Bis Send Ks at nd ; 


and (becauſe L= 2,99, 2 7 + ge v 


ſhall have e *. = 


- * 
-_ 
"+. Wh 
8 8 


Sede A * GE R A. 259 
When =-, the monſtration is de- 
kired from hench, that's" FP Fr f &c,= 

3 342. Jas follows. 2 dE; 31 
By $ 32, transform the given Equation, 0 Vive 
Le.. FI 
1 2 17 * 
the Equation f 


e Fi — 1 — 


an A 


the Roots a, \ Þ, 15 J. 7 of which new Equi- 
non mar be relpefivel equal to. the Reciprocals 


7 J. Þ 7 Ke. of the Roots of the ori- 
ginal "Ro n 
Divide now the original Nella by x, and 


in the Quotient ſubſtitute for x, the Roots a, , 
c, d, &c. ſueceſſively, ſo ſhall you have "HOVE 


4. At- -C. dey 


1 F 
. 14 k— 5 . e 


: ——_ — 3 
„ 
8 ek ak. 


&c, \ pr, * 8. * 1 


Add all theſe Equaiicins N and oe 
2—2 ſubſtitute its Value r, and it wil be. 
. ; 3 8 323 | . 1 
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66 dt il follow 
150 5057 9 aue DAS „ | 
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, C3 tht nt . FER ” 
Which Eqn ting landed from th pr 
ir remain l, TIEN 
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100 203] : vil < 


peer his v be | 


21 Mil 2dr Jo mis ! 


l 56 n. odd ef 133: 3 ; 12. 0 
e 


* (Nux. 1 Pio 20 ith did N 6d; ef if; 


8 U * TY . 


b 


KE : 
5 en-, 


riſe as often as 


babe . n 6 Bal Kras. 2815 
That if A is the Coefficient 2 one Dimen- 


repreſent the Sum of all 


= 8 | 25 e 


wer — — on es Tn e 
Mhich, — — 


in pag. 1 40, and cen ho — dry _ > 
are formed, may 


tion, as D( Si 4 
&c.) be multip 2715 

and,; in ite PrackiitaGeDg-fexting/ fide ate 
Terms, A'xD, in which aden | 


found, any one 


the following J Thus the- Term 
abede will ariſe t 11 Eris Mache up 
of any one of the five Roots (or Terme ef A 
a, C, d, e, Mnltiplied, ino,the t four that 
make a Term of D : the like is * of Every 
other Term as abcdf, bcdef, &c. eder of hich 
will ariſe fve Times in the Product AD. And 
che Sum of ee N .@bcartabxdf+, &ec. 
y up the ient = an t that 
—— 
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D— AND =5E, or A 'xD' =AD—;E. And 
the ſame holds of any two Coefficients G, H. 
whoſe Dimenſions are r—1 and 7 reſpeRtively. 
To apply this to the*preſent Purpoſe, it is to 
be obſerved that, in each of the Coefficients 
A. B, C, D, &c. except the laſt M, which is 
the Product of all the Roots , 5; c, d, &c. we 
may diſtinguiſh two ſeveral. Portions or Mem- 
bers, in one of which any particular Root, as 8, 
is contained, but in the whole remaining Por- 
tion of the ſame Coefficient, that particular 
Root (a) is wholly abſent. Now if, for Bre- 
vity*s Sake, we denote that Portion of any Co- 
efficient wherein any Root, à8 4, is contained, 
by annexing the Symbol of the ſaid Root with 
the Sign + in an Unous to the Symbol, as G, 


of hits Coefficient (thus Ge; ;) and if we de- 


note the remaining Portion of the ſame Coeffi- 
cient, from which the ſame Root & is totally 


abſent by annexing the Symbol of the ſaid Root 
with the Sign — in an Uncus to the Symbol G 
of the ſame Coefficient (thus G- it will ap- 
pear that lit. G be any Coefficient and I the 
following. Coefficient): | 
SG UO and -s 
G=G+%4-G and HH a6 5 


Divide | 
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Divide now the Equation en by youry 
and it will become 5 k sic © 


Fi #34 34 9 
24 nt , — 
> 
— Been ee 
722 * 3 22 fer *. A : 


ET”, 
— 


© e Tur CI 7 F 
8 A 


In which ſabltiruing + a, , I ce Toi 

for æ, we obtain 22 

2 Aa ac 
eee. YA 


| — t: £17: AL 1 
. . EI Þ Hes 2 


ee 35 - 304 
9 „ Tun =_ 7 =O. 


pts 


But, by the N aration her uſe, and explained 


as above, _ 5 5 


e eee 


7 — Sp i 
1 „„ — 
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* K 
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IL 82 


__ = . 
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＋& c. ( * 
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„% = {22 e e 


N 23 e — Id 3 „, 
15 taft Cofietoflon Wicht that vchich 
— — pp ed Eqvation 
by and ſubſtitutis idr h. Roots 1, Kc, 
nnn Nn 

| D ro 


re 528-LW * , + : 7 7. th 


From 


Re WO 23 


Chap,12: A L GE RNHF A agg 
From theſe two Theorems Sir Iſaac Newian's | 


| Rule manifeſtly follows. = N 
But, £0 illuſtrate the, Reaſoning here uſed by 

ſome Exatriflesz-fiippoſe v. their: were to 

take C for H, becauſe three Terms only pre» 


cede C in tho-Equation w—Ap—+ Bo 
G Ke. . . == are 3 > 


— „„ — bes 


That this may appear, wee that a. 0" 
| +$©*+4%þ &c, S Te &c. x 

Sn 
0 Nc. N ws 
ND c. &. 25 ; (becauſe. AB= 

| B &c. det bee: + 

| -e. T νανννε . e.) 
SNN dd c. AAA. (by the 
Lemma) a 4 nn 
* 3 "ns F232 B+ | 


In ike Manner, a r Fe &c. = 
=G1FTFOFF &. NN &c. — 
e dec. a Tac Tad TUN 
| + cc. 4. ve N ec. Wee 
. D 4 + &c 


«% 


—— 


—— — 


— 4 8 ——— 
—— —— ͥ ͥ ̃ ꝰ ——ñæ4ꝰ4..ꝛ —̃— ee et endo 


e Bf C'= 
=87Þb*Þcf +4 ; 4 ec. XA Te 7 
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of the A pplication of Age- 
© bra and Geometry to each 


0 t] Ti. N - 
N — * . | 4 
* 3 og 
. na 7s. , 


76 


of 30 Relation between 1 Fi 


; tions of Curve Lines and the Fi. 


§ 1. N the two firſt Parts we confided AL 
1 éugebra as independent of Geometry; and 
demonſtrated its Operations from its own Prin- 
ciples. It remains that we now explain the 
N Algebra in the Reſolution of Geometri- 
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tual Intercourſe of theſe Sciences has produced 


repreſented by Mues; a known Quanti 


on one Side, . 


Arz EAT rer Part III. 
tteiDroblens ; or abom Geotmetrical Fi- 


Pures aud Uf Senmetricl Lines and Fi- 
gures in the Reſalution ui Equitions. The mu- 


many extenſive and hbaãumſul Theories, the chief 
ebwhich we ſhall end&vorur.taexplain, beginning 
with the Relati 'betwixt Curve Lines and their 
Equations. 
52. We are 


to conſider Quancitics 2 


by a 
an, ad an ate by an ar 


0 6 ala ha it be indetermined 


Extremity to 
be known. 
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——— nde A PD othen WMI will 


Ap repreſent 4 anedidriale hne Reaſon; if 
| = reprefenti(þa3Þ. then wilbAb f=AB} repreg 
dent K f ev2n320 lud lo ucarunl laws 
1516 3/1Afterothe ſame: Manner, n Prem 


fene , andqwy take Pm thei Continue 
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| S 15 1100 miner Quantity, ar ; 
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ol heidi of: the Quantity, and 
dhe Limits within: which it id poſſible. 

la the Geometrica Reſdlution af a Queſtion, 


the Thing required is exhibited only in thoſe- 


Caſcs when the Queſtion admits of a rea! Solu- 
tion and, beyond thoſe Limits, no Solution 
appears. So in finding the Interſections of a 
given Circle and a ſtrait Line, if you determine 
them by an Equation, you will find two general 
ns for the Diſtances of the Points of 
Interſetion from the Perpendicular drawn from 
the Center on the given Line. But, Geometri- 
cally, thoſe: Interſections will be exhibited only 
when the Diſtance of the "trait, Line from the 
Center is leſs Han the Radius of the given 
Circle. 
585. When in an Equation. there are two 
dawned Quantities, andy, then for each 
particular Value of x, there may be as many Va- 


has of y 48 it has Dimenſions in PRs 


tion. 
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So that, if AP (a Part of the indefinite Line 
AE) repreſent! &, and the Perpendiculars, PM 
repreſent the correſponding” Values of y, then 
there will be as many Points (M,) the Extremities 
of theſe Perpendiculars or Ordinates, as there 
are Dimenſions of y in the Equation. And the 


Values of PM will be the Roots of the Equa- 


tion ariſing by ann 1 # its particular 
Value AP in any Caſe. ' 4 2.8 avin 


From which it — 8 when an: E- 
quation is given, you may determine asi2matiy 
of the Points M as you pleaſe, and draw the 
Line that ſhall paſs' through all theſe; ams 
« which is called the Locus of the Equation? 

86. When any Equation involviug two un- 


known Quantities" (x and y) i propoſed;*then 
ſubſtituting for x any particular Value AP, if the 


Equation that ariſes? has all its Roots poſitive, 


the Points M will lie on one Side of AE ; but 
i any of them are found negative, then theſe 
ate to be ſet off on the other Side of — 
wards m. 

If, for x _— which is frantic . 
you ſubſtitutę /a negative Quantity, as Ap, then 
you will finſ the Points M, , as before : and the 
Locus is not compleat till all the Points M, m, are 


taken in, that it may ſhew all the Values of y 


SA to all the 3 Values of x. 
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ſame Curve in M, and the Eibe AE it! che 
given. Angle AEM: Suppoſe” LM arfio 
=z ; they the Equation involving A 

2; *ſhaltnor riſe more Dimenibni chm plarid 
« had in the propoſtd 'Etuation,' orf thtan thut: 
Sum of their Dimenfions in any bf irg Bertis. Dan 
For, fince the Angles PLM, MP, #Ma). 
are given, it follows that, the. Sines:dFCtheſen 
Angles being ſuppoſed to one another a, , u, 
PM: ME: (72m) beni aud cotlequently 28. 
: and that PL: MIL": oi; fo tht Bf | 
e 9050 fo ESL OB 7: ** 

= and AZ =AP= (AL4PE, , 


* e 29H00 + £1 HOINSUPAAL NE 23 

theſe Vibe 280 aw © ini: 
(fince u and zare of one Dimenſion andy Ne 
Valves of 5 and'x) that in the Equidon! which © 
will ariſe, 2 and u will not have ore Dh 
ons than the higheſt Dimennem Gf and y im 
che propoſed Equation, or the igheft Sum of; 
their Dimenſions taken togethoy an the Prrdis 
where they's are both found: and conſequently, 
y; where in the Plane of the 
it in more Points than 
higheſt Dimenſion of x or 

ſt Sum of their — 


the Dimenſion 
denominated f 


8 
the © hight Dimenſion of « 
or 


ta, 


_ cany other Point B, 


| "whoſe Ordinates PM and Abſciſſes AP can be 
and Abſciſſes, are 8 6 Geeerrical or yr” 


| "the Dimenſions of their Equations, or N umber 


3⁰⁴ . Part Ul. 
or y in it, or from the Sum of their Dimenſions | 
where. they are moſt ; we conclude, that · the 
Number of Points in which the Curve cart meet 
with any ſtrait Line, is equal to the Number that 
expxtſics the Dimenſion of the Curve... 

It appears alſo from this Article, how, when 


an Equation of a Curve is given expreſſing the 
a relation of the Ordinate PM and Abſciſſe AP, 


you may transform it, ſo as to expreſs the Re- 
lation between any other Ordinate ML. and 


the Able AL, by Nr for 7 its Va- 


lue = 2 and for xits Value 2— . 


Sr. if you would have the Abſeiſle begin at 
B, ſuppoſing 4e, ns | 
for x. not 3—— but 2— , e. 


. 8. Thoſe Curve Tide that can * deſcribed 
by the Reſolution of Equations, the Relation of 


expreſſed by an Equation involving nothing bot 
determined Quantities beſides theſe Ordinates 


* braic Curves.” 5 
They are divided into o 4 to 


of Points. in v which they ean ane A A 
ne „ K ANN 7 1 rf; 3 f 
Ki Lines rene c pt ture 
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preſſing the Relation of * and y OS Di- 

menſion only, the Points M muſt be all found 
in a ſtrait en. 2 Siben Angle with 
AK. 11 n k 

| Suppoſe, for. Example, that the 8 

given is Y- — eee the .Lowus 1s” 

: required. DEED Ut 5 $65.03 OTH: 


Since e 46 follow, that, APMP be- 
ing a CON Ange F A hs N kgs the 


* 


le NAP ſuch that its Coſine 889 to its Sine 
as a | to 5 and drawing AD E the Or- 


5 PM, and equal to * 2, through D you 
? _ —— parallel to AN, DF vill be che Locus 
required. Where you are to take A on the 
on: Side ofthe Line AE, with EN, if &x and 
: ame Sign, cee Side 
0 of AE-if-they have contrary; Signs. 

89. Thoſe Curves: whoſe naa of 
mo Dimenſions eonſtitute the ſerond Order of 
. en and the firſt Kind of Curves. Their In- 
S 3 . 


itſelf, the Points of Interſection will, beyond 
; b * 4 „ 9 1 os r ; 
It 3s al Bede tt nene 5 N 
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terſections with ; a ſtrait Line can never exceed 
Two, by.$7. - - 4018 | 

The Curves whoſe Equations are of tbree Di- 
menſions form the third Order of Lines, or ſe- 
cond Kind of Curyes : and their Interſectiont 
with a ſtrait Line can never exceed Three. 
And, after the fame Manner, the Curves are 


determined chat belong to the bigher Orders, to 


Infinity... 3 
Some Curves, if they v were completely de- 


| ſcribed, could cut a, ſtrait Line in an infinite 


Number of Points; but theſe belong to none 
of the Orders we have mentioned; they are not 
Geometrical or Algebraic Curves, for the Re- 
lation betwixt their Ordinates and Abſciſſes can- 
not be expreſſed by a finite Equation involving 


only Ordinates and Abſciſſes Wich determined | 


8 
$ 10. As *the Roots ofan Equation become 


impoſſible always in Pairs, ſo the Interſections 


of the Curve and its Ordinate PM n vanih 


in Pairs,” if any of them vaniſh. | 


Let PM cut the Curve in the Points M and 
m, and by moving parallel to itſelf come to 
touch it in the Point N; then the two Points 


of Interſection, M and m, go into one Point 


of Contact N. If PM ſtill move on parallel to 


CD at 
; . 
. % ee — 


Chap. 1. AL GE AN 37 
N, become imaginary as the two Roots of: | 


* - ” 


b 


an Equation firſt become equal and then m : 
mr * ; h 6 


8 11. The 8 of the ia. 5th, ah Ori) | 
ders, and all whoſe Dimenſions are odd Num- 
bers, muſt have, at leaſt, two infinite Arcs; 
ſince Equations whoſe: Dimenſions are odd Num- 
bers have always one real Root at leaſt; and 
conſequently, for every Value of x, the Equa- 
tion by which y is determined muſt, at leaſt, 
have one real Root: fo that as & (or AP) may 
be increaſed in infinitum on both Sides, it follows 
that M muſt go off in Aae on 5 Sides, 
without Limit. 7 

Whereas, in the Curves whoſe Dimenſions | 
are even Numbers, as the Roots of their Equa- 
tions may become all impoſſible, it follows that 


the DIRE of the Curve may be like a Circle or 
X.2. : - 
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Oval that is limited within certain Bounds, be- 
yond which it cannot extend. f 
12. When two Roots of che Equation by 
which y is determined become equal, either the 
Ordinate PM touches the Curve,” two Points 
of Interſection, in that Cafe, going into a Point 
of Contact; or, the Point M is a Punctum du- 
plex in the Curve; two of its Arcs interſecting 
each other there: or, < ſome Oval that belongs 
to that Kind of Curve becoming infinitely little 
in M, it vaniſhes into what 1 is called a Fund un 
Conjugatum. 5 
If, in the Equation, bl be ſuppoked o, chen 
555 the Roots of the Equation by which is de- 
- termined, will give the Diſtances, of the Points 
where the Curve meets AE from A.” And, 
if two of thoſe Roots be found equal, then either 
the Curve touches the Line AE ;” or, AE. 
_ paſſes. through a, Pundum duplex i in the Curve.” 
When y is ſuppaſed o, if one of the Values 
of x vaniſh, © the Curve, in that Caſe, paſſes 
through A.“ If two vaniſh, then either AL. . 
touches, the Curve! in A * ons By Ai 1s a a PunBum, 
duplex.” „ 
e A  Punttum er is ase ned in 
the Equality of 7s Roots, fo is a Punfum tri- 
Pex determined from the Equality: of three Roots. 
$13. A few Examples will make theſe Obſer. 
vations very plain. Suppoſe it is required to 
deſcribe the TE that is the 1 80 of this Equa- ; 
Ot 2 's ER 5111.1 Bol 
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tion, y nr. Lab, or Y —ax—ab=0.. Since 
v EVax Tab, and ſince a and 5 are given in- 
variable Quantities, if you aJume. AP (=x) of - 
a known Value, it will be eaſy to find V arab ar-. ab? $ 
and ſetting off PM on ont Side equal to Mas Tab, 
and Pm on the other equal td PM, the Points 
M and m will belong to the Locus required, 
And for every poſitive Valde of AP you will 

thus obtain a Point of che Lecùs on each Side. 
The greater” AP (=) is taken, the greater does 


the Vax+a become, and conſequently PM 
and Pm become the greater. | 
If AP be ſuppoed ififinicely great, PM and 
Pm will alſo become infinitely great; and con- 
ſequentiy the Locus has two infinite Arcs that 
go off to an infinite Diſtance from AE and from 
Ab. If you ſuppoſe x to vaniſh, y= +\/ab; 
ſo that y does not vaniſh in that Caſe but paſſes 
through D and 4, taking AD. and Ad=y ab 
a mean Proportional betwixt à and 5. 

If you now ſuppoſe that the Point P moves 
to the other Side of A, then you muſt, in the 
Equation, ſupp: ſuppoſe x to become negative, and 
S EVA; ſo chat y will have two Values 

as before, while x. is leſs than 3. But if AB=3, 
and you ſuppoſe the Point P to p to come to B, then 
ab gar, and = = ab—ax=0... That is, 
PM and Pm vaniſh; and the Curve there meets 
the Line AE. If you ſuppoſe P to move from 
X 3 A 
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A beyond B, then & becomes greater than 5, 
and ax greater than ab, ſo that ab—ax being 


negative, V ab—ax becomes imaginary, and 
the two Values of y become imaginary 3 that is, 


beyond B there are no Ordinates that meet the 


Curve, and conſequently, on that Side, the 
Curve islimited in B. 


All this agrees very well with what is known 


by other Methods, that the Curve whoſe Equa- 


tion is y*=ax-þab, is a Parabola whoſe Vertex 
is B, Axis BE, and Parameter equal to 2. For 
ſince BPA, and PM=y, if BF be equal 
to a; then the Rectangle BN (Sal Rax) will 
be equal to PM (=y* ;) which is the known 
Property of the Parabola. And it is obvious, 


that the Figure of the Parabola is ſuch as we 


have 
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have determined this Locus to be from the Son- 
ſideration of its Equation. © \ 
514. Let it be required to Jefcribe as bo 
that is the Locus of this Equation, xy+ay+y= 
bc+bx, or y= r; | 
Here, it is plain, the Ordinate PM can meet 

the Curve in one Point only, there being but 
one Value of * conan to each Value of x- 


When x= o, theny=—— = fo that the Curve 


does not paſs through A. If x be ſuppoſed to 
increaſe, then y will increaſe, but will never be- 


come equal to b, ſince y=bx = „ and ate 
is always greater than cx. If x be ſuppoſed 
Infinite, then the Terms à and c vaniſh com- 
pared with x, and conſequently y=bx— — =þ 


from which it appears, that taking Abs, 
and drawing GD parallel to AE, it will be an 
Afymptote, and touch the Curve at an infinite 
Diſtance. 

If x be now ſuppoſed negative, and AP be 
taken on = other Side of A, then ſhall 


b ATE and if x be taken, on that Side, | 


Sc, then ſhall 7 K =0; ſo that the Curve 


muſt paſs through B, if ABC . | 
lf x be ſuppoſed greater than c, then 8 | 
N become negative, and the Ordinate will become 
wa. negative 


negative and lie on the other Side of AE, till x 
becomes equal to ac and theny=b>X—=, or 


| F * 5 1 7 


dinate KL will be an Afymptote to the Curve. 
If v be taker greater than 2 fc, or AP greater 


negative; and conſequently y (=bx- —— =) be- 


than 
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alen ; fo that if AK be — z the Or- 


than AK, then boch ( and 4 r—x become 


comes FOROVE; Und tice * is ys gester 


. x 717. ⁊ðͤ ] ᷣ 
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than 2c, it follows that y will be aways 
greater than þ or KG, and conſequently the reſt 


of the Curve lies in the Angle FGH. And, as 
* increaſes, ſince the Ratio of x—c to #—a—c 


approaches ſtill nearer to a Ratio of Equality, 
it follows that PM approaches to an Equality 
with PN, and the Curve to its Aſymptore GH 
on that Side alſo. 


This Curve is the common - Hyperbola'; for 


ſince = by by adding ab to 
both Sides Backs = SN cab; and 


b—yxa+c+x=asb ; that i is, NMXGN= C | 


BC, which is the Property of the common Hy- 


perbola. And it is eaſy to ſee how the Figure 
of the Focus we have been conſidering agrees 
with the Figure of the Hyperbola. 5 


$15. Let it be required to deſcribe the Locus 
of the Equation G- Tb. Where 


ſince y ella and Kk VE = , it fol- 


lows that PM Lane Pm muſt be taken equal, on 


both Sides, to V — But that when is 


taken equal to c, if AB, and BK be perpen- 


dicular to AB, then BK muſt be an Aymptote 
to the Curve. If x be ſuppoſed greater than c, 
or AP greater than AB, then * being nega- 


tive, the Fraction = EIS * will become negative, 


and 1 its fquare Root | impoſſible; So that no 
Part 


. 


u be ſuppoſed negative, or P taken on the other 


Side of A, then = KS 5 the Sign 


Fea 


of x* and x being changed, — not the sign of 
zx z becauſe the Square of a Negative is the 
ſame as the Square of a Poſitive, but its Cube is 
negative : while x 1s leſs than b, the Values of 


y will be real and equal; but if x=4, then the 


Values of y vaniſh, becauſe, in that Caſe, 


5 c=x © Cx 

15 ene if AD be taken , the Curve will 
paſs through D, and-there touch the Ordinate. 

If x be taken greater than 8, then + 


V == 2 


| Part of The Curve is found beyond : 
Few * J=0, then will x*+bx*=0 obe 


5 e Equaion whok Roots are 44 5 o, from 
15 which 
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Part of the Locus can be found beyond B. If 


5 
4 
2 
= 
* 
- 
D 
E: 
* 
F + 
; 
* 
| 
BS: 
5 
8 
bh 
$ 
; 
1 
BY 
55 
5. 
— 
45 
. 
5 
: 


will become imaginary, ſo that no 
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if | which it appears that the Curve paſſes twice 

her | through the Point A, and has, in A, a Pundtum 

_— Xt duplex. This Locus is a Line of the gd Order. 

2 | BK is its Aſymptote, and it has 4 Noda We 

of twixt A and D. 

If you ſuppoſe 5 to vaniſh in the Zia, 
ſo that y*——»x9* , then will A and D coin- 


| | 
—_—_ g j 
: * 
- 


cide, and the Nodus vaniſh, and the Curve wil! 
| have i in the Point A a i Gu/pity thetwo Arcs AM 


| 

| 
| 
| 
= 


re. s 
. 
4 r —_— n r r 


- 326 A TREATISE of Pert III. 
and Am: touching one another in that Point. 
And this is the fame Curve which by the An- 
cients was called the Ciſſoid of Dioclos, the Line 

Ah being the Diameter of the generating Circle, 
and BK the Aſymptote. | 
For, if BR be equal to AP, and the Ordi- 
nate RN be raiſed meeting the Circle in N, and 
AN be drawn, it will cut the Perpendicular 
PM in M a Point of the Ciſſoid. So that if M 
be a Point in the Ciſſoid, AP: PM:: AR: RN 
:: AR: BR:: BP: yAP, \P, and conſequently, 


BPAPMp=AP cub. that is, 3 c= : which 
is the Equation the Lock. of which was re- 
quired. | FIN 
II, inſtead of erkalit > poſitive, or > He 
to nothing, we now Juppoſe it negative, the 
' Equation will be cy⸗ —#y Er , the Curve 
will paſs through D, as befqre, and taking 
ABS, BK will be its A- 
ſymptote: it will have a 
Pundtum Conjugatum in A, 
becauſe when y vaniſhes, 
two Values of x vaniſh, 
and the third becomes e- 
B qual % 5 or AD. The 
whole Curve, beſides this 
Point A, lies between D 
and BK. Theſe are de- 
monſtrated after the ſame 
| Manner as in the firſt 
I 
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§ 16. If an Equation is propeſed, as y= 


ar- Eb i- &. and u is an even Num 


ber, then will the Locus of the Equation have 
two infinite Ares lying on the ſame Side of AE. 


For, if x become infinite, whether poſitive or 


negative, * will be poſitive, and a have the 


ſame Sign in either Caſe; and as a becomes 


infinitely greater than the other Terms , 
cx%* &c. it follows that the infinite Values of 
y will have the fame Sign in theſe Caſts; and 
conſequently, the two infinite Ares of the Curve 
will lie on the ſame Side of AES. 
But if » be an odd Number, then when x is 
negative, & will be negative, and ax® will have 
the contrary Sign to what it has when » is. pofi- 


tive; and therefore the two infinite Arcs, in 


this Caſe, will lie on different Sides of, * and 
tend towards Parts directly oppoſite. 


Thus the Locus of be Equation, Sex- is 


e * ee AE is the Tan- 


8 md thay tus 1 Ares 
lie re rm the ſame Side of AE. . 


— 
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But the Locus of the Equation a*y=x*®, where 
the Index of x is an odd Number, has its two 


Arcs on different Sides of AE, tending towards 
_ oppoſite Parts, as AMK, and Amk. This 
Curve is called the Cubicat Parabola, and is a 
Line of the third Order, | 

The Locus of the Equation a*y=x* is of a 
Figure like the common Parabola; and © alt 
thoſe Loci, in whoſe Equations y is of one Di- 
menſion, x of an even Number of Dimenſions: 
But thoſe Loci are like the Cubical Parabola, in 
whoſe Equations y is of one Dimenſion only, 
and x of an add Number of Dimenſions.” And 
this Rule is even true of the Locus of the Equa- 
tion y=x, which is a ſtrait Line cutting AE in 
an Angle of 45* which manifeſtly goes off as 
the Cubical Parabola does to Infinity, towards 
oppolite Parts, and on different Sides of AE. 

ps $17. 
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' cauſe *, in this Caſe, is always poſitives; and 
therefore the Curve muſt al zan the two 4d. 


; W * 
n * - - 
* 
n 12 
2 
. "2 
* 


5 


* 4 


Jet ih KAE 6 ka, nd have AK 
and AE for its c Aſymptotes, 


* 


je} when If cso, then obe- 
ESSE me comes. infinite, and 
Tr +, /{;-pherefore the Ordi- 


$ $444 > + + 


mate at Aj is an Afym- 
. „pers to- the Carve. 
. If AB, and P be 


bevy 1 and lie 
10 4 1 Sides of 
EH 1185 the Abſciſſe AP. If 
10 , then che two 


r 


1 
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becauſe x—b=o : and conſequently, the Curve 
paſſes through B, and has there a Pundtum du- 
plex. If AP be taken greater than AB, then 
ſhall there be two Values of y, as before, having 
contrary Signs, that Value which was poſitive 
before being now become negative, and the ne- 
gative Value being become poſitive. But if 
AD be taken g, and P comes to D, then the 
two Values of y vaniſh, becauſe VA . 


And if AP is taken greater than AD, then 


4.4 becomes negative, and the Value of y im- 


Poffible : and therefore, the Curve does not go 
beyond D. 


If x now be ſuppoſed negative, we ſhall find 


ht ru. If x vaniſh, both 


theſe Values of y become infinite, and conſe- 
quently, the Curve has two infinite Arcs, on 
each Side of the AMHhymptote AK. If x mann 


it is plain y diminiſhes, and if x becomes = 


y vaniſhes, and conſequently the Curve — 
through E, if AE be taken Ab, on the op- 
palite Side. If x be. ſuppoſed greater than 4, 
then y becomes impoſſible ; and no Part of the 
Curve can be found beyond E. This Curve is 
the Conchoid of the Ancients. 

If a , it will have a Cuſpis in B, the Nodus 
betwixt B and D vaniſhing. And if à is leſs 
than 6, the Point B will become; a Pund um con- 


* | F rom 5 


80. 
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Prom what has been ſaid an Error may be 
corrected of an Author in the Memoires de 
P Acad. Royale des Sciences, who gives this Curve 
no infinite Arcs, but only a double Nodus. 
Some other Errors of the ſame Kind. may. be 
corrected in that Treatiſe, from what we have. 


fad. .. 

F 19. If the propoſed Equation c can be re- 
ſolved into two Equations of lower Dimenſions, 
without affecting either y or x with any Radical 
Sign, then the Locus ſhall conſiſt of the two 
Loci of thoſe inferior Equations. Thus the Lo- 


cus of the Equationy - 2 EY bx is 
found to be two ſtrait Lines cutting the Abſciſſe 


7 
AE in Angles of 455 in the Points A and B, 
whoſe Diſtance AB =, becauſe that Equation 
is reſolved into theſe two o, and Se 


After the ſame Manner, ſome Cubic Equa- 
tions can be reſolved into three ſimple Equa- 
tions, and then the Locus is three ſtrait Lines; 
or may be 1 into a Quadratic and Simpls © 


Equation, 


- 
Dr \ 
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Equation, and then the W is a Conic Section | 
and a ſtrait Line. 

In general, the Curves of the ſuperior Or- 
ders include all the Curves of the inferior Or- 
ders; and whatever is demonſtrated generally 
of any one Order, is alſo true of the inferior 
Orders.” So, for Example, any general Pro- 
perty of the Conic Sections holds true of two 
ſtrait Lines as well as of a Conic Section. Par- N 
ttſccularly that © the Rectangles of the Segments | 
of Parallels bounded by them, will be always to 
one another in a given Ratio.” The general 
Properties of the Lines of the 3d Order are true 
of three ſtrait Lines, or of any one ſtrait Line 
and a Conic Section. And, as the general Pro- 
perties of the higher Orders of Lines deſcend 
alſo to thoſe of the inferior Orders, ſo there is 
ſcarce any Property of the inferior Orders, but 
has an Analogy to ſome Property of the higher 
Orders; of which it is but a particular Caſe or 
Inſtance. And hence, the Properties of the in- 
terior Orders lead to the Diſcovery of thoſe off 
the ſuperior Orders . 


§ 20. We have ſhewed how to judge of the 
Figure of a Locus from the Conſideration of its 
Equation. And when a Locus is to be de- 
ſcribed exactly, for every Value of x you muſt, 
by the Reſolution of Equations, according to 
the Rules i in Part IT. find the correſponding 
| TY. ; Values 
„See the Appendix, 
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Values of y, . determine from theſe Values 
the Points of the Locus. 
But there are Geometrical Contruttions by 
which the Roots of Equations can be deter- 
mined more commodiouſly for this Purpoſe. 
And, as by theſe Conſtructions we deſcribe the 
Loci of the Equations, ſo reciprocally when 


| Loci are deſcribed, they are uſeful in determin- 


ing the Roots of Equations; both which ſhall 
be explained in the following Chapter. Then 
we ſhall give an Account of the moſt general 
and ſimple Methods of deſcribing theſe Loci by 
the mechanical Motion of Angles and Lines, 
whoſe InterſeQions trace the Curve; or of con- 
ſtructing them by finding Geomerrically any 
Number of their Points. 


CHAP. 
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CHAP. ha 


of the Conſtruction of Quadratic 
2 — ; and of the Properties 
che Lines of the Second Order. 


A” 


527. T H E a Dank l the 


Nature of the Lines of the ſecond 


Order, having all its Terms and emen 
will be of this Ferg's N 5f2 et n 


7 ; r 5 
3 — fy 8 
+ 9 17 
5 - * 


rp 
1 


| Where a, b, c, 4, e, 8 any ven Qin : 


tities with their proper Signs prefixed to them. 
If a Quadratic Equation is given, as y*+py+ 
q=0, and, by comparing it with the preceding, 
if you take the Quantities a, 6, c, d, e, and 1 | 
ſuch that ax+b=p, and cx*+dx EN, the 
will the Values of y in the firſt Equation be equal 
to the Values of it in the ſecond; and if the 


Locus be deſcribed belonging to the firſt Equa- 


tion, the two Values of the Ordinate when 
ax+b=p and cadre =, will be the two 

Roots of the Equation AD = o. 
And as four of the given Quantities a, 6, . 
d, e, may be taken at pleaſure, and the tb, 
= with 
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with the Abſciſſe x, determined, ſo that ax+6 
may be ſtill equal to p, and cx*-þdxe=9q ; 
hence there are innumerable Ways of conſtruct- 
ing the ſame Equation. But thoſe Loci are to 
be preferred which are deſcribed moſt eaſily 3 
and therefore, the Circle, of all Conic Sections, 
is to be preferred for the Reſolution of Quadratic 
Equations. 


$22. Let AB be perpendicular to AE, and 
upon AB deſcribe the Semicircle MMA. If 
AP be ſuppoſed equal to x, AB=2, and PM=y, 
then making MR, MR, Petpendiculars to the 
Diameter AB, ſince AR NB RM, and AR 


y, RB=a—y, RM=x, it follows that a 


B  3=ax%, and y*—ay+x*t 
=0, And, if an Equation 


N | M 7 o, be propoſed 
BD 5 \ to be reſolved, its Roots 
IN will be the Ordinate to the 
| © / 9 Circle, PM and PM, to 
R | its Tangent AE, if a=p, 
| | | and x*=q : becauſe then 
0” P B F the Equation of the Circle 
- , will be 
| changed into the propoſed Equation y*—py-+g 
=0, 

We have therekies this Conſtruction for find- 
ing the Roots of the Quadratic Equation * 
0 take FO and on AB deſcribe a 

| — 
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Semicircle; then raiſe AE perpendicular to AB, 
and on it take APV, that is, a mean Pro- 
portional between 1 and 4 ( 13 El. 6.) then 
draw PM parallel to AB, meeting the Semi- 
circle in M. M, and the Lines PM, PM ſhall be 
the Roots of the propoſed Equation. 

appears from the Conſtruction that if 


q=E „ or Vp, then AP=1AB, and the 
Online PN touches the Curve in N, the two 


Roots PM, PM, in that CH becoming equal 


to one another and to PN, 
If AP be taken#greater than 2 AB, that | is, 


when /q is greater than 2p, or q greater than 


2, the Ordinates do not meer the Circle,. and 
che Roots of the Equation become imaginary + 


as we demonſtrated, in another Manner, in 


"Fart... | 

$23. The Roots of the ſame Equation may 
be otherwiſe thus determined. | 

Take AB = V, and raiſe BD pepe 
to AB; from A as a Centre with a Radius e- 
qual to 2p, deſcribe à Circle meeting BD in C, 
then the two Roots of the Equation y*—py-+g 
S, ſhall be AC+CB, and AC—CB. 


For theſe Roots are 4p+V/ ip*—4g, and 


| 3p—vV/ 3p*— —4 and Ac =, Co 
VAC*—EB*= 9 — 5 and een 
theſe Roots are Ac CB. : 40 


— 
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And all Quadratic ä being reducible = 


to theſe four F ore, : 


7 es 


it follows, that 8 may: be all conſtructed by 
this and the laſt two Articles 


$ 25. By theſe Geometrical ſtructions, the 
Locus of any 1 of two Dimenſions may 


be deſcribed ; ſince, by their Mygad 
lues of y that corre lp to any given 
x may be determined ec But if e demoniſtrate 

that theſe Loci are always Gonic Sections then. 


they may more eaſily be deſcribed by the Me- 


thods that are already known for deſeribing 
theſe Curves² atv? +> $50. 285 - > 


In order to Pr we ſhalt enquire ant 12 
Equations beidngz to the he different Conte Sertihr; 
and, as it will appkar that there is no Equation 
of two Dimenſions but belong to one or 


other of them, it. will follow that they are Loci 
of all Equations of two Dimenſidng 
{ 


$26. Let AE any 
Line drawn in the fame Plane; ; and let it be re- 
quired to find.theKhaation cxpreſiinig-the Ne- 909 
lation 'betwixt tha: Ordinate PM; forming any” 


1 —_ with AE, and the pre il 4 


dnn. 


FEE E 

Let CF be the Diameter of the Parabola 
whoſe Ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in. N; and 

| AD parallel to PM meeting CF in D. . Becauſe 
the Angles HAE, APN, ANP, are given, the 
Lines AP; PN, AN, will be in a given Ratio 
to each other: ſuppoſe them to be always as a, 
I, c,; let AD=4, DC=e ; and ſeeing AP( 
PN:: 0:4, PN; likewiſe AP:AN:: 


ec, or AN g. And GM=PM—PN 


N = But c= D 
| | D 
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Dc AN DC e. If now the Para- 


meter of the Dane CF be called p, then, 
from the Nature of the Parabola pxCG=GMy : 


from which this Equation follows, 


PH a> OS] bly. | 
fag a ls 
74 


Whence, if any Equation is propoſed, and ſuch 
Values of a, 5, c, d, e, p can be aſſumed as to 
make that Equation and this coincide, then the 
Locus of that Equation will be a Parabola. The 


Conſtruction of which may be A from 
this Article. 


$ 27. In this general Equation fr the Para- 
bola, the Coefficient of x* is the Square of half 
the Coefficient of ay ; and, << when any Equa- 
tion is propoſed that has this Property, the To- 
cus of it is a Parabola.“ F or, whatever Coef- 
ficients affect the three laſt Terms, they may 
be made to agree with the Coefficients of the 
laſt Terms of the general Equation, by . 
ing proper Values of p, c, and e. i 
It appears alſo, that **if the Locus be a Pa- 
rabola, and the Term be wanting, the Term 
* muſt alſo be wanting.” And, « if any E- 
Juanes of two nnen, be propoſed that 
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wants both the Terms, xy. and x*, it may be 


: always accom \modated to a parabola. 


828. The general Equation ſor the Ellipſe is 


deduced" from the Property of the Ordinates of 
any Diameter, in the ſame Manner; the Con- 


ſtruction of the Figure being the ſame as in 


$ 26. Only, in Place of the Parabola, 


Let KML be an EAinſe whoſe Diameter % 
KL having! its rn 1 to EM, and 
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And if any Equation | is propoſed that can. be 
made to agree with this general Equation, by 
aſſuming proper Values of a, 4, c, d, pande; 
then the Locus. of that Equadien will be an 
Ellipſe. 

§ 29. In the general Bana for 2 Elipſe, 
the Terms x* and y* have the ſame Sign: and 
the Coefficient of x* is always greater than the 
Square of half the Coefficient. of xy, becauſe 


2: — — | is greater chan 2 And altho* the 


Term xy be wanting, yet the Term +* muſt ” 
main, its Coefficient, in that Caſe, being 2. 


which muſt be always real and poſitive. On | 
the other hand, if an Equatjon is propoſed in 
which the Coefficient of x* exceeds the Square 
of half the Coefficient of 393 Or, an Equation 


that wants xy, but has & and y*, of the fame 


Sign, its Locks muſt be an Ellipſe.” 
$ 30. In the Hyperbola, as GM: CGq— 


| CL:: P: 26; when? is a frf Diameter, the 


Equation that ariſes will differ from the Equa- 
tion of the Z1lipſe only in the Signs of the Va- 
lues of CGg and CLA. and fe 1555 
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If : be a ſecond Diameter, then = 5 ; will be 
negative. f a 


———_— — JT 
— — 


A 8 E 
In this Equation, i it is manifeſt that the Coef- 
ficient of the Term x* is leſs than the Square of 
half the Coefficient of xy; and, that when the 
Term xy is wanting, the Term x* muſt be ne- 
gative. And, reciprocally, © if an Equation 
is propoſed where the Coefficient of x* is leſs 


than the Square of half the Coefficient of y; 
or where xy is wanting and y* and x* have con- 


trary Signs, the Locus of that Equation mult 
be an Hyperbola. cr 8 : 
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$ 31. The Equation of the Hyperbola when 
its Ordinates PM are parallel to an Aſymptote 
does not come under the general Equation of 
the laſt Article. Let CF and CL be the Aſym- | 


ptates of the Hyperbola, and let PM be parallel 


4 


to CI. Then CGxGM will be equal to a given | 
Reftangle PNG _— La.) 1 CG - 


— 


a 922 — 7e 


whence this Ee 


Where only one of the Terms y*, x#*,c can be 
found with xy;, and where xy will be found with- 
Cut. icher of theſe Terms, if AE and AH c@ 


e, that is, if AE i is FR to the Aſym- 


Pe +2 DF, | 
| „„ If 
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i appear from this, that cf an Equation 
propoſed: that either has xy. the only Term of 
two Dimenſignsz or, has , and either x* or y* 
beſides, but not both of them, the Locus of the 
| Equation ſhall be, an Hyperbola, one of whole 
Ahmptotes ſhall be parallel to Jef # according 
SANT or ＋ that is vantity | in the Equa- 


5 32. From: all theſe. 0 together, it 
follows, that . tbe Locus any Equation of tee 
| Dimenſions i a Conic Section. 
For if the Term ay is wanting in the Equa- 
tion, and but one of the Terms , * is found 
in its the Lans ſhall be a Parabols ; by 527. 
If xy is wanting, and *, y*, have the fame 
Sign, then the Locus is an Ellipſe. $ 29,—— 
But, when they have different Signs i it is an Hy- f 
2trbola.. F 06. 5 
If Mis found in the Equation, and *, * are- 
both wanting, or either of them, the Locus * 
an en $ J"- 
If both x' and y* are found in it, having 
contrafy Signs; the Locus is ſtilf an Hyperbola. = 
If * andx* have the ſame Signs, then, accord- 
ing as the Coefficient of x* is greater, equal, or 
Je than the Square of half the Coaffident of y. 
the Locus ſhall be an Ellipſe, Poul or 0 
perbola. $27, 29,80. | | 
In any Caſe therefore the Ln, of the Equa. 
. is be Conis Scion. | 5 ; 
| 33- 
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Let MK be the Locus of the Equation : and 


if AH be drawn fo that HE be to AE as 24 to 
Unit, and AD, parallel to PM, be =24, and 
through D the Line DF be drawn Po — 
AH, meeting PM in G, then ſhall GM (= 
+PN+NG=y+3ax+35) =2. my if Ai, 7 
then DGS AN x. 01 


Suppoſe DG=#, and x= 7 . Inſtead of x 


ſubſtitute 7 and the a that reſults 


will expreſs the Relation of M and NG, of : 


this eee ey ES 
x . a BE . 

Which will be an bbs, Parabols, or El- 

liphs, according as the Term = 2 1 is Petite. 


not bing, or negative. That i is, according as - 


is greater, equal to, or leſs than c. But a was 


the Coefficient of xy; from which it appears, 


that the Locus is an Ellipſe, Parabvla, or 
yperbola, accotding as the Coefficient of x“ is 
greater, equal to, or 20% than the Squake of half 
the Coefficient of xy.“ 
It appears alſo, has” & « if the Term xy be 
wanting, or a S, then the Locus will be af 
Ellipſe, Parabola, or Hyper bola, according as 
the Term Ca* 18 Pepe ys nothing, or wc a0 
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Hence likewiſe, if the Term * be wanting, 
d the Term ay not wanting, they. the Term 
= A 4* being poſitive. (becauſe £ = is always 


poſitive, whatever a or F be) * bay: oo a" 
be an Hyperbola.“ i 


Note, That Part of this W on cbs cher 


Side of AE, which is marked with Small Let- 


ters, anſwers to the Caſe when the Coefficient of 
Y, in the general Equation, vix. N is nega- 


tive. GS 


834. The 12 of che 25 Order ng ſome 
general Properties which may be demonſtrated 


from the Conſideration of the RE: LO 


GEE them. 


The general uation of 921. by extermt- 
nating the ſecond erm can be transformed into 
the he Equation ö ; 

ö 1 == 1 #5 4* | 

: = He 1 = * — — a 
F rom which we have | 


F "BE 


* 1 


8 9 2 x4 3 + 5 — 


Where the Vals of & are always equal, and 


have contrary Signs, ſo that the Line DF, on 


which the Abſciſſes are taken, muſt biſect the 
Ordinates, and conſcquently, is a Diameter of 


the Conic Section. And, as this has been de- 
monſtrated generally, in any Situation of the 
Lines PM, it follows that if any Parallels, as 


2 2 


Mm, 
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Mm, Mm, be drawn meeting a Conic Section *, 


there is a Line DF which can biſect all theſe Pa- 
rallels. And conſequently if any two Parallels, 
Mm, Mm, are biſected in G and g, the Line Gg 
that biſects theſe two, will biſect all the other 
Lines parallel to them, terminated by the Curve. 


Which is a general Property of all the Conie 


Sections.“ 


There is one Caſe which muſt be excepted, 
when PMI. is parallel to an Aſymptote, becauſe 


in that Caſe it meets with the Conic Section * 
in one Point. 


835. In the RESET Equation of F21, if you 


ſuppoſe y, there will remain cx dx Teo, 
by which the Points are determined where the 
Curve meets the Abſciſſe AE. 


Suppoſe it meets it in B and D, and chat 
AB = A, and AD=B. Then ſhall —A _ 


—B be the two Roots of the Equation * < 


. +—=0 3 and therefore Fire Baur + 


* 


7 


S2 

BlAP 
> xt — : but +A=BP, and ++B=DP 3 
3 therefore 


* Supply the Figure. 
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therefore BPxDP= *＋ =_ ” + — , Now, it 
is manifeſt from the Nature of . that 


if PM meet the Curve in M and m, the Rect- | 
angle of the Roots PM and Pm ſhall be equal 


to cx dx e the laſt Term of the Equation 


We have therefore PMxPm=cx*4dx+e - and 
. BPxDP=z4 x4 ; ſo that 


PMxPm: BPxDP ::0x*þdx+e 22 4 Ex+ — 22621 


That is, „the Rectangle of the Ordinates PM, 


Pm: is to the Rectangle of the Segments of the 


Abſciſſes:: in a given Ratio, c: to 1.” Which 


is another general Frogeny of the Ling of the - 


24 Order, 

In a ſimilar Manner the analogous Properties 
of the Lines of the — Orders are demon- 
ſtrated *. 


$ 36 There are many different ways of de- 


ſeribing the Lines of the ſecond Order, by Mo- 


tion. The following is Sir Iſaac Newton's. 
+ Let the two Points C and S be given, and 


the ſtrait Line AE in the in Plane, Let the 


23 given 


©5006 the Appendix. 
See Geomerria Organica, Prop. * 
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given Angles FCO, KSH, revolve about the 
Points C and S as Poles, and let the Inter- 


ſection of the Sides CF, SK, be carried along 


the trait Line AE, and the Interſection of the 


Sides CO, SH, vill deſcribe a\Line of . 5 


Order. 

Let the Sides CF, SK SIDY each: other in 
Q and the Sides CO, SH, in P; let PM and 
ON be perpendicular on CS. Then draw PR, 
Q; PT, Q; ſo that re 
and SLQ=STP=KSD. 

The Angle RCP=CQU, ſince RCP "WM 


” two Right ones with RCQ and QUC. So that | 


the Triangles CUQ and CRP will be ſimilar, 
And after the lame 8 vou may demon- 
ſtrate 
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ſtrate that the Triangles SLQ, STP are ſimilar3 
whence, © 
c.): PR::QU:CU 
ae IF PT : Q: SL. 


Suppoſe ck. CA the fines of the 
Angle FCO to its Coſine as 4 to 4; Sin. Angle 


CAE to Coſin. as c to a, and Sin. KSH to Coſin. 


as e to 4. Put alſo PM., M x, QN=z.,. 
Then RM: PM:: a: d. PR: PM::va*+4*: d 


AN: QN::@:c. So that RM= 7 CR= 
Va 
Fas”. 


Likewife QU= EZ , and CU(=CA 


—AN—NU) =b— —2— 7 2. . And it 
being CR: PR:: QQ: CU, it follows that 


dx—ay 5 :; — = - + 7 


| $0 that z — 2. — 


= x IE Xax * 
In like manner you will find ST=0—x— —=Y, 


PT= — . ud and SLa 


aa __ 


(= AN—AS—NL) rd But 


it was ST: T:: QL:SL, that is ax — 


| a 
„ * 
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Jy , <> = PV poo we ; a " _ Wnt 5 


25: 1 FE: Ws | =: 22 * 


„„ 3 X.cX a = 
When Nees I þ das eee. A 
bh ri _ ; ec 1 
uati "eg two Values of 


7 gt $4 
: +ar—boxd\ 
== —bixa*—ed b # ; 
ef ee N 


where ſince x and y are only of two Dimenfiont, 
it appears that the Curve deſcribed muſt be a 
Line of the 2d Order, or 4 Conic Section, ac- 
_ cording to what has been already demonſtrated. 


S 37. As the Angles FCO, KSH revolve a- 
bout the Poles C and S, if the Angle s be- 
comes equal to the Supplement of theſe given 
Angles to four Right ones, then the Angle 
Cps muſt vaniſh, that is, the Lines CO anti 
SH muſt become parallel: and the Interſection 
P muſt goof to an infinite Diſtance. And the 

Lines CO and SL become, in that Caſe, Paral- 
lel to one of the dfmprets. 5 
In order to determine if this may be, deſcribe 
on CS an Arc of a Circle that can live inſcribed 
in it an Angle equal to the Supplement of the 
Angles FCO, KSH, to four _ Angles, If 


this 
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this Arc meet the Line AE it in nw * N, 2, 
then when Q the / Interſection of che Sides CF, 
SK comes to Siber of _ x Points, as it is Car- 


n 


A at. "EW - " N 8 


* , — bh p 
* * 
# -$ 
4 5 2 
— 4 
* * 
0 - i 
> 


4 


ried 1 the Line AE, a Point P wil go i 
to Infinity, and the Lines SH, CO, become 
parallel to each. other and to an one of the 
3 
If that Arc "only touch os Live: AE, the 
Point P will go off to Infinity but once. If the 
Arc neither cut the Line AE nor touch i it, the 
Point P cannot g off to Infinity. In the firſt 
Caſe the Conic Section is an Hyperbolg, in the 
_ ſecond a Parabela, in the third an Ellipſe. 
„ he Aſymptotes, . when the Curve has any, 
are determined by the following Conſtruction. 
Draw NT conſtituting the Ang le CNT= 
SNA, meeting SC in T; then take SI=CT, 
and always towards oppoſite. Parts, and through 
I draw IP parallel. to SH or CO, and IP will 
be one Aſymptote of the Curve. The other is 
berermined in like Manner, by rigging Q to 
3. 


Y 


*. And the two Aſymptotes meet in the 
Center, conſtituting there an Angle =NSs. 


From this Conſtruction it is obvious, that 


when the circular Arc CN#S touches the Line 
AE, tke Angle SNA being then SCN, the 
Line NT will become parallel to CS; and there- 
fore CT and SIL. become infinite, that is, the 
Aßmptote IP going off to Infinity, the Curve be- 
comes a Parabola. 


§ 38. There Is another . Method of 


deſcribing the Lines of the 2d Ordgr, that de- 
ſerves our Conſideration. 


Wo AM RK TRAV 


Inſtead of Angles we now uſe three Rulers 
DQ, CN, SP, which we ſuppoſe to revolve 
about the Poles D, C, S, and cut one another 
always in three Points N, Q and P; and carry- 
ing any two of theſe Interſections, as N and Q, 


along the given trait Lines AE, BE, the third 


Interſection P will deſcribe a Conic Section. 
T hrough 
6 


— 


„ TE RS Ee, . 


* Abe. r 2 1 r 

33 ea Fee , Or LIT ey 

5 45 8 R 2 5 2 we.” „ 
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8 28 


Chap.2. ALGEBRA: 347 
Through the Points D, P, Q; draw DF, 
PM, QR, parallel to AE, meeting CS in F, 


M, R; alſo through P dra PH Fel to 
BE meeting Cs in . 
Then putting PM, 2 CS, CAI. 
SB=:r, DF=#, AF=1, AE, BE Ze, AB 
=4—b-+c) =f ; ſince the pin PMH, ! 


AEB are ſimilar, therefore PH=2 7X MH= 5 
., SH . And fince - 
CA AN:: CM: PM. wengi ace 
SB: BQ:: SI: e i 
. 

. BE: AE... Q eee 


= 
Cn 4 


Now AN—DF : RQ—AN:: AF: AR = 1 
that is, | 


558 


2 
2 K 222 7% 2 


And multiplying the Extremes and Means 
and mas. the n it 15 . * 


— — 


In which equation hs Js of 5D Teri 
may vary by varying the Situation of the Poles 
and 
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and Lines; but x and y not riſing to more than 


two Dimenſions, it appears that the Point P al- 


ways deſcribes a Conic Section. Only in ſome 


particular Cafes the Conic Scion becomes a 


ſtrait Line, As for Example, when D is found 
in the ſtrait Line Cs; for then DF vaniſhing 
the Terms & —adfls vaniſh, and the remain- 
ing Terms being N by 7 the Equation 
becomes, 


| We L- PO ro, =0. 


Which is 4 Locus of the firft Order, and ſhews 


that, in this Caſe, P muſt deſcribe a ſtrait Line. 
After the ſame Manner it appears that if the 


Point E the Interſection of the Lines AE, BE, 


falls in CS, then will P deſcribe a ſtrait Line. 


For in that Caſe 4 ome, and the ä | 


e A | 
bg fee o. 
§ 39. Theſe two Deſcriptions furniſh, each, 


a general Method of © deſcribing a Line of the 


ſecond Order through any five .given Points 

_ whereof three are not in the ſame ſtrait Line.“ 
Suppoſe the five given Points are C, 8, M, K, 

N; join any three of them, as C, 8, K, and 


let 1 revolve about C and S equal to the 
Angles KCS, KSC. Apply the Interſection of 
he * CK,SK firſt to the Point N, and let the 


Inter- 


— 


22 4 4 * * * 9 9 * 3 q R ——B . . xt be Noh rn SG enn 5 i 12 * , * 3 ; 
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Interſection of the Legs CO and SH be Q3 
| ſecondly apply the Interſection of the ſame-Legs 
CK, SK, to the remaining Point M, and let the 


0 1 's 


4444 

Inter ſection of the Legs CO, SH be L. Draw ö 
a Line joining Qand L, and it will be the Line [ 
AE along which if you carry the Interſection of 

the Legs CO, SH, the Interſection of the other 

Legs will deſcribe a Conic Section paſling thro? 

the 5 given Points C, S, M, K, N. 

It muſt paſs through C and S from the Con- 
ſtruction: when the Interſection of CO SH F 
comes to A, the Curve will paſs through K. | 

Et | | 3 | 


— 3 
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$40. From the ſecond Deſcription we have 
this Solution of the ſame Problem. 

Let C, 8, M, K, N be the 5 given Points: 
draw Lines j joining them z produce two of the 
Lines NC, MS, till they meet in D. Let 
three Rulers revolve about the three Poles C, 
S, D, viz. CP, 8 SQ, DR. Let the Interſce- 
tion of the Rulers CP, DR, be carried over the 
given Line MK, and the Interſection of the 
Rulers SQ, DR be carried through. the Line 


NK ; and the Point P, the Interſection of the 
Rulers 


ſe x 8 2 * 
C EI I en nn 
T..... ³˙ 1 
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Rulers that revolve about C and 8, will deſcribe 
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a Conic Section that Fates through the 5 Points 
| Dj 8, M. K, N. 0 


8 41. It is a remarkable Property of the Co- 


nic Sections, that if you aſſume any Number 
of Poles whatſoever, and make Rulers revolve 


about each of chem, and all the Interſections 


but one, be carried along given right Lines, 


that one ſhall never deſcribe a Line above a Co- 


nic Section ;“ if, inſtead of Rulers youſubſticuts 
given Angles which you move on the ſame 
Poles, the Curve deſcribed will Rl be no more 
than a Conic Section. 
By carrying one of the inter kgtem „ 
in the Deſcription over a Conic Section. Lines 
of Pe Orders may be deſcribed. 6 
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de determined by the Intorſections 
of a ſtrait Line with a Curve of the ſame Dimen- 
ſions as the Equation: or, * by the Interſec- 
tions of any two Curves whoſe Indices multi- 
plied by esch other give a Product equal to the 
Index of the propoſed Equation!” . 
Thus the Roots of a Biquadratic Equatiori 
may be determined by the Interſections of two 
Conic Sections ; for the Equation by which the 


Ordinates from the four Points in which theſe 


Conic Sections may cut one another can be de- 
termined will ariſe to four Dimenſions : and the 
Conic Sections may be aſſumed in ſuch a Man- 
ner, as to make this Equation coincide with any 


propoſed Biquadratic : ſo that the Ordinates 
from theſe four Interſections will be equal to the 


Roots of the propoſed Biquadratic. 

If one of the Interſections of the Conic Section 
falls upon the Axis, then one of the Ordi- 
nates vaniſhes, and the Equation by which theſe 
Ordinates are determined will then be of three 

Dimenſions only, or a Cubic,“ to which any 
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Yet the 2 * to be one:; as being moſt 
eaſily deſcribed ; and the Parabola iscommonty 


aſſumed for the. Gs ery are 


2 15 


vm 


arid: Tho Ednic' Sections 
ſribed. | They muſt not however be both Cir- 
r{etions are onlyft wo, and 
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Let APE be the common Apollonian Para- 
bola. Take on its Axis the Line AB= half of 
its Parameter. Let C be any Point. in the Plane 
of the Parabola, and from it as a Centre deſcribe, 


with any Radius CP, a Circle meeting the Para- 


bola in P. Let PM, CD, be Perpendiculars 
on the Axis in M and D, and let CN, you 
to the Axis, meet PM in N. 


Then will always CPq=CNq-+NPg. tas 61.) 
Put CP=4, the Parameter of the Parabola 


=, AD=c, DC==d, AM x, PM. | 


Then A NP4=44!' 3 and 
FN +0 . That is, 
. 
But, from the Nature of the Parabola, bx, 
and & * ſubſtituting therefore theſe Va- 
lues for a = x, it will be, 


75 5 backed. So. 


Or, mulciplying by b*, 7 
Ac TS „ id C4 - / . 


Which may repreſent any Biquadratic Equation 
that wants the ſecond Term; ſince ſuch Values 


may be found for a, 6, c, and d, by comparing 
this with any propoſed Biquadratic, as to make 
them coincide. And then the Ordinates from 


the Points P, P, P, P, on the Axis will be equal 


to the Roots of that propoſed Biquadratic. And 


this 


rene is the Differences of x and c indefinitely, which- 


ever of the two is greateſt 


- 
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this may be done, tho the Parameter of the Pa- 
rabola (viz: &) — given: that is, if you have a 
Parabola already made or given; by it alone you 
may reſolve all Biquadratic Equations, and you 


will only need to vary HEINE, A, your Circle, 
and its Radius. 4 


, 844. If the Circle deſcribed from che Center d 
3 C paſs through the Vertex A, then CPq=CAg. 
I þ =CDe-+ADp. that is, 4 ate 3 ee 


+ 
ON 
? * 
* 7 9 
2 $4 : 
4 12 — 
7 *, 
* 
4 * 
# : 
{ © 
3 
* 
11 


laſt Term of ahe 2 ee (ae) will 
vaniſh ; pony” ware en by, there 
ariſes the Cubic, bgupict be | 
- ga- 0. 

Let the Cubic Equation propoſed to be re- 
ſolved be y**S:py4=r=0. Compare the Terms 
of theſe two Equations, and 708 will have, 
| . a 
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eee. and 5240 = rr, or, e 


===>, and d= ==: From which you 


have this Conſtruction of *the Cubic y**== 
So, by means of any given Parabola APE. 


From the Point B take; in the Axis (/ ward if the 
- Equation 3 but backwards if pis paftive) 


'#be Line 515 ; then raiſe the Perpendich: 
Jar DC= r. 2585 = Lo C, deſcribe a Circle 
paſſing through the Veriex A, meeting the Pa- 

rabola in P, ſo ſhall the Ordinate PM be one 
of the Roots of the Cubic y ro.“ 


The Ordinates that ſtand on the fame Side of 
the Axis with the Centre C are negative or af- 
firmative, according as the laſt Term r is zega- 
tive or affirmative , and thoſe Ordinates have 
always contrary Signs that ſtand on different 
Sides of the Axis. The Roots are found of the 
ſame Value, only they have contrary Signs, 
when 7 13 poſitive as when it is negative; the 
ſecond Term of the Equation being wanting; 
Which agrees with what has been demonſtrated 
6liewhere. 


1 In- cs Namerical "EO you 
wav, fuppoſe the Parameter & to be Unit; then 
AD= * . and n and the Ordinate 
45 5 1 Es 


7. one „ 


ny oP 
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PM muſt. then be meaſured on Scale where 
the Parameter, or 2 AB is Unit. Or, if it be 
more convenient, the Parameter may be ſup- 


poſed to expreſs 10, 100, Sc. or any other 


Number, and PM will be found by meaſuring 


it on a Scale where the Parameter is 10, 100, 


Ge. or that other Number. 


4 46. 7 When the Circle meets the Para- 
zola in one Point only beſides the Vertex, the 
Equation has only one real Root, and the other 
two imaginary “ 

Thus, if the Equation has +þ, or if D falls 
on the ſame Side of B as A does, the Circle can 


meet the Parabola in two Points only, whereof 
A is one; and therefore the Equation muſt 
have two imaginary Roots; as we demonſtrated, 
elſewhere. If the Circle touch the Parabolay 


then two Roots of the Equation are equal. 
It is alſo obvious, thanthe Equation muſt ne- 


| ceſſarily have one real Root; becauſe, ſince the 


Circle meets the Parabola in the Vertex A, it 
muſt meet it in one other Paint, : at leaſt, be⸗ 
ſides A. 


$ 47. Inſtead of i the Circle hk thro? 
the Vertex A, you may ſuppoſe 1 it to paſs thro? 
ſome other given Point in the Parabola, and 


that Interſection being given, the Biguadratie 


found for determining the Interſections, in $43» 


may be reduced to a Cubic. 


Ang... 


2 


2% ATuzarien sf raum 
Let the Ordinate ee to that mY in. 


kerſection be; 25 chen one of Fm Values of. . hag 
, it follows that the Biquadratic - 


7 = b 2 f 


will be divifibleby -, which Will reduce it to 
a Cubic that ſhall have the ſecond Term. And 
thus we have a Conſtruction for Cubic Equa- 
tions that have all their Terms. 
For Example, let us ſuppoſe that the Para- 

meter is AG, and the. Ordinate at G is GF 
meeting the Curve in F. Suppoſe now that the 
Circle is always to paſs through F; then ſhall 
CFg (8) * 52 Tal- =+ 

1 


if 
x 
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d*+=2cb4=2db+26*, and ſubſtituting in the 
Equation of & 43 this Value of 4, it becomes 


% 


y ach pA = 
+ 5 | — 
| Saab 

Where c in the laſt Term has a contrary Sign to 
what it has in the third, and d a contrary Sign 
to what it has in the fourth. 

This Biquadratic has FG, or 2, for one of 
its Roots ; and being divided by 55, there 


ariſes this Cubic, 
„e * 24db > 
+26? Y +21? {=o 
+267 


having all its Terms compleat. If C had been 
taken on the other Side of the Axis, the ſecond 
Term h had been negative. 

Let now any Cubic Equation be propoſed to 
be reſolved, as, y*+pf+gy—r=0. And, by 

comparing it with the preceding, you will ind, 


| | b=p 
. | 7 
__qz=20* habe - {ropes ED ol 
—r=20*3:2*2407 55 * — 


Fi 6 to conſtruct tbe propoſed Cubic Fea qua- 
tion y*+p*+qy—r=0, let the Parameter of 
your Naben be equal to p, take, on the Axis 
Aa 4 From 


360. ATxiaTiOn of / guy 
om the Vettox 4, the Line Abeba. | 


oth the Perpendicular DC= EEE, = 2 
from C deſcribe a Cirels through F, meeting the 


Parabola in P, fo fball the ee, PM be a 


Root of the Equation : 
If the Equation propoſed is is 4 Literal Equa- f 
tion of this Form pc, having 


all the Terms of three Dimenfions, then this 
Conſtruction will only 1 50 RO 3 and. 
r Une 

848. If you ſuppoſe Ae Partbots to et 
through any Point F taken any where in. the 
Parabola (vid. Fig. preced.) and call the Ordi- 


| nate FGz=e,then RE += * a, and the 
general Biquadratic may have this Form, 

bas Kp. 4 » — 

T 2deb: 

— e“! 

e 

But ſince F G=e is one of the Values of y, the 

Equation will be diviſible by y—e, and the 

. is ol to be this Cubic, 


— 


gives, FG (ors) =p, AD(=c) = 1 
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Which compared with Y N. 


N i e 


and DC=d="FE , Aud by this PE "al : 
tion the Roots of a compleat Cubic-Equatiors. 


may be found by any Parabola whatſoever, 'o 7 


$ 49. It is eaſy to ſee-from; 5431 bow 
conſtruft the Roots of a Biquadratic by any Fa- 
rabola, after the ſecond - Term is taken aways 
But © the Roots of a Biquadratic may be deter- 
mined by any Parabola: only they cannot be 
the Ordinates on the Axis, but may be equal 
to the Perpendiculars on a Line parallel to the 
Axis, meeting che Parabola in F, CD in H, 
and PM in L.“ 

Let FG be an Ordinate tothe Axis mos 5 and 


the reſt remaining as a before letFL=x, 1 
2 
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the Parameter =b, CP, FH=c, CH=4, 
FG=e. 


And ſince PMg (=PLFHD\g AN, : 


therefore +209 +*= AGF AG+FLxb= L 


and conſequently a bx. 
But CNg-+NPg=CPg that is, x—c Ta- A= | 
S. And ſubſtituting for * and x their Va- 


E ues LE gnd 22 — you will find 


which is a complete Biquadratic Equation. And 
by comparing with it the Equation 
-, o, you will find 


FG (= =3p, FH (= = L, 
HC (=) = , and CP . 5 


VI c-: * gives a general Conſtrue- 
tion for any ſuch Biquadratic Equation by any 
Parabola whatfoever. If the Signs of p, 4, r, 
or 5, are different, it is eaſy to make the ne- 
ceſſary Alterations in the Conſtruction. Ex. gy. 

If p is negative, then FG muſt be taken on the 
other Side of the Axis. 

If you ſuppoſe the Circle to paſs through F, 
the Equation will 885 a Cubic having. all its 
Terms: 
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Terms: the 15 TAE CEP vaniſhing, : 
becauſe then . 4% —4*. It will have _ 


Form, ; 4H IA AJ Han bar 
we 3 +409 *4-44* I, 52 Ach 0e : 
—c< 25 7 2 N, He 4} Z HA 
* ie 00 Os 
-, 3 #1 — 9 7 3110 0. 
and then « the Confieption will get Roots 
of a compleat Cubic Equation.“ „ ee 


8 50. We have ſufficiently fe * the 
Hom of Cubic and Biquadratic Equations may 
be conſtructed by the Parabola and Circle; we 
ſhall now ſhew how other Cortic Sections may 
be determined by whoſe Interſections the ſame 
Roots may be diſcovered. _ 

Let the Equation propoſed be 5 - 
þ* 8 and let us ſuppoſe, that, 

o. bx=y* ; then ſhall we have by Subſti- 
of Fx* for %, and dividing by , | 


2*. += x x* 4+ 7 > o. which has | 
its es an Ellipſ. Then by ſubſtituting (in 
this laſt) of for F + „and malen all the 
ha by 4 T „ you find, I 25 ib 51 

NE” pro, an Efeu to a 
e. Then, adding to 1 D 
bo, you will have, : N 
4. x* 4% n ro, an, Eau 


tion to a c | 
The 


_ „ Part III. 


The Roots of the Equation = 
ro may be determined by the Interſec- 


tions or any two of n Loct ; 3 as s for . | 


by the InterſeRtions of the Elipſe that is the 
Locus of che Equation y r = 0, 
and of the Circle which is the — of 

* 42 * 3 (x+g—tr=0, from which we de- 


doce this Conſtruction. 


Chap.y, ALGEBRA, 369 
Tet AB be the Axis of an Ellipfis, equal ta 


Vir L, let G be the Centre of the. Ellipſes 


end the Aris to the Parameter as pto b. At G. 
raiſe a Perpendicular to the Axis, and on it take 


GD 2 7 and on the other Side i in the Perpen- 


A dicular e take G E. Let DE 


and KC be parallel to the Axis : take KC=5b—zp, 
and from C asa Center with the Radius BNN 
deſcribe a Circle meeting the Ellipſe in P, and the 
Ordinate PM, on'the Line DE, ſhall be one of 
the Roots of the propoſed Equation. 

Let PM (n produced meet AB in R, and 
KC in N; and calling =x, then CPq= 
NPTENCg, that is, 4: DOE REIT RNY -+br 
2-2 —K N and therefore 
I*. * ＋ Yo, the Equation to 


the Circle, which was to be conſtructed. 


And ſince PRg: GBg—GRg: :b:p, there- 


fore, y „ br 2 5: 73 and con- 


ſequently, © 
2 Lt 
2 fb = ** Ly = I = ; 3 which is 
the Kquaion chat 1 to be conſtructed. 


Now that their Interſections will. give the 
Roots required, appears thus. 


For & in the firſt Equation ſubſtitute the Va- 
lue you deduce for it from the ſecond, viz. 
5 | Br mon 


366 ATrEATISE of Part III. 
br— + 3 5. and there will ariſe 


1 { i 
,@ oa. 4 3 2 


* 191 e 


that is, . =x, and *=% 3 which fubMicured 


for x and x in the firſt eee gives, 


Fold ming eee 
3y**4-bpy os. OT 
And if you Ft them i 1 W 20 Equation, 


there will ariſc - T 2 5G 0 ＋ 2 88 _ =0, 


ttat i is, A 3 þ—Br=o, the : 


very ſame as before; and thus it appears that 


the Roots of the Equation y**—bpy*+b*qy— 
z ro are the Ordinates that are common to 


the Circle and Ellipſe, or that are drawn from 
their In —— 


— * - _. — — — — 


4 © 
* * 1 . ** 
Vs a” +* . 


End of the Third Part. 
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Proprietatibus generalibus 
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COLINO MAC-LAURIN. 


11 
M. DCC. XLVIII 


BA. 
LiNEARUM GEOMETRICARUM 


REY W <> 


D E Linek ſecundi Ordinis, five eAicnibus co· 
nicis, ſcripſerunt uberrime Geometræ veteres 
& recentiores; de figuris quæ ad ſuperiores 
Linearum Ordines referuntur pauca & exilia tantum ante 
NEwrodun tradiderunt. Vir illuſtriſſimus, in Tra- 
ctatu de Enumeratione Linearum tertii Ordinis, doctrinam 
hanc, cum diu jacuiſſet, excitavit, dignamque eſſe in 
qua elaborarent Geometris oſtendit. Expoſitis enim ha- 
rum Linearum proprietatibus generalibus, quæ vulgatis 
ſectionum conicarum affectionibus ſunt adeo affines ut 
velut ad eandem normam compoſitæ videantur, alios ſuo 
exemplo impulit ut Analogiam hanc ſive ſimilitudinem 
quæ tam diverſis intercedit figurarum generibus bene 
cognitam & ſatis firme animo conceptam atque compre- 
henſam habere ſtuderent. In qua illuſtranda & ulterius 
indaganda curam opezamque merito poſuerunt; cum 
nihil ſit omnium quæ in diſciplinis purè mathematicis 
tractantur quod pulchrius dicatur, aut ad Animum Veri 
inveſtigandi cupidum oblectandum aptius, quam rerum 
tam diverſarum conſenſus five harmonia, ipſiuſque do- 
ctrinæ compoſitio & nexus admirabilis, quo poſterius 
priori convenit, Wach ſequitur ſuperiori reſpondet, 

5B. - ,< © ß 


| Fg, 


2 De LinEARUM GroMETRICARUSE 
quzque ſimpliciora ſunt ad magis ardua viam conſtanter 


aperiunt. 
Linearum terty Ordinis podjeletares generales a New- 
fono traditæ parallelarum ſegmenta & aſymptotos ple- 


ræque ſpectant. Alias harum affeQiones quaſdam di- 


| 2. generis breviter indicavimus in tractatu de fluxio- 


tribus nuper edito, Art. 324, & 401. Celeberrimus 
Cotefius pulcherrimam olim detexit Linearum geometri- 
carum proprietatem, hucuſque ineditam, quam abſque 
demonſtratione nobis communicavit vir Reverendus D. 
Robertus Smith, Collegii S. S. Trinitatis apud Cantabrigi- 


enſes Præfectus, Doctrina operibuſque ſuis pariter ac fide 


& ſtudio in Amicos clarus. De his meditantibus nobis 
alia quoque ſe obtulerunt theoremata generalia; quæ cum 


ad arduam hanc Geometriæ partem augendam & illu- 


ſtrandam conducere viderentur, ipſa quaſi in faſciculum 
Eongerenda & una ſerie breviter exponenda ac demon- 


ſtranda putavimus, + 


SECTAIO l. 


De Lineis Geometri cis in genere. 


5 Li- ſecundi Ordinis ſeclone ſolidi grometic, 


Coni ſcilicet, definiuntur, unde earum proprie- 


| fates per vulgarem Geometriam optime derivantur. Ve- 


rum diverſa eft ratio figurarum quz ad ſuperiores Line- 


arum Ordines referuntur. Ad has definiendas, .carumque 


Proprietates eruendas, adhibendz funt Æquationes gene- 
rales Co-ordinatarum relationem exprimentes. Repræ- 


ſentet x abſeiſſim AP, y Ordinatam P M figure FMH, 
. a, bes d, e, &c. coefficientes quaſcunque 


1 invaz 


Proprietatibus — 3 


invariabiles; & dato angulo A P M fi relatio co · ordina· 
tarum x & y definiatur Æquatione quæ, præter ipſas co- 
ordinatas, ſolas involvat coefficientes invariabiles, Linea 
F M H geometrica appellatur; quæ quidem Auctoribus 
quibuſdam Linea Algebraica, alijs Linea rationalis dicitur. 
Ordo autem Linea pendet ab Indice altiſſimo ipſius x vel 
in terminis æquationis a fractionibus & ſurdis liberate, 
vel a ſumma Indicis utriuſque in termino ubi hæc ſumma 
prodit maxima. Termini enim æ&ů2, xy, 2 ad ſecundum 
Ordinem pariter referuntur ; termini x3, x2), a, y3 ad 
tertium, Itaque æquatio y=ax-þb, five y—ax—b=0, 
eſt primi Ordinis & deſignat Lineam five Locum primi 


| Ordinis, quæ quidem ſemper recta eſt. Sumatur enim Fig. 2. 


in Ordinata P M recta PN ita ut PN ſit ad AP ut + 
a ad unitatem; conſtituatur A D parallella ordinatæ PM 
#qualis ipſi 1 & & ducta D M parallella rectæ AN erit 
Locus cui æquatio propoſita reſpondebit. Nam PM 
 PN+ NMS (ax APT AD) ax ＋ 5. Quod fi 
Eqguatio fit formæ y = ax —b vel y =— ax +6, rea 
AD, vel PN, ſumenda eſt ad alteram partem abſciſſæ 
AP; contrarius enim rectarum ſitus contrariis coeffici- 
entium ſignis reſpondet. Si valores affirmativi ipſius x 
deſignent rectas ad dextram ductas a principio abſciſſæ A, 
valores negativi denotabunt rectas ab eodem principio ad 
ſiniſtram ductas; & ſimiliter ſi valores affirmativi ipſius y 
ordinatas repreſentent ſupra abſciflam conſtitutas, nega- 
tivi deſignabunt ordinatas infra abſciſſam ad oops 
partes ductas. 

Ægquatio generalis ad Lineam ſecundi Ordinis oa hujus 
forme yy—azy+cx*=09 = | 

u 
Te 


4 De LINEARUM GEOMETRICARUKI | 
& Fauatio generalis ad Lineas tertii ordinis eſt y} — 


gr Th x y* + c ure xy - Tg- A= 


Et ſimilibus æquationibus ee Lineæ geometricæ 
ſuperiorum Ordinum. 

F$ 2. Linea geometrica occurrere poteſt Rectæ in tot 
punctis quot ſunt unitates in numero qui Æquationis vel 
Linez ordinem deſignat, & nunquam in pluribus. Oc- 


curſus curve & abſciſſæ AP definiuntur ponendo y =o, 


quo in caſu reſtat tantum ultimus zquationis terminus 
quem y non ingreditur, Linea tertii Ordinis ex. gr. oc- 
currit abſciffe AP cum -g TKH Kg o, cujus 
Æquationis fi tres radices ſint reales abſciſſa ſecabit cur- 
vam in tribus punctis. Similiter in Aquatione generali 
cujuſcurique orditiis index altiſſimus abſciſſæ x æqualis eſt 
numero qui Lineæ ordinem deſignat, ſed nunquam ma- 
jor, adeoque is eſt numerus maximus occurſuum curvæ 
cum abſciſſa vel alia quavis rei, Cum autem Æqua- 


tionis cubicæ unica ſaltem radix fit ſemper realis, idem- 


que conſtet de Æquatione quavis quinti aut imparts cu- 
juſvis Ordinis (quoniam radix quzvis imaginaria aliam ne- 
ceſſario ſemper habet comitem), ſequitur Lineam tertii 
aut imparis cujuſcunque Ordinis rectam quamvis afymp- 
toto non parallelam in eodem plano ductam in uno ſal- 


tem puncto neceſſario ſecare. Si vero recta ſit aſymp- 


toto parallela, in hoc caſu vulgo dicitur curvæ occur- 
rere ad diſtantiam infinitam. Linea igitur imparis cujuſ- 


cunque Ordinis duo ſaltem habet crura in infinitum pro- 


gredientia. ZEquationis autem quadraticæ vel paris cu- 
juſvis Ordinis radices omnes nonnunquam fiunt imagina- 


riæ, adeoque fieri poteſt ut recta in plano LOS. parks 


ordinis ducta eidem nullibi occurrat. 


; A Aquatie 


TT! . ]⅛— mc⅛ſ ...... aÞocacoc oc fe... a. cer 


I A © 


Ivy 


t 


0 
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§3. Aquatio ſecundi aut ſuperioris cujuſcunque Or- 
dinis quandoque componitur ex tot ſimplicibus, a ſurdis 
& fractis liberatis, in ſe mutuo ductis quot ſunt ipſius 


æquationis propoſitæ dimenſiones; quo in caſu figura 
F M H non eſt curvilinea ſed configs ex totidem rectis, 


quæ per ſimplices has æquationes definiuntur ut in art. 1. 


Similiter ſi æquatio cubica componatur ex æquationibus 


duabus in ſe mutuo ductis, quarum altera ſit quadratica 
altera ſimplex, Locus non erit Linea tertii Ordinis pro- 
prie fic dicta, ſed ſectio conica cum rectà adjuncta. 
Proprietates autem quæ de Lineis geometricis ſuperiorum 
ordinum generaliter demonſtrantur, affirmandæ ſunt 


quoque de Lineis inferiorum Ordinum, modo numeri 


harum ordines deſignantes ſimul ſumpti numerum com- 
pleant qui ordinem dictæ ſuperioris Lineæ denotat. 
Quz de Lineis tertii Ordinis (ex. gr.) generaliter demon- 


ſtrantur affirmanda quoque ſunt de tribus rectis in eodem | 


plano ductis, vel de ſectione conica cum unica quavis 


recta ſimul in eodem plano deſcriptis. Ex altera parte, 
vix ulla aſſignari poteſt proprietas Lineæ Ordinis inferioris 
ſatis generalis cui non reſpondeat affectio aliqua Linearum 
ordinum ſuperiorum. Has autem ex illis derivare non 
eſt cujuſvis diligentiæ. Pendet hæc doctrina magna ex 


parte a proprietatibus æquationum generalium, quas bio 


memorare tantum convenit. 

$ 4. In æquatione quacunque coefficiens fecundi ter- 
mini æqualis eſt exceſſui quo ſumma radicum affirmati- 
varum ſuperat ſummam negativarum; & fi deſit hic ter- 


minus, indicio eſt ſummas radicum affirmativarum & 
negativarum, vel ſummas Ordinatarum ad diverſas partes 


Abſciſſæ conſtitutarum, æquales eſſe, Sit Æquatio ge- 
„„ ny | nexalis 
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neralis ad Linkin ordinis u, y 2 Ta 


1-2 | ax+b 


Xy. — &c. So, ſopponstur u= A 0 


1 
| arts 


ſubſtituatur Ipſivs valor u + r & in æquatione 


1 
transformata deerit ſecundus terminus uv z ut ex cal- 


culo, vel ex doctrinà Zquationum paſſim traditä facile 


patet: & hinc quoque conſtat, quod per hypotheſin va- 
lor quiſque ipſius « minor fit valore correſpondente ipous | 


ax 5 


y differentia ; unde ſequitur ſummam valorum 5 
n 


5 ipfius 1 (quorum wameres ft x): deficere a ſurama Va- 
1 ¶ ? 
bun wh (que lin eg cr differentia gd 


n 
* r ex+b, adeoque priorem 8 evaneſcere & 
ſecundum terminum deeſſe in æquatione qua definitur, 
vel affirmativos & negativos valores ipſius « æquales ſum- 
ax+b 
mas conficere. Si itaque "2 25&M PQ= —, ut ſit 
| ¹ 


QM, rectæ ex utraque parte puncti Q ad curvam 


terminatæ eandem conficient ſummam. Locus autem 


; puncti Q eſt recta BD quæ * ultra principium A 


productam ſecat in B ita ut AB 2,&ordingam AD 


| va PM parallelam in P in ut Gt AD = 2x6; Genim 
| becrefta dann orratrt in bude Q, erit 


PQ 


C7) * * Le 4 * 
* 


Proprietatibus generalibus. E 7 
PQadPB(feu £ ++) at AD ad AB vel ende, des- 


que PQ=- bb, ut 3 Atque hinc conſtat 


rectam ſemper oc poſle quz parallelas quaſyis Linea 
geometricæ occurrentes in tot punctis quot ſunt figure 
dimenſiones ita ſecabit ut ſumma ſegmentorum cujuſvis 
parallelz ex una ſecantis parte ad curvam terminatorum 
ſemper æqualis ſit ſummæ ſegmentorum ejuſdem ex al- 
tera ſecantis parte, Manifeſtum autem eſt rectam quæ 
duas quaſvis parallelas hac ratione ſecat ipſam neceſſario 
eſſe quæ ſimiliter alias omnes parallelas ſecabit. Atque 
hinc patet veritas theorematis Newtoniani, quo continetur - 

proprietas Linearum geometricarum generalis, notiſfimee 
ſectionum conicarum proprietati analoga. In his enim 
recta quæ duas quaſvis parallelas ad ſectionem termi- 
natas biſecat diameter eſt, & biſecat alias omnes hiſce 
parallelas ad ſectionem terminatas. Et ſimiliter recta 
quæ duas quaſvis parallelas Lineæ geometricæ occur- 


rentes in tot punctis quot ipſa eſt dimenſionum ita ſecat 


ut ſumma partium ex uno ſecantis latere conſiſtentium 
& ad curvam terminatarum æqualis ſit ſummæ partium 
ejuſdem parallelæ ex altero ſecantis latere conſiſtentium 
ad curvam terminatarum, eodern modo * 


vis rectas his parallelas. 


$5. In Æquatione quavis terminus ultimus, five is 


quem radix y non ingreditur, æqualis eſt facto ex radici- 


bus omnibus in ſe mutuo ductis; unde ad aliam ducimur 
non minus generalem Linearum geometricarum proprie- 


tatem. Occurrat recta PM Linez tertii Ordinis in M, Fig. x: 


m & ., eriique PM x Pm x Pu = fx3— g3Þ + -. 
erer 0 AP curvam in tribus punctis I, K, L; & 
5 * . AI, 


$ De LINEA RUM GEOMETRICARUM 


AI, AK, AL erunt Valores Abſciſſæ x, poſita ordi- 
nata y o, quo in caſu Aquatio generalis dat fr3i—gx2 


N pro his Valoribus —_— ut in art. 2. 


| PE 


| expoſuimus. | Kquationis igitur x3 = KR, ma F To 


_ - tione invariabili coefficientis F ad unitatem. Simili ra- 


tres radices ſunt AL, AK, AL; adeoque hæc æquatio 
componitur ex tribus ow . x—AL in ſe 


| mutuo ductis; elique 25 = FEE =x—Alx 


AK * AL = AP—AT „ AP AK x AP—AL 
=1PxKP x LP==x PM x Pm x Pu, Fadturn 


zien en OvdinatinD lig Pen, Dre ud puntium P & cur- 


vam terminatis eſt ad factum ex ſegmentis IP, KP, 
LP, rectæ AP, eodem puncto & curva terminatis in ra- 


tione demonſtratur, dato angulo A PM, fi rectæ AP, 
P M, Lineam geometricam cujuſvis ordinis ſecent in tot 
punctis quot ipſa eſt dimenſionum, fore ſemper factum 


ex ſegmentis priaris ad punctum P & curvam terminatis 


ad factum ex ſegmentis poſterioris eodem puncto & curva 
terminatis in ratione invariabiſi: 

$6. In Articulo Præcedente ſuppoſuimus, cum News- 
tono, rectam AP Lineam tertii Ordinis ſecare in tribus 
punctis I, K, L; Verum ut theorema egregium reddatur 
generalius, ſupponamnus abſciſſam AP in unico tantum 


puncto curyarn ſecare; ſitque id punctum A. Quoniam 


igitur evaneſcente y evaneſcat quoque x, ultimus Æqua- 
tionis terminus, in hoc caſu, erit Jr g b = x X 


= er Eb =o xm b—ag= b Ac 
£5 , wafer $-47< 


verſuz 
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: verſus P æqualis 5. & ad punctum a erigatur perpen- 
; dicularis a b = LT =fXxXAPxXaP? + at* 
| = AP x bP?; unde cum PMxPmxP,, fit 
) _ #qualis ultimo termino F xi—gx*+bhx, ut in Articulo 
e præcedente; erit PM x Pm x PV ad APx 5 Pa in ra- 


tione conſtante coefficientis f ad Unitatem. Valor au- 

tem rectæ perpendicularis ab eſt ſemper realis quoties 

5 recta AP curvam in unico puncto ſecat; in hoc enim 
Caſu radices æquationis quadraticæ fx*—gx-+þ ſunt ne- 


. ceſſario imaginariæ, adeoque 4 f h major quam gg, & 
s quantitas M4 f b—gg realis. Cum igitur recta quzvis 
3 in unico puncto A ſecat Lineam tertii Ordinis, eſt ſo. 
- lidum ſub Ordinatis PM, P, P. ad ſolidum ſub ab- | 
— ſciſſa AP & quadrato diſtantiæ puncti P a puncto dato þ 
= in ratione conſtanti. Juncta Ab eſt ad Aa, ſive radius 
7 ad coſinum anguli x AP, ut 475 ad g, & Ab = 
3 
1 Ve. Idem vero punctum b ſemper convenit eidem | 
* | ad AP, qualiſcunque fit angulus = abſciſſa & or- | 
dinata continetur. | 
$ 57. Sit figura ſectio conica, cujus æquatio generalis | 
- | fit yy—ax—b xy + xx dr + e=0 ut ſupra; & Fig. J. 9 
5 fi Æquationis cxx — dx + e=0 radices ſint imaginariz, 
| recta AP ſectioni non occurret, In hoc autem caſu | 

m Is | . | | 
4 quantitas 4c ſemper ſuperat ipſam dd; unde unt 
7 tar dr TL CN . ü 

: E 5 . 20 4c | 
8 


Aa 4. & erigatur ab perpendicularis abſciſſ in a ita 1 


| ut ab= 
que PM x 3 cxx—dx + e, erit PM x Pm ad 
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Vaec — da 
* — 8 ex za, ſit- 


Pz ut c ad unitatem. Itaque in ſectione quavis conica 


fi recta AP ſectioni non occurrat, erit, dato angulo 


AP M, rectangulum contentum ſub rectis ad punctum P 
confiſtentibus & ad curvam terminatis ad quadraturn di- 
ſtantiæ puncti P a puncto dato & in ratione conſtanti, 
gquxe in circulo eſt ratio æqualitatis. Manifeſtum autem 
eſt eandem methodum adhiberi poſſe Lineæ quarti Ordi- 
nis quam abſciſſa ſecat in duobus tantum punctis, vel 
Lineæ Ordinis cujuſcunque quam abſciſſa ſecat in punctis 
binariò paucioribus numero qui figuræ Ordinem deſignat. 
$8. Hiſce præmiſſis, progredimur ad Linearum geo- 
metricarum proprietates minus obvias exponendas eodem 


ere Ordine quo ſe nobis ohtulerunt. Utebamur autem 
Lemmate ſequenti ex fluxionum doctrina petito, quod- 
que in tractatus de hiſce nuper editi Art. 717. demon- 
ſtravimus; harum tamen aliquas per algebram vm 


demonftrari poſſe poſtea obſervavimus. 


Lemma. Si quantitatibus x, y, 2, 1, &c. Groul fs 


entibus, ut & quantitatibus X, Y, Z, V, &c, fit factum 


ex prioribus ad factum ex 1 r in ratione con- 


Warmen erit 71 4 +, &c. = 


344 4 - 4 Ml 33 he: : Porto, brevitatis gra: 


tia, quantitates appellamus fibi mutuo reciprocas, quarum 
in ſe mutuo ductarum factum eſt unitas, ſic = dicimus 


rec;procam eſſe ipfius , ipdus . 


89. 


ea 


e 


— 
9; 


OY 
— 
g 


b . 


BAS. 


8 F 7557 &©ea 
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59. Theor. 1. Occurrat rea quevis per pundtum 


datum ducta Lineæ geometricæ cujuſcunque Ordinis i in tot 
punctis quot ipſa oft dimenſinum; Reta, figuram in bis 
punct᷑is contingentes abſcindant ab alia re&4 peſitione data 


per idem punctum datum ductd ſegmenta totidem hoc 

puncto terminata; & herum ſegmentorum reciproca eat 
dem ſemper conficient ſummam, modo ſegmenta ad contra 

rias partes puncti dati ſita contrariis fignis Meiantur. | 
Sit P punctum datum, PA & Pa reQtz quævis duæ Fig. 6. 


ex P ductæ quarum utraque curvam ſecat in tot puns 
A, B, C, &c. et a, 6, c, &c. quot ipſa eſt dimenſio» 
num, Abſcindant tangentes A K, BL, CM, &. et 


al, bl, cm, &c. a recta EP per punctum datum P ducta . 


ſegmenta P K, PL, PM, &c. et PA, PI, Pm, GC, 
dico fore 5 


+ 15 +; cc. atque hanc ſutntnam cunere feuer 
eandem manente puncto P & recta PE poſitione data. 


'  Supponamus enim rectas A B C, à bc motibus ſibi pa- 


rallelis deferri, ita ut earum occurſus P progrediatur in 


rea PE poſitione data; cumque fit ſemper AP xBP | 
x CP x &c. ad a PX x cPin ratione conſtanti per 


Art. 5, repreſentet AP fluxionem ipſius AP, BP fluxi- 


onem rectæ BP, & CP, EP, &c. fluxiones recta- 
Tum CP, EP, &c. reſpectivas, ut vitetur inu- 


e 3 i 8.) 


ap + ip © pt &. = 5+ p + p + 
&c. Verum cum rea AP motu 8 ſemper parallelo 


deferatur, notiſſimum eſt AP fluxionem rectæ AP eſſe 
WEP fluxionem W | 


adeoque 


FK T PLT PMT! K. RTF 


— 


| Fig. 7. 5 


pl L PI 
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aþ *&Þ- BP. Eb Cp 


deere xp = pe * H: 
Ep aP Eb 6 P EP CP Ep 


PM aP 885 P # 7 * P. & P e unde 
EP 5 
PR 1 1 + FN L g + pI T Per 


. "pr T f. + pag + . = ix + 


57 L pt 4. 


Hæc ita ſe habent quoties puncta K, L, M, &c. et 
k, I, n, &c. ſunt omnia ad eaſdem partes punQi P, 
adeoque fluxiones rectarum AP, BP, CP, &c. à4 P, 
5, cP, &c. omnes ejuſdem ſigni. Si vero, cæteris 
manentibus, puncta quævis M et m cadant ad contrarias 
partes puncti P, tum creſcentibus reliquis Ordinatis AP, 
BP, &c. neceſſario minuuntur Ordinatæ CP & c P, 


| eꝛrumque fluxiones pro ſubdititiis ſeu jog habendz 


R FE ITE e. 
Sec. & generaliter in ſummis 


ſunt; adeoque i in hoc caſu 


FP Bp 
hiſce colligendis, termini iiſdem vel contrariis ſignis af. 
ficiendi ſunt, prout ſegmenta cadunt ad eaſdem vel * 
contrarias partes puncti dati P. | 

510. Si recta P E occurrat curuæ in tot e 


E, I, &c. quot ipſa eſt — ſumma g K K * 
+ &c. quam conſtantem ſeu invariatam 


manere oſtendimus, * erit ſumng ſeu aggregata 
1 
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55 + PE + A* &c. i. e. furnmse reciprocarum 
ſegmentis rectæ PE poſitione datæ puncto dato P & 
curva terminatis; in qua, {i ſegmentum quodvis ſit ad 
alteras partes puncti P, hujus reciproca ſubducenda eſt. 

F rx. Si figura fit ſectio conica, cui recta PE nullibi Fig. 8. 
occurrat, inveniatur punctum & ut in Art. 7. jungatur 
Pb, huic ducatur ad rectos angulos bd rectam PE ſe- 


| 2 ; 
| ' * A 
cans in d, , eritque 5 ＋ p IA ER enim F X . 
PBadbP? in ratione conſtanti, adeoque (per Art. 8.) 


p | 
— + 55 == 1. unde (quoniam AP eſt ad Eb ut 


AP ad PK, BP ad Ep ut BP ad PL, & B b ad EP 
| 1 v4 SE 

+ ang 4 EK T PL pa- 

§ 12. Similiter fi recta EP occurrat Lineæ tertii Or- Fig, * 
dinis in unico puncto D, inveniatur punctum 5 ut in 
Art. 6. recta bd perpendicularis in junctam 4P occurrat 
rectæ E in d, & quoniam AP x BP x CP eſt ad DP 
x s in ratione . (ibid.) erit pK Tp 7 + pNI 
= FB pa Si autem * n ſit in re 


EP, font 
* evaneſcet 2 5 "= 


$ 13. Aſymptoti Linearum 3 ex Dry Fig. 10. 
plaga crurum infinitorum per hanc propoſitionem deter- 
minantur; eæ enim conſiderari poſſunt tanquam tan- 
gentes cruris in infinitum producti. Recta PA aſymp- 
toto parallella curvæ occurrat in punctis A, B, &c. rea 

autem 


3 85 LiNEARUM —— 


VA ges. 1. M iat p ſit aqui exceſſ quo ſumma 


abeunte in inſinitum. 


Fig, 11. 


2 Pp? N fumatur punctum quodvis ra A: DHg V parallela | 
7 


7 40 
+ FAT FI e. aper furamam FK Fl. 


mg „ eranſibt per M, f vero zquale 


: $14. pr nos uf # en 8 


: 1 generali definiendam, fit C DR Circulus cui 


oecurrant recta PR in D & R, & recta PC in C & N; 
ſecet tangens C M rectam P D in M, atque manente 


recta DR, ſupponamus rectam PEN, deferri motu fibi 


ſewper parallel danec coincidant act 5 D, C, & 
queratur ultimus yalor differentiæ Feb 5˙ In recta 


ungenti CM rectæ D R in vj ducatur DQ parallela 


eee 


= pe MEXPM + PN MRM (cum 
MR x MD, ſeu CM?, fit ad Ne mg a 125 


0 PN, 8 N TR roctæ Küper contingenti 


. PM _ 


u X 2 5 2 


| x; ſumatur in DE rea DR ita ut 


ſummam —- 


rectæ DE occurrat in R. Unde e fore 
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in Arcu Lineæ cujuſvis cjuſdem curvaturz cum a circulo | 
CDR. 


F$15. Theor, II. Ex pun#o quovis D Linea geome- Fig, 12; 


trice ducantur duæ quevis rectæ DE, DA, quarum 
utraque eam ſecet in tot punctis D, I, E, Sc. & D, A, 


B, Sc. quot ipſa eft dimenſionum; abſcindant tangentes 


AK, BL, c. a rea DE ſegmenta DK, DL, Oc. 
Occurrat recta quevis, QV tangenti DT parallela ipfis 
DAG@DEinQ@&Vv,  fique Q = DV? ut m ad 


5 K equalis fit ex- 


| es ſummæ 5 EI 51 5 + c. ſupra ſummam PR 
8 + 57 3 Sc. & circulus 1 chordam D R de- 


e rectam D T contingens erit circulus eſeulaterius, 
ſiue ejuſdem curvature cum Linea geometrica propeſita, ad 
puntium D. 

Oſtendimus enim in Art. 10. (Fig. 6.) generaliter 


1 
FK T FI. PN T. &. 55 T E 
+ pj T Kc. & in 4rt. præcedente invenimus valorem 


ultimum amar ps ä 55 , coincidentibus un- 


P 2” PP 
bh Qv⸗ 
Wir be. ee FUR DE 6 circus 6: 
juſdem curvaturz cum, Linea geometrica ad mg D 


DR 
E 51 * &. — DE BT & ſive 
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E- 


recipiocam iph — x DR ede equilem excel qus 
ARIES MEE D & curya ter- 


minatis ſuperat ſummam reciproearum ſegmentis eodem 
puncto & tangentibus A K, BL, &c. terminatis. 


Quoties autem 
ſamenda eſt ad alteras partes puncti D, ſemperque adhi- 


benda eſt rqgula ſuperius deſeripta pro ſignis terminorum 
dignoſcendis. Si recta D A biſecet angulum E DT 


recta DE & tangente D T contentum, theorema fit 


ſu V=DV, , & 


i a e r 1 &c. ene 


BER * vr + de. N 
$16. Ex code one 


nerale quo c determinatur Variatio curvaturæ, vel menſura 


anguli contactus curya & circulo oſculatorio contenti, 


in Linen quavis geometrica; . — tamen eſt ex- 6 


* 


a tangente te flectirur per curvati ſuam , Cujus eadem eſt 
menſura ac anguli contactus curva & tangente contenti; 


& ſimiliter curva a cireulo oſculstorio inflectitur per va- 


Variationis eadem eſt 


riationem curvaturæ ſuæ, cujus 


menſura ac e 2 curva & circulo oſculatorio 
Fig. 13. compreheri 


| . Occurrat recta TE tangenti DT perpen- 
dicularis curyz in E & circule ↄſcu torio in r, & va- 


riatia. curvaturæ erit ultimo ut E r ſubtenſa anguli con- 
tactus ED I detur DT; cumque dato angulo con- 
- - tactus E Dr fig Er ultimo ut D Ts, ut ex Art. 369. 
traQatus de fluxionibys calligitur, generaliter curvaturæ 


I 7 Vatiatio 


2 : 


exceſſus hicevadit negativus, chorda DR 


. E | 17 


| Variatio erit dme ut * Urimur circulo 2 curva- 


DT3 
turam aliarum n verum ad varia- 
tionem curvaturæ menſurandam, quæ in circulo nulla 


eſt, adhibends eſt Patabola vel ſectio aliqua conica. 


qui curvam datam in puncto dato contingere poſſunt, 
unicus dic itur oſculatorius qui curvam adeo intime tan- 
git ut nullus alius circulus inter hunc & curvam duci 


poſſit; ſimiliter omnium Parabolarum quæ eandem ha- 


bent curvaturam cum Linea propoſita ad punctum datum 
(ſunt autem hæ quoque numero infinitæ) ea eandem ſi- 
mul habet curvaturæ variationem, quæ, non ſolum ar- 
cum curvæ tangit & oſculat, ſed adeo pretnit ut nullus 


alius arcus parabolicus duci poſſit inter eas, reliquis om- 


nibus arcubus parabolicis tranſeuntibus vel extra vel in tra | 
utraſque. Qua vero ratione hæc Parabola determinari 
poſſit, ex iis dur alibi fuſius explicavimus facile intel- 
„ 

Sit DE — DT tangens, TE K recta tan- 


genti perpendicularis, ſitque rectangulum ET x TK 


ſemper æquale quadrato tangentis D T, & curva SKF 


Locus puncti K, qui rectæ DS curve normali occurrat 


in 8, quemque tangat in S recta 8 V tangentem T D ſe- 


cans in V. Recta DS erit diameter circuli oſcularorii, 


& biſecta DS in /; erit / centrum curvaturæ; juni 
autem V /; fi angulus 8 DN conſtituatur æqualis angulo 
JVD ex altera parte rectæ DS, & recta DN circulo 
oſculatorio occurrat in N; tum Parabola diametro & 
parametro PN deſcripta, quæque rectam D T con- 


ringit in D, ipſa eric cujus contactus cum Linea propoſita 


in D intimus erit * maxime perfectus ſeu proximus. 
Omnes 


ctam D T contingentes in D, eandem habent curvaturam 
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Omnes autem parabolæ alia quavis chorda circuli oſcula- 


torii tanquam diametro & parametro deſcriptæ, & re- 


cum Linea propoſita in puncto D. Qualitas curvaturæ 
a Neutono in Opere poſthumo nuper edito explicata eſt 
potius variatio radii Curvaturæ; eſt enim ut fluxio radii 


cCurvaturæ applicata ad fluxionem curvæ, vel (ſi R de- 


notet radium circuli oſculatorii & S arcum curve) ut 


R - Ipfa autem Curvatura eſt inverſe ut radius R, & 


variatio curvaturz ut EW quz eſt menſura anguli con- 


tacus cures & circulo ofculatorio contenuti. Harum 


autem una ex altera dati facile derivatur. Variatio radii 
curvaturæ in curvs quavis DE eſt ut tangens anguli 


Dvs vel DV / & in Parabola quavis eſt ſemper ut tan- 


Fig. 14. 


gens anguli contenti diametro per punctum contactus 


tranſeunte & rectaà ad curvam perpendiculari. Hxc 


ex theoremate ſequenti generali deduci poſſunt. 


geometrica datum, vccurrat DS diameter rirculi oſcula- 


torii per D ducta curvæ in tot punctis D, A, B, &c. 


guot ipſa oft dimenſionum; ducatur DT curvam contin- 
gens in D, que curvam ſecet in pundtis I, Sc. binario 
paucior ibus, & accurrat tangentibus AK, BL, Sc. in 


K, L. Oc. eritque variatio curvature, five menſura an- 


guli contactus curva & circulo oſculatorio comprebenſi, di- 


recte ut exceſſus quo ſumma reciprocarum ſegmentis tan- 
gentis D T puncio comatius D & tangentibus AK, BL, 
Dc. terminatis ſuperat ſummam reciprocarum ſegmentis 


eodem * & curva terminatis, & inverſe ut radius 
| curvature, 


517. Theor. III. Sie D fende in Lines quavis 


Ss =; + ( 6 


| Prop ietatitus „ gener abus. — 1 9 


. 1 


: uur, ive. SBE BKI ve &e. - 


__— £026 TISDALE 
Duni enim recta D , curvam fecans in e, i, &c, 


circulum ofculatorium in R; ſitque angulus 4 D T quam | 


minimus; hujus ſupplernentum ad duos rectos biſecetur 
recta Dab, quæ Lineæ geometricæ propoſitæ occurrat 
in punctis D, 4, b, &c. & ductæ tangentes at, bl, &c. 
ſecent rectam Dkin punctis &, I, &c. erirque ye pro- 


1 1 I 
n eee, 5. D | DE” 


Re els 
D 7 de Unde * "DR. 2 ( five — * DR xD: =; 
15 
p p. . Proinde coincidentibus res D 
& DK, ſeu evaneſceme, angulo 4DK, erit ultimo 
. 5 


DR 5D, n 5 — BK DET St 


perpendicularis tangenti in T, atque occurrat circulo 
arne in 7 cumque lit re ultimo ad Re ut T ad 
'R- | 1 1 3 re X DS 

b. ee] b. BRT Rbf. 

let Wan autem anguli 3 rDes 
curva & circulo oſculatorio contenti, five variatio Cur- 
BY, ä ah 

n 

gies = Ds“ IBR DI. 
&c. 2 27 NN | 
G4 3. N autem undi curvaturæ, ſive ak Qua- 
litas a Newtono deſcripta, ex priori facillime colligitur. 
_— enim SI, SK, S L, &c. erit h&c variatio radi 
PE „„ 


five 
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oſculatorii ut exceſſus quo ſumma tangentium angulorum 


DKS, DLS, &c. ſuperat ſummam tangentium angu- 


lorum DIS, &c. Creſcit autem curvatura a puncto D 
verſus e, & minuitur radius oſculatorius, quoties arcus 
De tangit CO oſculatorium by R interne, vel cum 
BR + — 5¹¹ L + &C. ſuperat 5 11&c. at contrꝭ mi- 
nuitur curvatur a D verſus e, — SE radius circuli 
oſculatorii, quoties arcus curvz De tangit arcum circu- 
larem externe vel tranſit intra circulum & tangentem 


adeoque cum D R fit ultimo minor quam De, vel cum 


I 1 1 
5¹ ＋&c. R PI T &. 


2 19. Sumatur i igitur in tangente Dy rea DV ita ut 

1 I 
DV BK T BT. *. — PT 
v, conſtituatur angulus 8 DN zqualis DV / atque 
occurrat recta D N circulo oſculatorio in N; & Para- 
bola diametro D N deſcripta, cujus parameter eſt D N, 
quæque rectam D T contingit in D, eandem habebit 
variationem curvaturæ cum Linea geometrica propoſita 


&c. jungatur 


in puncto D. Ex iiſdem principiis alia quoque theore- 


Eig. 15. 


mata deducuntur, quibus Variatio curvaturæ in Lineis 
geometricis generaliter definitur. | 
$ 20. Ut hæc theoremata ad formam magis geome- 


tticam reducantur, Lemmata quzdam ſunt præmittenda, 


quibus doctrina de diviſione rectarum harmonica am- 
plior & generalior reddatur. In recta quavis DI, 


ſumptis æqualibus ſegmentis D F & F G, ducantur a 
puncto quovis V quod non eſt in rea DI tres rectæ 
VD, VF, VG, & quarta VL ipſi DI parallela, atque 
he e rectæ, Cl. D. De la Hire, Harmonicales 
dicuntur. 
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dicuntur. Recta vero quævis, quæ quatuor harmoni- 


calibus occurrit ab iiſdem harmonice ſecatur. Occurrat 


recta D C harmonicalibus VD, VF, VG & VL in 


punctis D, A, B, C; eritque DA ad DC ut AB ad BC. 
Ducarur enim per punctum A recta M AN ipſi DI pa- 


rallela, quæ occurrat rectis VD & VG in M& N; 
& ob æquales D F & F G, æquales erunt M A & AN. 
Eft autem DA ad DC ut AM (live AN) ad VC, 
adeoque ut AB ad BC. Manifeſtum eſt rectam, quæ 
uni harmonicalium parallela eſt, dividi in æqualia ſeg- 
menta a tribus reliquis. Occurrat recta B H parallela 
ipſi VF reliquis VG, VC, VD in B, K & ; erit- 
que VK ad KB ut FG (vel DF) ad VF adeoque ut 
VK ad KH, & proinde BK = KH, 

I 21. Hinc ſequitur, fi recta quævis a quatuor rectis 
ab eodem puncto ductis ſecetur harmonice, aliam quam- 
vis rectam quæ his quatuor rectis occurrit harmonice ſe- 
cari ab iiſdem; eam vero quæ parallela eſt uni quatuor 


rectarum in ſegmenta æqualia dividi a tribus reliquis. 
Sit DA ad DC ut A B ad B C, jungantur VA, VB, 


VC & VD; occurrant rectæ M AN, D F G ipſi vc 


parallelæ rectis VD, VA & VB in M, A, N & P, 


F, G; eritque MA ad VC ut DA ad DC, vel AgB ad 
B C, adeoque ut A N ad VC; MAS AN, & DF 
= FG; &, per præcedentem, recta quævis quz ipſis 
VD, V A, VB, VCoccurric harmonice ſecabitur ab 


ückem. 
§ 22. Ex puncto D ducantur dus rectæ D A C, Dac Fig. 16. 
rectas V A & VC ſecantes in punctis A, Caques; c C38. 1. 
junctæ Ac & C ſibi mutuo occurrant in Q, & ducta | 


V Q harmonice ſecabit rectam D A C vel aliam quam- 
vis rectam ex puncto D ad eaſdem rectas ductam. Secet 
enim V Qretam ACinB, & per punctum Q ducatur 

5 "© 3 .  recta 


; 
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f. 2, 3. 


recta MON parallela ipſi D C, quæ occurrat rectis 
De, VA & VC in punctis M, R & N; cumque fit 
MRad MQ ut DA ad DC, & MQ ad MN in eadem 
ratione, eut quoque RQ ad QN ut DA ad DC. Sed 
RQeſt ad QN ut A B ad BC. Quare D A eſt ad DG 
ut A B ad B C. Hæc eſt Prop. 20ma, Lib. I. ſectionum 


conicarum Cl. De la Hire. 


823. Sit DA ad DC ut A Bad B C, 15 


puncta A & C ſunt ad eaſdem vel contrarias partes puncti 


D. Sint imprimis puncta A & C ad eaſdem partes puncti 
D, cumque fit DA x<BC= D CX AB, i. e. DA x 


DC- DB = DC x DB- DA, vel DA x DB - DBG 
= DC x DA DB ws 2DA _— DA x DB + 
* 
DC x DB, adeoque — =pxX + — 5 Sint nunc 


pundda A & C ad 0 partes puncti D, eritque 
vel DA x DB—DC = DC x DB+DA, vel DA x 


DBFDC=DCx bh. adeoque 5 = b 


mY eum puncta B & c ſunt ad eaſdern partes pundt 


by D, 1 DA Fe dae puncta A & B 


1 fant ad aſa partes puncti D. Si igitur, Ce 


D & rectis VF & VC poſitione, ducatur ex puncto D 
recta quævis illis occurrens in punctis A & C, & in 


eadem tecta ſumatur ſemper DB ita ut $54 T3 


oo 


DS 54 


* 
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+ 5 NY ubi ſupponitur terminos 5 5⁵ 48 DE iiſdem 


vel contrariis ſignis afficiendos elle prout puncta A & C 
ſunt ad eaſdem vel contrarias partes puncti D, erit Locus 
puncti B ipſa harmonicalis VG quæ rectam DFG rectæ 
VC parallelam ſecat in G ita FG = DF; quæque 
tranſit per punctum Q ubi (dui Dac quæ iiſdem rectis 


VF & VC occurrat in a et c) junctæ Ac et aC ſe mutuo | 


decuſfant. 


$24. Si in _ wha ſumatur ſemper Db ita ut Fig. 15. 
ducatur DF parallela rectæ V | 
quæ rectæ VF occurrat in F, & DH parallela rectæ VF 


55 5A 5 50 * 
quæ rectæ VC occurrat in H, & ducta f H F 


erit Locus puncti 5; nam ex bypotheſi 5 28 \ pp 


DB—=2D35; adeoque cum VG fit we puncti B eric 
punctum 5 ad rectam H F, ſi puncta A 2 ſint oy 


_ eaſdem * puncti D. 8 autem ſupponatur 3 


Ds DA 


D 


puncto b, ſi ſubſtituatur loco rectæ VC alia ve rectæ V 
parallela ad æqualem diſtantiam 2 pants D ſed ad con- 


trarias partes. 
§25. Ex puncto dato D ducatur W quævis D M 


quæ tribus rectis poſitione datis occurrat in punctis A „C, | 


E; & ſumatur * DM ita ut =—— 


3 15 E 0 ubi termini ſunt contrariis ſignis afficiendi 


n rect DA, DC vel DE ſunt ad contrarias partes | 


C4 puncti 


, eadem conſtructio inſerviet pro determinando 


BN = Ap 


= redtis, HE,& vE occurrantin punctia & b; & diago- . 
nalis hf erit locus puncti M. ene DA 
rectis HF & h , in i owe OS: 8 


Eg. 18. 


mum DF VH, ducendo DF & D 


DM BL DE * 


num, 7 fin 40 
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punti D); fuppotatur 1 2 £ r EE _ I. eritquo 


DCN 
L „ adeogue, 
18 Nd &: 1 
DL D E bebe d M ad yo 
fitiqne dataw, per Sndam. Compaſitia autem proble- 
matis facile ex dict i perficitur. . Sint VMA, VC & E 
tres rectæ poſitione datæ, & complea parallelogram- 
rectis VC & 


VF reſpective Parallels, occurrat recta vE diagonali 


in 9 deinde Ctmpleatur parallelogrammum D f © þ du- 


cendonetasDfoe Dy rectis v E/8&H F. parallelas quæ 


1 Bs ines 
N N ator 


conltruQio ex Art. aa. dedycitur, 5 
$26. Recta quævis ex puncto dato D ducts occurrat 
Wee . in aan gras E, &c. et in 


5 l "DBT DC 
* ee los 5 M Eper ad rectam 


5 
+ p- DSi GLAS, 1 DD s 
——4 datam. ratur ad modur præce- 
dentis. TC Sie mn #150! am] . ME; 
$37 oi. ST 


88 


1 7 


3 7 £720: 


norum 


5 Cen, — mum P. 3 


0s fate rage P M ita ut | 
e as PD +7 PE F I + or yaw 2 5 termi- 
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norum regulam ſepius de deſcriptam objervare fuppenimus) 5 


erit Locus puncti M Lina recta. 


Ducatur enim ex po P fecta quævis poſitione data 


PA, quz curvæ 9ccurrat in tot punctis A, B, C, &c. 
quot ipſa eſt dimenſionum. Ducantur rectæ AK, BL, 
CN curvam in his punctis —_— quæ occutrant 


rectæ PD in totidem punctis K, L, N, &c. et per Art. 


P ＋ 1 


b F t e 


＋ Sec. Unde F. 1 Xqualis e eſt huic umme, cumque 


poſitione derur — & maneant rectæ A K, BL, 
CN, &e. dum recta PD circa Polum P revolvitur, 
erit punftum M ad Linea m rectam, per Articulum præ- 

cedentem; que per ſuperius oſtenſa ex datis tangentibus | 


AK, BL, &c. determinari poteſt. 


Las. Sicut recta Pm amm off e inter 
; ſimi- 


E 8 1 OY, 
duas rectas PD & PE, ,cum 2 = 55 +, Pry 
liter Pm dicatur medivm harmonicum inter rectas ak. 


pa i Et fi = puſs 


dato P recta quzvis ducta Lineam gcometricam ſecet i in. 
tot punctis quot ipſa eſt dimenſionum, in qua ſumatut 
ſemper P medium harmonicum inter ſegmenta omnia 


ductæ ad punctum datum F curvam terminata, erit 
punctum m ad rectam Linear. Eat cui NM Fn 
adeoque pn ad PM ut a ad unitatem; cumque punctum 


M fit ad rectam Lineam, per ptæcedentem erit n quoque 


r ar % 
3% 4 I dere a A a r Dread re a 


EPE ²˙ m ²˙ bw ˙ —— — — — np 2 


„rr 


—— CA » "I 


NET aw — 3 av 


Fig. 19. 
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ad rectam Lineam. Atque hoc eſt Theorema Coteſi, 


vel eidem affine. 


§. 29. Sint 2, 6, e, d, &c. radices Zquationis ordinis 5 
n, V ultimus ejus terminus quem ordinata ſeu radix y non 


ingreditur, P coefficiens termini penultimi, M medium 
harmonicum inter omnes radices, ſeu _ = - + 7 + 
=+ 5+ c. Cum igitur fit V fadtum ex radicibus 


omnibus a, 5, c, &c. in ſe mutuo ductis, fitque P ſumma 
factorum cum radices omnes uni dempta in ſe mutuo cn | 


enen = +5 +7 +7+ 6.= = 74> 


adeoque M = 7 Sic, ſi æquatio fat quadratica, cujus 
a — aq. 008 
radices duæ ſint a et h, erit M = e = (aſſumptà 


Egquatione generali ſectionum conicarum © 1. pro- 


1 ene. _ ed In Aduslione cubica Cujus 
a 


3abc 


eres nder fun ,b c, 3 — = (6 aſſu- : 


ab+ac+bc 


matur Æquatio generalis Linearum tertii Ordinis ibidem | 


fx3—3 8 +3bx—t 
propolis) e 


puncto P ductæ, Linez geometricæ in punctis D, E, I. 


Kc. et d, e, i, &c. ſitque P m medium harmonicum 


inter ſegmenta prioris ad punftum P & curvam termi- 
nata, & P medium harmonicum inter ſegmenta fimilia 


poſterioris rectæ; juncta nm occurrat abſciſſæ AP in H, 
eritque 


3 


$30. Occurrant rectæ quævis Sar Pm & Py, ex 


| Propricta bus „ : 27 


* 0 11 T1 3311 


eritque PH= * el P H ad Pn ut Pad 5 Secet 


enim abſciſſa curvam i in tot pandtis B, . F, &c. quot 
ipſa eft dimenſionum; cumque okimas' terminus æqua- 
tionis (i. e. V) nt ad BP CP x FP x &c: in ratione 


conſtanti, ut ſupra (Art. 5.) oſtendimus, erit (per Art. 8.) 


” 
x _—_— - 


(quoniam recta Pm = * 9) Px 2 In feRicnibus 


P 
conicis eſt PH ad PH ut ax—b ad 2cx—d; & in Lineis 
tertii Ordinis ut cxx—dx+e ad 3 fxx—2 gx-h. | 

$31. Si deſideretur propofitionis præcedentis demon- 
ſtratio ex principiis pure Algebraicis petita, ea ope,ſe- | 
quentis Lemmatis perfici poterit. Sit abſciſſa AP = x, 
ordinata P Dy, ultimus terminus æquationis Linn 
geometricam definientis V = Ax" + Bx*z + Cx*-z 
+ &c. penultimi coefficiens P = ax"-1 ＋ bx*%-24cx%-3 
+ &c. et {it Q quantitas quæ formatur ducendo termi- 
num quemque quantitatis V in indicem ipfius x in hoc 
termino & dividendo per , i. e. fit Q aAz-1 + 


1-1 x BA ＋ n-2x C.- + &c. ( quæ ĩpſa eſt quan- 


titas quam — dicimus). Ducatur Ordinata Ds quæ an- 


gulum quemvis datum ApD cum abſciſſa conſtituat, 
fintque rectæ PD, p D et Py ut datæ I, r et 4; dicatur 
PD u, Ap x, & tranſmutetur Æquatio propoſita 
ad Ordinatam & abſciſſam x; & quationis novæ, 
EE cum 
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cum Ges = = AP, terminus ultimus v erit æqualis ipſi V, 
penultimi autem coefficiens p erit zqualis . Q * L. 
Cum euim ſt PD (=y).ad pD.(=x) ut ad mp = 


tu, ; Gt autem Pp ad SD (=) ut f ad rr ert Pp=P" 
TIES HUMNBY "6 * 


. 888 b E., His atem valo- 


OT EEE, Free Ft 
ribus pro y et ſubſtitutis in Equatiore dada * 
geometricæ, prodibit Æquatio relationem Co- ordinata- 
rum æ et u deſiniens. Ad hujus ultimum terminum v 
& penultimum p determinandum, ſufficit hos valores 
ſubſtituere in ultimo V, & penultimo Py, æquationis 
propoſite, atque tertninas r̃eſultantes colligere in quibus 
ordinata 4 vel non reperitur, vel unius tantum dimen- 
ſionis; horum enim ſumma dat pu, ilorum v.  Subſti- 


duet pre ipſus yilor-= Þ | = i 


Ax * Ba 7 = * + bre. . | et termini reſultantes 


., YI 


4 Bans += 1—1 0 + 
Cons + - EL Toa fol wy rem a faciunt 
ge qua oune agitir?? Subſtituatür deinde pro æ idem 
valor, & pro "5* ipfits Valor — 54 + inquantitate 552 


Bz - ku. 


#- 1 » 


44 7 


* — 


HD 5 T. 3 * NY &. termini re- 
— — 28881 r 5 


fulantes. foli Fa +. be "-2 "EF; cz X &c. * — 


cunt nobis rain. Supporatr m nunc z x, & a 
5 . priorum 


CC Is Fri SY 30 mar ewe AA Apt II 2 as «nt 


quantitate V vel 


71 ſe 


rum 


Propriet alibus Seu raubus. e 
priorum fit equal V + Ip „& debeo ſumma = 


Ply Unde manifeſtum eſt dttimbd] terminum æqua-· 
P 1+ Q+# 


tionis novæ 9 = V, & penultimum Pu = 9 Xu. 


$32. Sit nunc Pm medium harmonicum inter ſeg 


menta PD, PE, PI, &c. et P medium harmonicum 
inter ſegmenta P 4, Pe, Pi, &c. ut in Art. 30. juncta 


m ſecet abſciſſam in H; & ſupponamus P ordinate 
pD parallelam eſſe. Ducatur + 5 abſciſſæ parallela, quz 
rectæ Pm occurrat in s; eritque Ps ad P ut PD ad 
pDvelut/adr, et , ad P ut & ad r. Cumque fit 


aVr 
Pu=" 2 ” =(per Art. eee 


2 „ nul nV V, 
ft AF = 7 + EG = 


_aVQt 


| PxP1+ N ar Eſt autem ms ad ure. . 


4 


5 „„ | 
P x PI+ Q+* 7 2M P-rn, aue 


Pei Pg, vel PH = me. 42 Cum 


wa 
igicur valor rectæ PH non pendear a quantitatibus /, & et 


7; ſed, his mutatis, fir ſemper idem, eric punctum # ad 


| rectum poſitione am, ut in Theor. 4. aliter oftendi- 


mus. Quin & valor rectæ PH is eſt quem in Art. 29. 
alia methodo definivimus ; & recta Hm omnes rectas ex 


P ductas ſecat harmonice, ſecundum definitionem ſectio- 


nis harmonicæ in Art. 27. generalicer ne 


— ' SECTIO 
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SECTIO u. 


De Lineis ſecundi Or dini, froe Seat onibus 


couic 15. 


$ 33- Ex iis que generaliter de Lineis geometricis in 

ſectione prima demonſtrata ſunt, ſponte fluunt 
proprietates Linearum ſecundi, tertii, & ſuperiorum Or- 
dinum. Quæ ad ſectiones conicas ſpectant optime de- 


tivantur ex proprietatibus Circuli, quæ figura baſis eſt 


Coni. Verum ut uſus theorematum præcedentium cla- 


rius pateat, & figurarum Analogia illuſtretur, operæ pre- 


Fig. 20. 


tium crit harum quoque affectiones ex præmiſſis deducere. 


Doctrina autem -conica de Diametris, earumque Ordi- 


natis (quibus parallelæ ſunt rectæ ſectionem contingentes 


ad Vertices diametri) & de parallelarum ſegmentis quz 


rectis quibuſcunque occurrunt, & Aſymptotis, tota fa- 


cillime fluit ex iis quæ Are. 4, & 52 oſtenſa ſunt. 


$34. Rectæ AB & FG ſectioni conice inſcriptæ oc- 
currant ſibi mutuo in puncto P; duct AK, BL, F M, 


N ſectionem contingentes occurrant PE 
I — ericque ſemper FE K + 


rr = 
| puneti D&E) 5. + 73 Segmentis autem quæ ſunt 


ad eaſdem partes puncti P cadem præponuntur ſigns; 
iſque quæ ſunt ad oppoſitas partes puncti P Gigna præ- 
ponuntur gontraria. Hinc fi biſecetur D E in P, & ex 
puncto P ducatur recta quævis ſectionem ſecans in 


Fig. 21, 


_ (6 re PE curve occurrat in | 


— — 2 — —äj' 


oy 


FED fa 
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punctis A et B, unde ducantur rectæ AK et BL curvam 
contingentes quæ rectam DE ſecent in K et L; erit 


ſemper PKS PL. Quod {i DE ſectioni non derne, Fig. 22. 


ſitque P punctum ubi diameter quæ biſecat rectas ipſi 
DE parallelas eidem occurrits erit in hoc quoque caſu 
PK = PL. 


C35. Concurrns wie A l 0 FG eee 23; 


infcripte | in puncto P; ducantur rectæ ſectionem con- 
tingentes in punctis A et F quæ ſibi mutuo occurrant in 
EK, & juncta PK tranſibit per occurſum rectarum quæ 

ſectionem contingunt in punctis B et G. Si enim recta 
PK non tranſeat per occurſum rectarum ſectionem tan- 
e in __ I” occurrat oo ili ia L; cum- 


que fit ec n _— a + Ry per præcedentem, 


erit PL=PN: & coincidunt Pond L. et N contra 
' hypotheſin. | 
5 36. Eadem ratione patet nity AG et BF fibi 
mutuo occurrere in puncto rectæ LE; adeoque 
puncta P, K, , L A in en n Lines. Hinc 
datis tribus punctis contactus A, B et F, cum duabus 
tangentibus A K et FK, ſectio conica facile deſcribitur. 
Revolvatur enim reQa K = P circa tangentium occur- 
ſum K ut Polum, quæ occurrat rectis AB et F Bin 
punctis P et =; & junctæ Ar, FP occurſu ſuo G de- 
ſerĩbent ſectionem conicam quæ tranſibit per tria puncta 
data A, B, F & continget rectas AK et FK in A et F. 


$ 37. Cxteri manentibus, occurrant rectæ AF et BG Fig. 20 


ſbi mutuo in puncto p, tangentes A K et BL in R, 


atque tangentes FK et GL in Q; & puncta R, , Q et 
p erunt in eadem recta linea; ſimiliter occurrant tan- 


gentes AK et * n; tangentes BR et EK in a; & 
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puncta P, m, n, p erunt in eadem recta linea. Demon- 
_firatur ad modum Art. 35. 


$48. be dad cunts ws eds A, R. F, 
G cum unica tangente A K, occurſus rectarum AB et 


FG, AF et BG, atque AG ec BF, dabunt puncta P, p, 


et *; junctæ autem Pp, P, er pr ſecabunt tangentem 


datam A K in tribus purctis , K et R unde ductæ G, 
KF, — "2a mnena in punctis dais 


G, F et B. 


539. Datis quatuor — RE; KO. QL, LR 


et unico punto comattus A, occurlus tangentium R K 
et LQ, LRetQK dabunt puncta m et 2. Jungantur 
LK et um; & occurſus reftarum L. K et RQ, L. K et 
um, RQ et nm, dabunt puncta v, P et p; junctæ vero 
PA A et pA ſecabunt tangentes R L, QK er QL in 


| contactus A B, F, Get / 

junctæ GF et Gf rectæ AB oocurrant in punctis P et X; 
junctæ AF et AF occurrant tectæ B G in p et x; & 
junctæ Pp, X occurſu ſuo dabunt punctum m; unde 
ductæ mA et G ſectionem cenicatn tangent in A et G; 
Ks ſimiliter —ÜU—ͥ . ÄK—— 
in punctis reliquis B, F et f. 1 
| $41. Dentur quinque reftze ſeftionem conicam con- 
tingentes, VK, KQ, QL, Ly et V; occurſus tangen- 
tium VK et LQ dabit punctum mn; occurſus tangentium 
K Q et La dabit punctum u; jungantur mn, L K, VL 
et mu; tecta LK ſecabit rectam um in P; & rect LV 
ſecabit ipſam mm in X; juncta autem P X ſecabit tan- 
gentes VK et L in punctis contactus A et B. _ 

f —. tad | 


$ 42. 
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{ 
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FS42. Datis tribus tangentibus AK, BK, et RL, cum Ig. 25, 
duobus punctis contactus A et B, facillime determinatur 


tertium, per Art. 35. Occurrat enim tangens RL re- 
liquis tangentibus in R et L, atque junctæ AL et B R, 


ſe mutuo decuſſent in x, juncta K = ſecabit tangentem 


RL in tertio puncto e F; & 3 conica de- 
ſcribi poteſt ut in Art. 36. 


$43. Dentur quatuor tangentes K Q, QL, L R et Lr 26. 
R K cum unico puncto D ſectionis conicæ quod non fit 
in aliquà quatuor tangentium. Inveniantur punc̃ta P, p 
et x ut in Art. 39. Jungantur PD, p D, etzD; & 
ducta PZ rectæ p D parallela occurrat rectæ RO in 23 - 
& bifariam ſecetur PZ in S; & ducta pS ſecabit rectam 


| dig in E puncto curve; vel occurtat PD recta R in 


, et (per Art. 23.) 1 P D harmonice in ⁊ et E. 
5 autem D = ſecabit junctam pE in e, et E x ſecabit 
ipſam p D in a, ita ut hæc quoque puncta d, e ſint ad 


Curvam. 


$ 44. Ex puncto K ducantur duæ tangentes 2d ſe⸗ Fig. 27. 
ctionem conicam in A et B; ex puncto A ducantur rectæ n. 1. 


duæ AF et AG ſectioni occurrentes in F et G; juncta 


BG ſecet AF in P, et juncta BF ſecet rectam AG in 1; 
eruntque puncta P, K, * in eadem recta Linea, per 
at. 26. 

Verum propoſitio ha genemlior eſt. Si enim a 
puncto quovis K ducantur duæ rectæ K Aa, K B ſe- 1. 2. 
ctionem ſecantes in punctis A, à et B, 5; et ex punctis 

A et a ducantur rectæ ad ſectionem AF et a G; juncta 
autem B F ſecet aG in P, & ducta b G ſecet AF in 2; 
erunt puncta P, K, æ in eadem recta Linea; quod variis 
modis alias demonſtravimus, unde expeditam methodum 


| olim deduximus ſectionem conicam deſcribendi per data 


D 2 


Fig. 28. 
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quævis quinque puncta. Sint A, a, B, 3 et F puncta 
quinque data; concurrant rectæ Aa et BO in K; jun- 


gintur AF et BF; revolvatur recta P K = circa Polum 
K, quæ occurrat his rectis in = et P; et ductæ 25 «au 


concurſu ſuo G ſectionem deſcribent. 


§ 45. Sit P punctum datum extra ſectionem co- 
_ unde —_ quzvis ſectioni occurrat in D et E; 


et ſi * crit M ad Lineam rectam AB 


R= =pD PE 


quæ ſectioni occurrit in punctis A et B, ita ut ductæ PA 


Fig. Ag. 


A. I. 


et PB, erunt contingentes ſectionis. Si vero punctum p 

ſit in medio N rectæ A B intra ſectionem, firque 
2. 

Fr =—F , , locus punAti u erit refta a5 per P 
ducta ipſi AB n Tangentes ad puncta D et E 

ſemper concurrunt in recta A B, et tangentes ad puncta d 


| et e in recta à b. 


$ 46. Contingat recta DT ſectionem in D, unde du- 


cantur duz quævis rectæ D E et DA, quæ ſectioni oc- 


currant in E et A. Occurrat DE rectæ AK ſectionem 


| contingetiti, in K; et ductæ EN, KM tangenti DT pa- 


rillelæ ſecent D A in N et M, ſumatur in recta DE, 
D Rad EN ut KM ad K E, & circulus ejuſdem curva- 


turæ cum ſectione in D tranſibit per R. Nam per Art. 
Q 1 . 


1 PV IBR DR DK © DESDE © 


Ne 2. 


DEX DK Q- 
enn 1 DV : 


KM: DK :: EN : DE) NE 


gens AR Nn reftz DE, (+. e. 6'DE fi ordinat 
diametri 


* 


diametri 


DE ut F 
Tractatu 


ducta VI 
circulus 
diameter 
VR ad / 
ad DK 1 


ut oporte 
rallela ri 
=quales « 
perpendi 
& circul 
quitur q. 
progretl 
$48. 

et E, co 
in pun 
conſtirus 
2Dr) ch 
ctionem 


_gonti E 
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ot vel DR ad 


DE ut EN2ad DE2 ; ut alibi demonſtravimus Art. 373. 
Tractatus de fluxionibus, Si in hoc caſu DE fit di meter, 
erit pong adeoque DR, =qualis parametro diametri 


| DE, ut ſatis notum eſt. 


diametri per A tranſeuntis) erit DR = = 


847. Ducantur reaz Dr, DE, quarum prior ſectio- Fig. 30. | 
nem conicam contingat in D, poſterior eidem occurrat n. I. 


inE. Ducatur DA que biſecet angulum E DT et ſe- 
ctioni occurrat in A; jungatur A E, cui occurrat in V 
recta DV parallela rectæ quæ curvam contingit in A; et 
ductà VR parallels rectæ DA, hæc ſecabit DE in R ubt _ 
circulus oſculatorius occurrit rectæ DE ; eritque DR 
diameter curvaturæ fi angulus EDT fit rectus. Erit enim 
VR ad AD ut ER ad DE, et ut DR ad DR - unde DR 


| d 1 1 
| ad DK ut DE ad EK, a eoque R = DE pk 


ut oportebat, per Art. 15. Si autem ſit tangens AK pa- z. 2. 


rallela rectæ DE (quo in caſu tangentes A K et DT 
æquales conſtituunt angulos cum rea D A que proinde 
perpendicularis eſt axi figuræ) coincident puncta Reet E, 
& circulus oſculatorius tranſibit per punctum E. Se- 
quitur quoque ex dictis reQas EK, D * et E R eſſe in 
progreſſione geometrica. 


$48. Occurrat recta quzvis DE ſectioni conicæ n Hg. 31. 


er E, concurrant rectæ cur vam contingentes ad D et E 
in puncto V. Sit DOA diameter per D curve, & fi 
conſtituatur angulus DVr — E DO, erit DR (= 
2Dr) chorda circuli oſculatorii. Ducatur enim AK ſe- 
ctionem contingens quæ rectæ DE occurrat in K, et tan- 
genti EV in Z; ducatur E N parallela tangenti DT 
D 2 | rectam 


Hg. 32. 


Fig, 32, 
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rectam DA ſecins in N; cumque fit DR ad KA ut EN 
ad EK; ſitque E Z (= 2 A N) ad EK ut VD ad DE, 

erit V D ad D E ut 2 DR ad EN; adeoque riengula 
DV ret EDN ſimilia et angulus DV- æqualis angulo 
EDO. Hanc methodum determinandi circulum oſcu- 
latorium demonſtravimus in tractatu de fluxionibus, Art. 
375. ſed non adeo breviter. 


$49. Variatio curvaturz, five wwe anguli con- 


tactus ſectione conica & circulo oſculatorio compre- 


henſi, eſt directe ut tangens anguli contenti diametro 


quæ per contactum ducitur & normali ad curvam, & 
inverſe ut quadratum radii curvaturæ. Sit enim DR 


diameter curvaturæ, & hæc variatio ad punctum D erit 


ut DR : DY? per Art. 17. * cum fit DV ad Dr 
ut DE ad EN, me 5 LI Variatio autem radii one 


vaturz eſt ut tangens anguli EDO. Quod ſi rea DO 
circulo oſculatorio occurrat in u, parabola diametro & 
parametro Du deſcripta, quzque contingit rectam D T 


in D, ea eric cujus contactus cum ſectione eſt intimus, 


per Art. 19. 


530. Cæteris manentibus, ex puncto V ducatur recta 
VH circulum oſculatorium contingens in H; jungatur 


HD, cumque fit angulus R DH complementum anguli 


De V ad rectum, erit RDH = DVr = ED O; adeoque 


variatio radii curvaturz erit ut tangens anguli RD H; 


& coincidentibus rectis DR et DH variatio evaneſcit. 


S ECTIO 


cat, {ed non in PR. 
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De Liners tertii Ordinis. 


85 52. NE Lineis tertii Ordinis five curvis ſecundi ge- 


neris, uberius nobis agendum eſt. Doctrinam 
conicam, variis modis uſque ad faſtidium fere, tracta- 
runt permulti. Hanc autem Geometriæ univerſalis 
partem, pauci adtigerunt; eam tamen nec ſterilem eſſe 


nec injucundam ex ſequentibus, ut ſpero, patebit, cum 


præter proprietates harum figurarum a Newtone olim 
traditas, aliæ ſint plures Geometrarum Attentione non 


indignæ. Oſtendimus ſupra, rectam ſecare poſſe Li- 


neam tertii Ordinis in tribus punctis, quoniam Æqua- 


tionis cubicæ tres ſunt radices, quæ ornnes reales eſſe 
poſſunt. Recta autem quæ Lineam tertii Ordinis in duo- 


bus punctis ſecat, eidem in tertio aliquo puncto neceſſario 


occurrit, vel parallela eſt Aſymptoto curvæ, quo in 
caſu dicitur ei occurrere ad diſtantiam infinitam : Æqua- 


tionis enim cubicæ ſi duæ radices ſint reales, tertia ne- 


ceſſario realis erit. Hinc recta quæ Lineam tertii Or- 


dinis contingit, eam in aliquo puncto ſemper ſecat; cum 
contactus pro duabus interſectionibus coi ncidentibus ha- 
bendus ſit. Recta autem quæ curvam in puncto flexus 


cContrarii contingit, ſimul pro ſecante habenda eſt. Ubi 


duo arcus curvæ ſibi mutuo occurrunt, punctum Duplex 
formatur, & recta quæ alterum arcum ibi contingit in 


eodem puncto alterum ſecat. Recta autem alia quævis 


ex puncto duplice ducta in uno alio Pendo £ cur vam ſe- 


8 $52. 
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8 52. PRO. I. Sint duæ parallelæ, quarum 
utraque ſecet Lineam tertii Ordinis in tribus 
punctis; Recta quæ utramque parallelam ita ſe- 
cat ut ſumma duarum partium parallelæ ex uno 


ſecantis latere ad curvam terminatarum æqualis 


ſit tertiæ parti ejuſdem ex altero ſecantis latere ad 
curvam terminatæ ſimiliter ſecabit omnes rectas 
his parallelas ms curve in tribus punctis occur- 


runt; per Art. 4 


$53. PROP. I. Occurrat recta poſitione data 


Lineæ tertii Ordinis in tribus punctis; ; ducantur | 


duz quævis parallelæ quarum utraque curvam 


ſecet in totidem punctis; & ſolida contenta ſub 


ſegmentis parallelarum ad curvam & rectam po- 


Pg. 33. 


ſitione datam terminatis erunt in eadem ratione 


ac ſolida ſub ſegmentis hujus rectæ ad curvam * 


parallelas terminatis, per Art. g. 

H duæ proprietates a Netotono olim expoſitæ fuerunt. 
§ 54. Prop. III. Cæteris manentibus ut in 
propoſitione præcedente, occurrat recta poſitione 
data Lineæ tertii Ordinis in unico puncto A, & 
ſolidum ſub ſegmentis PM, Pm, Pp unius paral- 
lelæ contentum erit ſemper ad ſolidum ſub ſeg- 


mentis PN, pn, pv, alterius parallelæ ut ſolidum 


AP x bP* contentum ſub ſegmento AP & qua- 


drato diſtantiæ #P puncti P a puncto quodam 5 


ad ſolidum Ap x B contentum fub ſegmento 
Ap et quadrato diſtantiæ puneti Þ ab eodem 


pandto b, per Ar;.6. 


$ 55: 
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8 55. Proe. IV. Ex dato quovis puncto P gg. 34: 
ducatur recta PD que Linez tertii Ordinis oc- u. 1, 
currat in tribus punctis D, E, F, et alia quævis 
recta PA quæ eandem ſecet in tribus punctis A, 
E, C. Ducantur tangentes AK, BL, CM, quæ 
rectæ PD occurrant in K, L, et M; et medium 
har monicum inter tres rectas PK, PL, PM, co- 
incidet cum medio harmonico inter tres rectaͤs 
PD, PE, et PF, per At. 10, & 28; Mi autem 
recta PD curvæ occurrat in unico puncto D, in- 2. 
veniatur punctum d ut in Art. 6. & medium 
harmonicum inter tres rectas PK, PL, PM, erit 
ad medium harmonicum inter duas rectas FD et 

2 Pd in ratione 3 ad 2, per Art. 12. 


556. Prop. V. Revolvatur recta P D circa 

Polum P, ſumatur ſemper PM in recta PD 
æqualis medio harmonico inter tres rectas PD, 
PE, et PF, eritque locus ary M linea _ 
per Art. 28. | 

Atque hæc eſt proprietates harum inches a _— 2 
inventa. 

857. Prop. VI. Sint tria puncta Lineæ ter- 
tu Ordinis in eadem recta Linea; ducantur rectæ 
curvam in his punctis contingentes, quæ eandem 
ſecent in aliis tribus punctis; atque hæc tria 
puncta erunt etiam in recta linea. 

Occurrat recta FG H Lineæ tertii Ordinis in tribus 
punctis E, G, et H. Rectæ FA, GB, HC, curvam in 
| his pun&tls coningentes eandem fecent in punctis A, B, 

C; & * punCta erunt in recta linea, Jungatur enim 
> 2 AB, 


Hg. 35. 
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AB, & hæc tranſibit per C; ſi enim fieri poteſt, occurrat 


curve in alio auen _— H C in N et rectæ 
| 1 5 5 5 
e cumque fi pK L 55 = pat | 


55 e PN per Prop. 4. erit PN PH, quod fieri 


nequit niſi coincidant pants N, M, et C. Recta: igitur | 
A tranſit per COC. 


ee i 


terti Ordinis in eadem recta linea, ductæ autem AF et 


BG curvam contingant in F et &, & juncta FG curvam 
denuo fecet in H, juncta C H curvam continget in H. 
Si enim recta curvam contingeret in H quæ eandem ſe- 


cntet non in C fed in alio quovis puncto, foret hoc pun- 
ctum cum tribus aliis A, B, C, in eadem recta, quæ 


igitur ſecarer Lineam tertii Ordinis in quatuor punctis. 
Hoc autem fieri non poteſt. Incidi autem primo in hanc 


propofitionem via diverſa ſed minus expedita, eandem de- 


ducendo ex Prop. 2. Similiter ſi recta Af curvam quo- 


que contingat in 5 & ducta G / curve occurrat in 5, 


Hg. 36. 


juncta Ch erit tangens ad punctum 5. Et fi a punctis 


A, B, C, Lineæ tertii Ordinis in eadem recta ſitis, du- 


cantur tot rectæ curvam contingentes quot duci poſſunt, 


F Dar r60y. 


$ 59- Prop, VII. Ex puncto quovis Linez 


| tertii Ordinis ducantur duz rectæ curvam con- 


tingentes, & recta contactus conjungens denuo 
ſecet curvam in alio puncto, rectæ curvam in 


hoc puncto & in primo puncto contingentes ſe 


mutuo ſecabunt i in Funse aliquo curve. _ 


— 


a , 
* 8 S , 4% * 10 
4 — * 
41 == . Ex 
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Ex puncto A ducantur rectæ curvam contingentes in 
F et G, juncta FG curvam ſecet in H, eandemque 
contingat in H recta H C quz curvæ occurrat in C, & 
ducta AC erit curvæ tangens ad punctum A. Sequitur 
ex Corollario præcedente, coincidentibus enim A et B 
recta CA fit tangens ad punctum A. 


«co. Cordl. 1. Si ex puncto curvz C ducantur duæ 
rectæ eandem contingentes in A et H, & ex puncto al- 
terutro A contingentes A F et AG ad curvam, recta per 
contactus F et "oe . . per alterum ans | 
H. | 
CCr. Corol. 2. e recta AC curvam in A, Fig. 37: 
eamque ſecet in C, ductæ autem AF et CH curvam 
| contingant in F et , recta per contactus ducta eam 8 
1 nuo ſecet in G, & junta A G curvam continget in G. 
Quod ſi alia recta Chex puncto C ducatur ad curvam 


5 eam contingens in h;; & junctæ h F, G, curvæ occur- 

* rae in T r . dude AF et Ag ant tangents ad 

- puncta F et g. | 

„ 8562. Corol. 3. Sit A 8 flexus contrarit 4 Fig. 38. 
8 ductæ A F et AG curvam contingant in F et G juncta 

— FG ſecet curvam in H, & duQta AH curvam continget 

X in H. Si enim tangens ad punttum H curvz in alio | 


quovis puncto ab A diverſo occurreret, recta ex hoc oc- 
curſu ad punctum flexus contrarii A ducta curvam in A 


8 contingeret, quod fieri nequit. Manifeſtum autem eſt 
1 tres tantum duci poſſe rectas ex puncto flexus contrarii 
92 curvam contingentes præter eam quæ in hoc ipſo puncto 
in 


| fimul tangit & ſecat, atque tres contactus cadere in ean- 
ſe dem rectam Lineam, Ex ſolo puncto flexus contrarii 
| | tres rectæ due curvam ita contingunt ut tres contactus 
hat in eadem recti. Sint enim F, G, H, in eadem 


k | 7 1 f —_— 


Pig. 37. 
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recta, unde tangentes ductæ conveniant in eodern puncto 
curvæ a, quod non ſit punctum flexus contrarii; duca- 
tur ac curvam contingens in a, quæque ei occurrat in e, 
& juncta eH curvam tanget in · H, per banc propoſitio- 
nem; adeoque rectæ eH et H curvam contingerent i in 
eodem puncto H. 9. e. a. | 

$623. Prop. VIII. Ex puncto quovis Liege 
tertii Ordinis ducantur tres rectæ curvam con- 
tingentes in tribus punctis; recta duos quoſvis 
contactus conjungens occurrat denuo curve, & _ 
ex occurſu ad tertium contactum ducta curvam 
denuo ſecabit in puncto ubi recta ad primum 


punctum ducta curvam continget. 


Ex puncto A, Liner tertii Ordinis ducantur tres rectæ 
AF, AG, et Ay, curvam contingentes in tribus punctis 


F, GR horum duo quævis con- 


jungit ſecet curvam denuo in N, et recta ex hoc puncto 
ad tertium contactum F ducta curvam ſecet in g, tum 


juncta A g curvam continget in g. Ducatur enim 


recta A C curvam contingens in A quæ eandem ſecet in 


C; cumque puncta G, N, et 7, ſint in eadem recta, & 
tangentes ad puncta Ge/ tranſeant per A, ſequitur 


(per Prop. 7.) tangentem ad punctum N tranſire per C. 
Cumque puncta F, N, g, ſint in eadem rectà, tangentes 
autem F A et N C curve occurrant in A et C, ſitque 


. 8 ; 


ſibit per A. 


864. Corel. Hinc fi curva deſcribatur, ex datis tri- 


bus punctis contactus ubi tres rectæ ex eodem puncto 
curvz ductæ eam contingunt, invenitur quartum pun- 


Qum contactus ubi —— ex eodem puncto cutvæ ducta 


3 ea 
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eam contingit. Atque hinc colligitur ex eodem curvæ 
puncto quatuor tantum rectas duci poſſe Lineam tertii 
Ordinis contingentes præter rectam quæ in hoc ipſa 
puncto curvam contingit. Si enim rectæ ex eodem 
curvæ puncto duci poſſent eam in quinque punctis con- 
tingentes, plures rectæ numero indefinitæ curvam con- 
tingentes ex eodem puncto duci poſſent; ut ex præ- 
miſſis facile colligitur. Hoc autem Corollarium 1 
facilius demonſtrabitur. Vide infra, Art. 75. 


. $65. Prop. IX. Ex puncto flexus contrarii Fig. 38. 


Jace tres tangentes ad curvam, & recta con- 
tactus conjungens harmonice ſecabit rectam 
quamvis ex puncto flexus contrary ductam & ad | 
curvam terminatam. 


Sit A punctum flexus contrarii, A F, AG, et AH, | 
rectz curvam contingentes in punctis F, G, et H. Ex 
puncto A ducatur recta quævis curvatm ſecans in B et C. 
&& rectam FH in P; eritque PB ad PC ut BA ad A C. 
Cum enim tres tangentes ad puncta F, G, et H, in eo—- 


| dera puncto A conveniant exit per Prop. 6. mt px 


= 7B 1 
R= EN e yy PB re FR PA 
eſt medium barmonicum inter duas rectas P B et PC ad 
curvam terminatas. Quz Linearum tertii Ordinis . 
prietas eſt ſimplicitatis inſignis. 

5866. Coral. 1. Recta quæ duas quaſyis rectus e 
puncto flexus contrarii ductas ad curvam ſecat hartno- 


nice, ſecabit quoque alias quaſvis rectas ex n | 
adhs & ad curyamn terinatas | 


$67. 


Fig. 39. 
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. $67, Corel, 2, Si recta Afymptoto parallela per 
punGtum flexus contrarii ducta Rage rectæ F H in N 


8 curvm in O, R * kw ; adeoqueRA=2RO. 


568. Pe ob. X. Recta FOR puncta flexus 
contrarii conjungens vel tranſit per zum punctum 
flexus contrarit vel dirigitur in eandem plagam 


cum crure infinito curve. 


Sint A et 4 puncta flexus contrarii, juncta A. a curvæ 


= occurrat j in 2, eritque a quoque punctum flexus contrarii. 


Si enim tangens figurz 1 in puncto a curvæ occurreret in 


1 alio quovis puncto e, fovent A, 4, e, in eadem rect. 


Verum ex hypotheſi ſunt A, a, et a in eadem recta, quæ 


igitur Liner tertii Ordinis occurreret in punctis quatuor. 


Sit A punctum lexus contrarii, & recta A O aſymptoto 

parallels curvæ occurrat in O ducatur OQ curvam con” | 

_ tingets in O, & ſecans in Q, juncta AQ, tranſibic per 
D ubi curva a/ mptoton ſecat. 


Fig. 38. | 


8 69. Pro. XI. DuRis ex puncto flexus 
contrarii A tangentibus ad-curvam AP, AG, 
AH; & duabiis ſecantibus quibuſcunque ABC, 
Abe, June) By et Cc vel Be et C ſe mutuo ſe- 
na in recta F H quæ contactus conjungit. 


Occurrat enim recta Bb ipſi F H in Q, et BC eidem 
in in Pz jungantur QA et QC; cumque fit AB ad AC ut 


BRB ad PC, per Prop. 9. erunt QA, QB, QP et QC, 
harmonicales, adeoque Ab ſecabit rectam QC in c et 


ipſam FH in , ita ut Ab fit ad Ac ut pb ad pc; & pro- 


inde erit c punctum gurvæ, per Prop. 9. unde ſequitur 
rats rectas Bb et Ce convenire in puncto Q rectæ 
| FH; 


ꝓ 1 ß aaa 


By . © MK Aa 


2 


— = 


"Hr opitetatibis generalilus. 5 4 5 : 
FH; & fimiliter oſtenditur rectas Bc et i C ſibi mutuo : | 
occurrere in puncto q ejuſdem 8 _ 


§ 70. Corel. 1. Ex puncto quovis Q tete FH du 
cantur ad curvam rectæ QB, QC, eam ſecantes in 
punctis B, b, M et C, c, N; tum junctæ CB, ch, MN, 
convenient in puncto flexus contrarii A; junctæ Be et 


5 C, Me et Nòô, Bb et Cc, NB * convenient in 


recta FH. 


$71. Corel. 2. Tangentes ad ſh B et C conve- | 
niunt in punto aliquo T rectæ FH ; & ſi a puncto quo- 
vis T in recta FH ſito ducantur tangentes ad curvam, 


rectæ contactus conjungentes vel tranſibunt per nun 


flexus contrarii, vel convenient in recta FH. 


F 72. Corol. 3. Dato puncto flexus contrarii A, & 
punctis B, C, h, c, ubi duæ rectæ ex eo ductæ curvam 
ſecant, datur 15855 FH poſitione; junctæ enim Bb et Ce, 
occurſu ſuo dabunt punctum Q, & junctarum Be et 
occurſus dabit , ductaque Qz ea eſt quæ contactus F, 


SG, et H, conjungit. His autem quinque punctis datis 
| 28 aliis duobus M et n, determinatur Linea tertii Or- 
dinis quæ per hæc ſeptem puncta A, B, C, i, c, M, m, 
tranſit & in puncto A habet flexum contrarium. Ex 

punctis enim M et m dantur N et u, ubi ductæ AM et 
An curvam ſecant, & his novem conditionibus Linea 
determinatur. Si autem dentur tria puncta M, m, et 8; 


hæc dabunt tria alia N, u, et 3; unde darentur undecem 
conditiones ad figuram determinandam, quæ nimiæ 


ſunt, Similiter dato puncto flexus contrarii A cum 


punctis E, G, (adeoque tangentibus AF et AG) et punctis 
M et m quibuſcunque, datur recta FG , adeoque _— 
N et n, et determinatur curva. 5 By 


v2 5 £5.54 


7 


$736 


Fig. 40. 
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$73. Corel. 4. Contingant rectæ HB, HC, eurvam 
in Bet C, et junta CB tranſibit per A, junctæ CG et 
FB concurrent in puncto curvæ V, et ducta VH curvatty 
continget in V. Tengens autem ad punctum flexus 
- ,contrarii A determinatur ducendo AV cui occurrat in L, 
recta PL ipſi AH parallela & biſecanda PL in X; juncta 


enim AX erit tangens ad punctum A, Occurrat enim 


; Fig. 41. 


2 
— ner eriaque ps + pH = 


1 


FHR FS p elesdee ps PH PYG 


n 


adeoque VA, VF, VP, et VG, harmonicales) g 
een, lc 


GPL parallels rect AH occurrat rectis AV et AS in 


Xe L, erit PX = XL. 

$74. Por. XII. Ex puncto Lineæ tertii 
Ordinis A ducantur duæ rectæ curvam contin- 
gentes in F et G, juncta FG curve occurrat in H, 
& tangens ad Punctum A ſecet curvam in M; 
jungatur HM, cui occurrat FLK ipſi AH paral- 


lela in L, & ſumatur FK = 2FL; tum jun& 


HK, recta quævis AB ex A ducta harmonice 
ſecabitur a rectis HK et HF in N, P, et a curva 


m B, C; ita ut NBerit ad NC ut BP ad PC. 


| vs F po H r Magi py — 


Occurrat enim recta AB ungenti HM in T, mn. 


——— — 


PC 
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PC — PA + p T — (per conſtructionem, & har- 


mon.) get Unde ſequitur rectam N C ſecari harmo- 
nice in * BerP, vel * N Cut BP ad 
PC. 

575. Corol. 1. i rectæ ex Aductæ 
ſecentur in N harmonice ita ut PC fit ad PB ut CN ad 
BN, omnes retz ex A eductr a reftis H Fet I K fi 
militer harmonice ſecabuntur. 

576. Corol. 2. Si curva punctum duplex non habeat, 
eamque ſecet recta HK in duobus punctis F et g, ductæ 
A et Ag erunt rectæ curvam contingentes in his 
punctis. Coincidat enim punctum B cum puncto N, 
quando N pervenit ad F occurſum rectæ H 5 cum 


| 1 2 2 
. mn ok 


IP et coincidit C cum B, et recta ex A ducta curvam 


tune contingit. Ex altera parte, fi recta AF curvam 
contingat tranſibit recta E K per f; ob æquales enim 
PB, PC, in hoc caſu, coincidunt puncta B et C cum 


C77: Corel. 3. Si recta HK in ſolo puncto H curvæ 
occurrat, duæ tantum tangentes duci poterunt a puncto 
A ad curvam, vix. A F et AG, Quatuor tantum ad 
ſummum tangentes duci poſſunt a puncto quovis Linea 
tertii Ordinis ad curvam ut AF, AG, Af, Ag. Si enim 
alia quævis tangens duci poſſet a pun&o A ad curvam ut 
A p, recta HK tranſiret per punctum &, et quatuor | 
puncta Linez tertii Ordinis forent in eadem rea, viz. 
H, 7 £20. & E. A. | 

578. 


N i 
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$78. Proe. XIII. Si ex puncto Lineæ ter- 


tu Ordinis duci poſſunt quatuor rectæ curvam 
contingentes, rectæ contactus conjungentes con- 


venient ſemper in puncto aliquo curvæ, & recta 
quzvis a primo puncto ducta harmonice ſeca- 


bitur a curva & rectis binos contactus conjun- 
gentibus. THE Sts . 


Sit A punctum curvz, AF, AG, Af, SY Ig rectæ 
curvam contingentes in punctis F, G, / et g. Jun- 
gantur FG et g, quibus occurrat recta quævis ABC (ex 
A ducta curvamque ſecans in B et C) in Pet N; & 
recta NC harmonice ſecabitur in B et P, ita ut ſemper 
fit NC ad NButCPad PB: Sequitur ex Cool. "8 
præcedentis. Rectæ autem FG et Jg concurrunt in 
puncto curvæ H;; & ſimiliter rectz FF et Gg conve- 
niunt in E, atque Fg et & in R; et E, R erunt puncta 


curvæ, per idem Corollarium. Atque hæc eſt poſterior 


duarum proprietatum Linearum tertii Ordinis quas de- 


ſcrripſimus in tractatu de fluxionibus, Art. 402. Quod 


fi recta AM curvam contingat in A, et ſecet in M, 
junctz ME, MR; MH, curvam tangent in punctis E, 
R, H; & rectarum AE et HR, AR et HE, AH et RE 
occurſus erunt quoque in curva . 


$79. Corol. Cum igitur Gor recds HK, HB, HP, et 


HC, harmonicales; red HB e H C curvzoccur- 
ant in 5̊ et c; erunt puncta A, ö, etc, in eadem recta 
nes. Occutrat enim juncta Ab curve in þ et c atque 
ipfi HF in p, et HK in a; cumque fit nc ad nb ut pc ad 


pb patet c eſſe in recta HC; & reciproce fi c fit in recta 


HO eb , crunt A, 6, i agen rect. 
| 7 % ops que dj in Schemate, 


$89, 


AFM” Aw 
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' $80. Prop. XIV. Habeat linea tertii Or- Fig, 4 


dinis punctum duplex O. Ex puncto quovis 
curvæ A ducantur duæ rectæ AF et AG curvam 
contingentes in F et G ducta EG curvam ſecet 
in H; jungatur OH. Recta quævis A B ex A 
ducta curvæ occurrat in punctis B et C, rectæ 
FG in P, & rectæ OH in N; & recta NP har- 
monice ſecabitur in punctis B et C, ita ut PB fit 
ad PC ut BN ad NC. 


Jungatur enim AO quz rectæ F G occurrat in pe et 
tangenti HL in * paws ig O punctum duplex, erit 
2 e we 2 
S „ | Ix Top adeoque = + 57 = pO 
Secatur igitur pA 1 in t et O, ita ut pt ſit ad pA 
ut O ad OA, et harmonicales ſunt Hp, Hz, HO, et HA. 
Occurrat re&ta' P A tangenti LH in T, cumque fit 
I I _—_ 2 EY 7 R 


pot ra + FAS pat pp r 
1 


_ 5A & pr = 5. — 


NC ut PB ad BN. 


81. Corel, Si tangens HL occurrat ret 02 ipſi 


AH parallelæ in Z, & ſumatur GV=2GZ, ducta HV 


tranſibir per punctum duplex O, fi modo curva tale 
punctum habeat. Vel fi recta Gra occurrat rectis AH 


et H R in à et r, Jjuncte A et Ra, ſe decuſſent i in m, 
Juncta Hm tranſibit per | 


unturn duplex O. 


8 92. Pan Ex puncto Fin eget 
G ducantur duæ tangentes, & ex alio 


quovis ejuſdem puncto ducantur rectæ ad con- 
| E tactus 


Fig. 43+ 


Pg. A. 
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tactus curvam in duobus aliis punctis ſecantes; 
tangentes ad hæc duo nova _ in eodem | 


puncto curve convenient. 


Ex ͤpuncto A ducantur rectæ AF et AG curvam con- 
tingentes in F et G. Sumatur punctum quodvis curvæ 
P, jungantur PF et PG curvam ſecantes in punctis K et 
L; atque tangentes ad puncta K et L concurrent in 
puncto aliquo curvæ B. Determinatur autem punctum 


B, ducendo rectam P C quæ curvam contingit in 5 


ſecat in C; ſi enim jungatur AC occurret denuo curvz 


in puncto B. 


- Cum enim puncta 3 p, ſint i in eadem rect, & 
tangentes ad puncta F et P curvam ſecent in A et C; 

ſequitur tangentem ad punctum K tranſituram per B. 
Et ob rectam L GP, tangens ad —— L 1 


quoque per B. 


§83. Corol. Sint igitur A et B duo quævis . in 
Linea tertii Ordinis; ex utroque ducantur quatuor rectæ 
curvam in aliis quatuor punctis contingentes, viz. AF, 
AG, Af; Ag; et BK, BL, Bè, B/. Junctæ FK et GL, 
FL et GK, Fl et G4, G! et Ff; ſibi mutuo occurrent 
in quatuor punctis curvæ, P, Q. 3, p; & fi ducantur 


tangentes ad hæc quatuor puns, he occurrent curve 


& ſibi mutuo in puncto C ubi rea AB curvam ſecat. 


Unde ſi ſint tria puncta Linez tertii Ordinis in eadem 


rea, & ex ſingulis ducantur quatuor rectæ curvam con- 
tingentes in quatuor aliis punctis, recta per duo quævis 
pundda contactus ducta curvam ſemper ſecabit in alio 
aliquo puncto contactus; & quatuor hujuſmodi rectæ 


per idem punctum contactus ſemper tranſibunt. 


5 


gente 
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$ 84. Prop. XVI. Sint Feet G puncta duo Fig. 43. 


Lineæ tertii Ordinis, ita ſumpta ut rectæ FA et 
GA curvam in his punctis contingentes conve- 
niant in puncto aliquo curve A. Sumatur in 
curva aliud quodvis punctum P, unde ducantur 
ad puncta F et G rectæ P F et PG que curve 


occurrunt in K et L; jungantur FL et G K, 


atque harum occurſus Q erit in curva. Tan- 
gentes autem ad puncta K et L ſibi mutuo & 
curvæ occurrent in puncto aliquo curvæ B, at- 
que tangentes ad puncta P et Q convenient in 


Puncto curvæ C, ita ut tria puncta A, B, C, ſint 


in eadem recta. 


Ducatur enim tangens ad punctum P quæ curvæ oc- 
currat in C, & ducta AC ſecet eandem in B; & ductæ 
BK, BL, erunt tangentes ad puncta K et L, per præce- 
dentem. Occurrat recta LF curvæ in Q; & fi recta 
GK non tranſeat per Q, occurrat curvæ in g. Quoniam 


igitur tria puncta L, F, Q, ſunt in eadem rect, tan- 
gentes vero ad L et F curvam ſecent in B et A, ſequitur 


(per Prop. 7.) tangentem ad punctum Q tranſire per 


punctum C. Similiter, cum ſint puncta G, K, et 4, in 
eadem recta, tangentes autem ad puncta G et K tranſe- 


ant per A et B, tangens ad punctum tranſibit quoque 


per pun&tum C. Utraque igitur recta CQ, C, curvam 


cContiagit prior in Q, poſterior in 2. Coincidunt igitut 


puncta Q et , fi enim diverſa eſſe ponamus, ſequitur 
per Prop. 8. plures quam quatuor tangentes duci poſſe 
ad curvam ex eodem puncto C. Sint enim AF et Ag 
rectæ quæ curvam contingant in F et 2, & ductæ LF, 

| * + Lg, 


Fig. 43- 
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Lg, curvam ſecent in m et n; & rectæ Cm, Cx, erunt 
tangentes ad puncta m et n. Quare haberemus quinque 


tangentes ex C ad curvam ductas CP, CO, Cm, Cn, et 


Cg; quod repugnat Corel. 3. Prop. 3 
885. Corol. 1. Dato puncto p, ubicunque ſumantur 


3 F et G, modo tangentes ad hæc puncta in curva 


conveniant, datur punctum Q, ubi junctæ FL et G K 
occurrunt ſibi mutno & curvæ. Et ſi 2 puncto P 


ducatur recta quævis PN M quæ curvæ occurrat in N et 


M, & junctæ QM, QN, eam ſecent in m et a; erunt 


puncte P, u, et m, in eadem recta linea. Ogendimus 
enim tangentes ad Po P et * ſe mutuo decuſſare 


in puncto curve.* 


$86. Corel. 2. $i fumantur quatuor ad G, K, 
L, in Linea tertii Ordinis, ita ut tangentes ad puncta F 


et G, conveniant in aliquo puncto curvæ, & tangentes 


ad puncta K et L, conveniant quoque in aliquo puncto 
curvz, ductæ F K et G concurrent in puncto curve, 
& ductæ FL et G K ſibi mutuo occurrent in * | 


curvæ. 


$ 87. P. a OP. XVII. Sint F +1 al quævis ; 
puncta Lineæ tertii Ordinis, ubi ſi rectæ du- 


cantur curvam contingentes, hæ ſe mutuo ſeca- 
bunt in puncto aliquo curvæ. Sumantur alia 
quatuor puncta curve L, K, f, g, ita ut ductæ 
LF et GK conveniant in curva, atque rectæ F f 
et Gg, in ea quoque conveniant; tunc ductæ Lf 
et g K, ſe mutuo ſecabunt in curve ut 81 ductæ 
Ig er K 
0 = Supple quod deęſt in 8 
Tangentes 


— 


gentes 
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Tangentes enim ad puncta F et g ſe mutuo decuſſant 
in curva, per Prop. 14. ut & tangentes ad puncta K et 
L, per eandem. Adeoque per Corol. 2. præcedentis, 


junctæ FL et Kg conveniunt in curva, ut et Fa K et 


L. 


§ 88. Lemma. Didi tres rectæ IC, IH, et C H, Ex. 45: 
poſitione; & tria- puncta F, G, 8, quæ ent in eadem . I. 


recta linea. Sumatur punctum quodvis Q in recta I C, 
junta QF occurrat rectæ IH in L, & juncta QG rectæ 
HC in P; jungatur FP, ducta SL occurrat rectis FP et 
QP in 4 et N; atque puncta 4 et N erunt ad rectas po- 
fitione datas. Jungatur enim IN, quæ occurrat rectæ 
GS in n, & ducatur per N parallela rectæ FS quæ oc- 


currat rectis I C, I H, et LQ, in punctis x, u, et v; oc- | | 
- currat recta FG rectis IC, IH, et HC, in &, 5, et h. 


Quoniam Nx eſt ad Nr ut Ga ad GF, et Nr ad Nu 
ut SF ad Sb, erit Næ ad Nu (adeoque ma ad mb) ut Ga 


x SFad GF x83, i. e. in data ratione. Datur igitur 


punctum m, adeoque recta INm poſitione; & ſimiliter 
eſt punctum & ad poſitione datam. 


§89. Corol. Coincidentibus punctis S et G, colncidit n. 2. 


quoque punctum m cum puncto G. Jungatur igitur IG 
quæ rectæ H C occurrat in D, & ducta CF occurrar 


rectæ H I in E, tum juncta DE erit locus puncti K ubi 


ductæ GL et FP ſe mutuo decuſſant. 


§ o. PRO P. XVIII. Sit PGLFQK quadri- , Ng. 46. 


laterum inſcriptum figuræ, cujus ſex anguli tan- 
gant Lineam tertii Ordinis ut in Prep. 16. 
Ducantur rectæ curvam contingentes IC, C H, 


HI, in tribus punctis Q, P, L, quæ non ſint in 


cadem rectà; jungatur IG que tangenti CH oc- 


E, 3 currat 
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currat in D, et HF quæ tangenti CT occurrat in 


E; erunt puncta D, K, E, in eadem recta linea, 


quæ quidem curvam in puncto K continget. 


Supponamus enim rectas QF L et FKP moveri circa 


polum F, & rectas L GP et QK G circa polum G, 


puncta autem Q, L, et P, deferri in tangentibus Ql, LI 


et PC; tum punctum K movebitur in recta DE, per 


| Coral. præcedens. Unde ſi puncta Q, L, P, ferantur 


in curva quæ has rectas QI, LI, et PC, in his punctis 


contingit, movebitur quoque in curva quam recta D E 
continget. Sed per Prop. 15. fi puncta Q, L, P, fe- 
rantur in linea tertii Ordinis propoſita, punctum K mo- 


vebitur in eadem, quam igitur recta DE contingit in & 
$91. Corel. 1. Similiter firectz AF et AG (quz cur- 


vam contingunt in F et G) occurrant rectæ I H (que 
curvam contingit in L) in punctis M et N; juncta MP 


ſecet tangentem AG in d, & juncta QN tangentem AF 
in e; recta de tranſibit per K, & curvam in hoc puncto 
cContinget; atque quatuor puncta D, 4, e, E, erunt in 


eadem recta linea. 
$92. Corol. 2. Ex duobus punetis curvæ quibuſ- 
cunque C et B ducantur ad curvam quatuor contingentes 


binæ ex ſingulis, CQ et CP ex puncto C, BL et BK ex 


puncto B, ſintque harum tangentium occurſus I, H, E, et 
D; tum ductæ LQ et EH fe mutuo ſecabunt in puncto 
curvæ F; atque junctarum LP et ID occurſus erit in 
puncto curve G; tangentes autem ad puncta F et G ſe 
mutuo ſecabunt in puncto curvæ A quod 1 in eadem 
recta cum punctis C et B. 

$93. Corol. 3. Datis tribus punctis Lineæ tertii Or- 
dinis quæ {int in eadem recta, & duabus tangentibus ex 
borum fingulis ductis ad curvam poſitione datis, ſex 


pancta 


o n 1 _— 7 hab «- «©. A a alt. 8 — 1 1 8 a E 


. ” RET 
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puncta contactus determinantur per hanc propoſtionem. 
Sint A, B, C, tria curve puncta data in eadem recta, AM 
et AN tangentes ex A, BMI, et B DE, tangentes ex B 
quæ prioribus occurrant in M, N, e, et d; ſintque CD et 


CE tangentes ex tertio puncto C ductæ; atque occurrat 


CD ipſis B M, BD, AM, et AN, in H, D, h, et c, & 


CE iiſdem in I, E, n, et m. His poſitis, juncta Ne ſeca- 
bit tangentem C I in puncto contactus Q, M ſecabit 


tangentem C D in puncto contactus P, ID ſecabit tan- 


gentem AN in puncto contactus G, EH tangentem AM 


in contactu F, mh ſecabit tangentem BH in L, & de- 


nique nc tangentem BE in K. Quamvis autem Problema 
in hoc caſu determinatum ſit, ſolutiones tamen plures 
admittit. Diverſæ enim Lineæ tertii Ordinis, ſed nu- 


mero definitæ, per tria puncta A, B, et C, duci poſſunt 


contingentes ſex rectas poſitione datas A M, A N, BM. 
B D, CD, et CE. Occurrat enim Ne tangenti C D in 


pe recta M A tangenti C E in 3, ID tangenti AM in 7, 
En tangenti AN in g, uc tangenti BM in /, et nb tan- 


genti BD in ;; atque Linea tertii Ordinis quæ conditio- 


hibus propoſitis ſatisfacit continget rectas CD et CE vel 


in Pet Q, vel in p et g. Ea continget rectas AM et AN 
vel in punctis F et G vel in F et g; rectas autem BM 
et BD vel in L et K, vel in ! et x. Conſtat igitur plures 


Lineas tertii Ordinis problematis conditionibus ſatisfacere 


poſſe, ſed numero determinatas, — problema eſſe 
determinatum.* 


$ 94. Corol. 4. Datis duobus punctis Lineæ tertii 


Orcdinis A et B, tangentibus quoque AM, AN, BM, BD 


poſitione datis cum tribus punctis contactus F, ,a 
datur punctum K ubi recta B D curvam contingit. Si 


enim ducantur rectæ Ne et L F, harum occurſu dabitur 


#* Supple que e in ſebemate. 
„ punctum 


Fig. 47. 


pounctis K, L, et M; . per Art. 9. p 7 * 
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punctum Q,. & ducta Q ſecabit contingentem BD in 


puncto contactus K. Datur quoque punctum P oc- 
curſus rectarum LG et Ma, vel rectarum M d et FK; 
tres enim rectæ LG, Md, et FK, neceſſario conveniunt 


in puncto P. Sit Me A N quadrilaterum quodvis, ſu- 


matur punctum quodvis Q in diagonali Ne et P in dia- 
gonali Md, recta quævis QFL ex Q ducta ſecet latera 
Me et MN in F et L, ducta PL ſecet latus Nd in G, 
jungatur QG quz latus de ſecet in K; atque puncta 
F, K, P, erunt ſemper in eadem recta linea, per ſupe- 
rius oſtenſa. Unde conſtat problema non ideo fieri im- 
poſſibile, quod oporteat tres rectas LG, Ma, et F K, in 
eodem puncto convenire. 


$95. PRO P. XIX. Sint D, E, F, puncta 
Lineæ tertii Ordinis in eadem recta, ſintque tres 


rectæ curvam in his punctis contingentes fibi 


mutuo parallelæ. In recta DF ſumatur punctum 
P ita ut 2PF fit medium harmonicum inter PD 


et PE; & fi alia quævis recta per P ducta curve 


occurrat in V. d, et e, erit ſemper 2Pf medium 
harmonicum inter Pd et Pe. Supponimus autem 
puncta d et e eſſe ad eaſdem partes puncti P, 
punctum autem eſſe ad contrarias. 

Occurrant enim tangentes DK, EL, "_ rectz df in 
1 
8 
2 = EE 3 (6 recta Qg tangenti- 


bus parallela harmonice ſecet rectam PD ita ut PE fit ad 


EQ ut PD ad DQ, et Qgoccurnat rectæ d in 9) 
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p = = (quoniam Pf eſt ad PM ut PQ adPF, | 
& ex 2 07 2 PF PQ, adeoque 2 PM = Pg) 
| p pi 93 unde 55 = 172 42 
2 eſt medium harmonicum inter Pa et Pe. 

$96. Corel, 1. Jungantur Dad et E £ quz convenĩant 
in puncto V, junctæ VQ et FF erunt parallelz; & 
productã VQ donec occurrat rectæ fd in r, erit Pf = 
2 Pr. Recta enim PD ſecatur harmonice in E et Q, ex 
hypotheſi, adeoque etiam recta Pd ſecatur harmonice in 
c et r, per Art. 21, unde Pf = E Pr; cumque fit PF= 
2; ſequitur rectam E/ parallelam eſſe harmonicali 

Vr. 

997. Corel. 2. Similiter ſi ſumatur in recta DF 
punctum p ita ut 2pD fir æqualis medio harmonico inter 
PE et pF, & recta quævis ex p ducta curvæ occurrat in 
tribus punctis, erit ſegmentum hujus rectæ ex una parte 
puncti p ad curvam terminatum æquale dimidio medii 
harmonici inter duo ſegmenta eodem puncto þ et curvã 
ad alteras partes terminata. | 

8 98. Lemma. Ex centro gravitatis trianguli ducatur Fig. 48. 
recta quævis quæ tribus lateribus trianguli occurrat, & 
ſegmentum hujus rectæ centro gravitacis & uno trianguli 
latere terminatum erit dimidium medii harmonici inter ſeg- 
menta ejuſdem rectæ centro gravitatis & duobus aliis tri- 
anguli lateribus terminata. Sit P centrum gravitatis tri- 
anguli VT Z; occurrat recta FDE per P ducta lateribus 
in F, D, E; II puncta D et R ad eaſdem partes 

I 

pF p55 
per punctum P, recta Ml. lateri VZ 3 quæ lateri- 
ny | E bus 


puncti P; eritque ** PR Ducatur enim 


Fig. 49. 


Fig. 50. 
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bus VT, ZT, occurrat in LetM et rectæ VN parallelæ 
lateri ZF in N; cumque fit MP =PL, et TL=2VL, 


ob ſimilia triangula TLM, VLN, erit LM = 2LN, 
unde LN = LP, et PN == 2PM, proinde fi PD occur- 


rat recte VN in K, eit (per ar: uy. Ry 15 UR 


2 1 


=pk PE 


$99. Prop. > © Contingant tres rectæ VT, 
VZ, T Z, Lineam tertii Ordinis tranſeatque ea- 


dem recta linea per tres contactus & per P cen- 
trum gravitatis trianguli VT Z; recta quævis 


per hoc centrum ducta curvæ occurrat in puncto 


c ex una parte & in punctis à et & ex altera ejuſ- 


dem centri gravitatis parte, eritque 2Pc medium 
harmonicum inter ſegmenta Pa et Pb. 


Occurrat enim recta Pc lateribus trianguli VTZ in 
7, d, et e; & rectæ VN 3 in 4; erit- 


2 I 4 
que 2E = , adeoque © =” = pa + . p. Is 


3 8 
S * + pp "iy 


Pb. 
$100. Prop. XXI. Sit V punctum duplex 


in Linea tertii Ordinis, VT et VZ rectæ curvam 


in hoc puncto contingentes, quibus in T et Z 
occurrat recta TZ curvam cantingens in F ita ut 
FT = F; jungatur FV, in qua ſumatur FP 


22 FV, & * quæ vis per P dudta curvæ 


occurrat 


Vo 


= pa + pF | 
poi A medii — inter rectas Pa et 


inter ſegmenta Pa et Pb, ſeu — pe =p Pa pb 
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_ occurrat in tribus punctis a, b, c, quorum à et 5 
ſint ad eaſdem partes puncti P, c ad partes con- 


trarias, erit ſemper 2 Pe . ee. 
ry 
PS 
Cum enim biſecetur T Z in F , ſitque F P —=42 FY, 
manifeſtum eft punctum P eſſe centrum gravitatis trian- 
guli VTZ; cumque fit punctum P in rei FV quæ per 
contactus tranſit, ſequitur propoſitio ex præcedente. 
$101. Corol. 1. Si jungantur rectæ V a, V3, et Fe, 
erit P quoque centrum gravitatis trianguli hiſce rectis 


cContenti, ut & trianguli tribus rectis curvam in a, 6, c, 
contingentibus comprehenſi; & fi ductæ Va et V b oc- 


currant rectæ Fc in m et n, erit ſemper Fm æqualis Fn, 

. F 102. Corel. 2. Recta per punctum duplex ducta pa- 
rallela rectæ Fc harmonice ſecabit ipſam P a in & ita ut 
Pa erit ad at ut Pb ad PA; quæ vero ducitur a puncto þ 
ad x occurſum rectarum curvam in a et h contingentium 


parallela eſt recta cy figuram contingenti in c. 


5 103. Corol. 3. Datis duobus punctis a et c ubi recta 
quævis ex P ducta curvæ occurrit, datur tertium ù; jun- 
gantur enim Va et Fc quæ fibi mutuo occurrant in n; 
ſumatur F ex altera parte puncti F æqualis ipſi F n, et 


juncta V x ſecabit rectam P a in 5. 
8104. PRor. XXII. Ducatur per punctum Fig. 51, 


quod vis P recta quæ dirigatur in plagam crurum 
infinitorum & occurrat curvæ in punctis à et c; 
ducatur per idem punctum recta quævis curvam 
ſecans in punctis D, E, F, quæque rectis curvam 
in a et c contingentibus occurrat in & et m, atque 


aſymptoto 
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aſymptoto cruris infiniti in /; & fi puncta D, E, 


E, m, |, ſint ad eaſdem _ . P, punctum 


vero F ad contrarias, erit 57 = 55 * P 128 


3 — 3 termini n & num 
PF Pt Pw * 


N 1 


eſt mutandum quoties ſegmentum ad oppoſitas 


partes puncti P protenditur. 


Sequitur ex greed I. art. 9. eſt enim per hoc theorema 
1 I 1 


| "A 57 * 1855 = pP TFE PF. 


Fig. 47. 


Pd in k et m, eritque 


$ 105. Corel. 1. Si recta PD ducatur per concurſum 


tangentium a I et cm; & ſumatur P M æqualis medio 


. inter e PD, PE, PF, ſecundum Art. 28. 


erit 3_ » adeoque 5 3 PM erit medium har- 


57 PM Fr | 
monicum inter Plet 3 PI. Quod ſi tangentes ak et 


cm concurrant in ipſo puncto M, 3 quoque 


per M tranſibit. 

F106. Corel. 2. In caſu Prop. 19. ubi tres contactus 
ſunt in eadem recta linea & tres tangentes parallelæ, ſu- 
matur punctum P ut in Propoſi tione 19. fitque a Pe 


aſymptoto parallcla, occurrant a et cm tangentes rectæ 


5 5; = 57 N — five Pl æqualis 


dimidio medii harmonici inter 25 et Shed Quod fi tan- 


gentes a4 et cm concurrant in eodem puncto —_— 25 


erit Pl == 21 quoniam 8 8 19. 55 
+ £ exit P = _ Pc, 


9 . | § 107. | 
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8 107. Coral. 3. Idem dicendum eſt de caſu Prop. 20. Fg. 49. 
ubi tres contactus D, E, F, ſunt in eadem rectã que 
tranſit per P centrum gravitatis trianguli VT Z tangen- 
tibus contenti. Si autem altera rectarum curvam in @ 
vel c contingentium (poſita @ Pe aſymproto parallela) fit 
rectæ DP parallela, abibit „ in infinitum, erit- 
que crus parabolicum. | 
F 108. Corol. 4. Iiſdem poſitis ac in Prop. 21. Sit 
64 aſy mptoto parallela, N tangentes @ f, c n, 
2 
— 1 = ÞL 5 IS Unde 
ſi curva diametrum habet, cum hæc neceſſario tranſeat 
per punctum duplex V, & per punctum curvæ F ubi bi- Hg. . 
ſecatur tangens I FZ, ſumatur ab F verſus V, FP=zFV, | 
ducatur cPa aſymptoto parallela, & tangens a+ quz dia- 
metro occurrat in &, & ex altera parte puncti P ſumatur, 
ſuper rectam PV, Pl PI, & recta per / ducta ordi- 
natim applicatis parallela erit aſymptotos curvæ. Si vero 
tangens a 4 ſit diametro parallela, erit crus curvæ generis 
parabolici. Propoſitio Newtoni de ſegmentis rectæ cu- 
juſvis tribus Aſymptotis & curva terminatis facile ſequi- 
tur ex Art. 4. ut ab aliis olim oſtenſum eſt. 


§ 109. PRO. XXIII. Ex puncto quovis D rig. 53; 
Lineæ tertii Ordinis ducantur duz quevis rectæ 
DEI, DAB, quæ curvz occurrant in punctis E, I 
et A, B; ducantur tangentes AK, BL, quæ rectæ 
DE occurrant in K et L. Sit DG medium har- 
monicum inter ſegmenta DE, Dl, ad curvam ter- 
minata, atque D H medium harmonicum inter 
ſegmenta D K, DL, ejuſdem rectæ tangentibus 

abſciſſa, Sit DV medium geometricum inter 


DG 


e VF in & et mn, eritque — 
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| DG et DH, ducatur VQ parallela tangenti DT, | 


quæ occurrat rectæ DA in Q; & fi circulus ejuſ- 


dem curvaturæ cum Linea tertii Ordinis propo- 
ſitã in puncto D occurrat rectæ D E in R, erunt 


HG, QV et 2DR continue proportionales. 


Nam per Theor, I. (4 15.) eſt ——= 3 


BV. x DR © DE 
I 2 2 _ 2DH-2DG 


+51” DK 51. DG PH ·  DGxDH 


= Bb (quoniam DV- = DG x DH unde Q. 


| =2HG « DR, adeoque HG ad QV ut Q ad 2DR. 
G 110. Corel. x.-Sumatur igitur Dr in recta DE tertia 


proportionalis rectis H G et + QV, & perpendicularis 
rectæ DE ad punctum 7 ſecabit normalem tangenti DT 


ad punctum D in centro circuli oſculatorii five circuli 


ejuſdem curvature cum Linea propoſita, in punto O. Si 


puncta E, I, K, L, fint ad eaſdem partes puncti D punc- 
tum r ſumendum eſt ad eaſdem vel contrarias partes ejuſ- 


dem puncti prout D H major eſt vel minor quam DG, 
i. e. prout medium harmonicum inter ſegmenta DK, DL 
tangentibus abſciſſa majus eſt vel minus medio harmo- 
nico inter ſegmenta DE, Dl, ad curvam terminata. 
95111. Corel, 2. Si angulus EDT biſecetur recta DA; 
erit QV = DV, et HG x DR = DV* = DG x DH, 
adeoque HG ad DG ut DH ad 2DR. 


$122. Carol. 3. Revolvatur recta DA circa N D, 


manente recta DE, et HG, differentia mediorum har- 


monicorum DH et DG, augebitur vel minuetur in du- 


2 IORL TAG: Quippe ob datam chordam 
circuli 


2 | 
28 8 1 


0 0 © 2 0 


— 


Proprietatibus — 62 


circuli oſculatorii DR, manet quantitas f AG 0 - quz qua- 


lis eſt DR. 
— Cerdl. 4. Si tangentium AK et B L altera, Ex. 34. 
ut BL, fit rectæ D E parallela, ducantur G X 
et K Z. parallelæ rectæ D T curvam in D contin- 
genti, que ipſi A B occurrant in X, Z; eritque 
. 2 
DN BR N PE T BH DER 5 
- x __ 2DK—DG 
DK PG DR DR 
DG, & proinde erit ut DK — DG ad K ita GX ad 
DR. Si tangens AK evadat quoque parallels rectæ DE 
(quod in his figuris contingere poteſt) erit DG ad & & 


ut GX ad 2DR; nam in hoc cu Ga 3 


| DG? x BR 5 G 
adeoque GX DG x 2DR. 

C114. Corol. 5. Si recta DE fit aſymptoto parallela; 
adeoque curvæ occurrat in uno puncto E præter ipſum 
D, ſitque ſimul tangens BL aſymptoto parallela, ducatut 

Ex parallela tangenti DT quæ occurrat rectæ DA in Y, 
exitque KE ad KZ ut EY ad DR.* 8 
$115. Corol. 6. Si fit D punctum flexus contrarii, 
coincidet punctum H cum G, evaneſcente linea H G, 
adeoque evadit DR infinite magna, i. e. curvatura minor 
eſt ad punctum flexus contrarii quam in circulo quantum- 
vis magno; ut alibi quoque oſtendimus, tractatus de flu- 
xionibus, Art. 378. Px. 
9116. Corel. 7. Sit V ponctum duplex, — 55. 
toto parallela, & occurrant rectæ VQ, KZ, tangenti DT 
parallelæ rectæ DA in Q et Z, atque cocurnt [IV 
n in L, ſitque D H medium bmi inter 


* Supple Figuram, 


| DK 


Fig. 56. 
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DK et DL, eritque 2DH—DG ad KZ ut DL et DE, 


atque VH: HN ::VQ: DR. Si recta DA biſecet 


angulum TDV, erit DR : DV :: DH: 2VH. 


$ 117. Prop. XXIV. Sit D punctum quod- 
vis Linez tertii Ordinis, occurrat tangens ad D | 
curve in J. ſitque D S diameter circuli oſcula- 
torii, quæ curve occurrat in A et B; unde rectæ 
ductæ curvam contingentes ſecent DI in K et L; 
fir DH medium harmonicum inter D K et DL, 
& ſumatur DV ad DI ut D H ad differentiam 
rectarum 2 DI et DH; eritque Variatio Curva- 
turæ inverſe ut reckangulum SD x DV; & junta 
VS, variatio radii curvature ut dungen anguli 


| DVS. ; 


Fig. 57. 


Fig. 58. 


Nam per Theor III. (Art. 17.) varato curvature ef 
1 1 * 1 


s Ng gr 5I PS "DR. DI 


_ „DIDI 3 
di Oſeulatorũ ef ut ;vs * adeoque 4 tangens anguli 
DVS, per Art. 18. Parabola autem quæ eandem habebit 
curvaturam & eandem variationem curvaturæ cum Linea 
propoſita, dererminatur ut in Art. 19. 

5119. Corol. Si tangens B L fit tangenti ad D pa- 
rallela, erit DV ad DI ut DK ad I K; & ſi utraque tan- 


gentium AK, BL, fiat parallela ipſi DT, erit DV = DI, 


variatio curvaturz inverſe ut DS x DI, Quod 


fi in hoc caſu fit DT parallela aſymptoto curvæ, eva- 


neſcet variatio curvature. 8 igitur eva- 
neſcic 
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Proprietatibus generalibus. 65 


neſcit variatio curvaturæ in verticibus axium ſectionum 
conicarum; ea ſimilitet evaneſcit in verticibus diame- 
trorum Linearum tertii Ordinis quz ad. reQos angulos 
ordinatim applicatas biſecant, 

Scbol. Sunt autem alia plurima theoremata de tangen- Fig. 59. 
tibus & curvatura Linearum tertii Ordinis. Sint e. gr. 
F et G duo puncta Linez tertii Ordinis unde tangentes 
ductæ concurrunt-in curva in A. Producatur FG donee 
curvæ occurrat in H. Sit TAC tangens ad punQtum Az 
& conſtituatur angulus FAN=GAT ad contrarias 

partes rectarum FA, GA, ſecetque AN rectam FG in N. 
Et ſi circuli oſculatorli occurunt rectæ F G in B et 5, 
erit G B ad Fò ut rectangulum NFH ad NG H. Sit 
enim puncta a ipſi A quamproximum, & puncta F, g, B. 
ipſis F, G, H, quamproxima, eritque AFa : F:: GF. 
FB. FGf (= HG): HF} :: FH: GH. HFb(= 

Sg): AG:: 58: GF; unde AFa: AGa:: FH x 

8: FBxGH:: GN: FN; unde FB : G:: NFH: 
NGH. Sid de his ſatis. | 
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W. MACLAURIN's View or Sik Isaac | 
EWTON's PHILOS OPHICAL DIsCOVERIES,: 
will be pleaſed to take Notice, 8 
HAT this Wor x (which was premiſed at Cbrif- 
maſs laſt, but delayed by unavoidable Accidents) is 
now in the Preſs, and will be finiſhed in May next. They 
are, therefore, deſired to ſend in their Names to C. Davis, 
Holborn; A. Millar and F. Nourſe, over-againſt Carhe- 
rine-ftreet in the Strand; J. Whiſton, Fleet ftreet; J. Flet- 
cher, Oxford; Thurlbourne, Cambridge; F. Leake, Bath ; 
Hildyard, Tork ; = Bryſon, Newcaſtle ; G. Hamilton and 
FJ. Balfeur, A. Kincaid, Edinburgh; J. Barry, Glaſgow 3 
Farquhar, Aberdeen; J. Smith, Dublin: In whoſe Hands 
a SPECIMEN of the Edition is to be ſeen, and by whom 
SUBSCRIPTIONS are taken in. . 
N. B. 4, M.. MacLaurin's Mathematical and Phi- 
1 Papers were, 5 bit Will, left in the Hand. 
of Martin Folkes, E/q; Prefident of the Royal Society ; 


Andrew Mitchel, E/q; and the Reverend Mr. E ill, 
Chaplain to His Gx AC the Archbiſprp of Canterbury. 
By whoſe Appointment and Direction this Work is fub- 
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